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VOLUME GROWTH AND INTEGRAL CURVATURE BOUND FOR
NON-NEGATIVELY CURVED THREE-MANIFOLDS

PAK-YEUNG CHAN, MAN-CHUN LEE", AND MINGXIANG LI

ABSTRACT. Motivated by results in Kéhler geometry, in this work, we are interested in
understanding the relation between integral curvature bounds and volume growth, under
non-negative curvature in dimension three. In case of non-negative sectional curvature,
we show that for a metric on Euclidean space, it is of Euclidean volume growth if and
only if it has average quadratic curvature decay. This is based on showing that metrics on
three-dimensional Euclidean space with non-negative sectional curvature are of Euclidean
volume growth if their asymptotic scaling invariant integral of scalar curvature is smaller
than the sharp constant 8w. We also show a gap theorem if the curvature decays fast
enough in the average sense, under non-negative Ricci curvature.

In memory of Prof. Luen-Fai Tam

1. INTRODUCTION

Let (M™,g) be a complete non-compact manifold with non-negative curvature. The
celebrated Theorem by Cheeger-Gromoll-Meyer [11,27] stated that if its sectional curvature
sec(g) is non-negative, then M is diffeomorphic to the normal bundle of a compact totally
convex, totally geodesic embedded sub-manifold S, called the soul of M. When n = 3,
under the weaker assumption Ric(g) > 0 it was shown by Liu [31], building on the work of
Schoen-Yau [47], that either M? is diffeomorphic to R? or its universal cover M = %2 x R
splits. The higher dimensional analogy of differentiable structure under curvature conditions
weaker than sec > 0 is in general unclear. It is also conjectured by Topping [48] that non-
negative l-isotropic curvature is the correct way to generalize Ric > 0 for such a topological
result.

Nevertheless, the differentiable structure under strong non-negative curvature is generally
well-understood. We are interested in the analytic aspect induced from non-negative curva-
ture on non-compact manifolds. The underlying philosophy is that restriction of topological
structure should also impose certain analytic constraints, particularly at spatial infinity.
When n = 2, it was first shown by Cohn—Vossen [13] that under sec > 0, we must have
[|scal|| 1 < 4m. In particular, its total curvature is finite. Later, Huber [24] generalized this
result under the assumption that the negative part of the scalar curvature is integrable, and
proved that such open surfaces must be conformally equivalent to a compact surface with
finitely many points removed. In general dimension n > 3, it was generalized by Petrunin
[45] (see also [30]) that a complete Riemannian manifold (M™, g) with sec > 0 must satisfy

(1.1) sup TQ_”/ scal(g) dvolg < Cp,
By (zo,7)

>0
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for all z € M, where C,, is a constant depending only on n. Very recently, it was shown
by Hao-Zhu [22] that the same conclusion cannot hold under Ric > 0, thereby resolving
a problem of Yau [55], see also the independent work by Cheng [12] and Xu [53]. See
Yang’s work [54] for the counterexample to Yau’s conjecture concerning k-th elementary
symmetric functions of Ric with £ > 2. Building on the classification theorem [7,58] for
locally conformally flat manifolds with Ric > 0, Ma [34] showed (1.1) holds in this special
setting. The examples in [12,22,53] are volume collapsed at infinity, while the volume non-
collapsed case is in general still open and is conjectured by Naber [38]. Specifically, when
Ricy, > 0 with Euclidean volume growth, whether (1.1) holds. We refer readers to [16,17]
for some progress in the non-collapsed case.

Motivated by these, we are particularly interested in understanding the interplay between
volume non-collapsing and integral curvature boundedness, under non-negative curvature.
In the Kahler case, it has been studied extensively as part of the program in determining
the complex structure of complete non-compact Kéahler manifolds with positive bisectional
curvature BK > 0. We say BK is quasi-positive if BK > 0 and BK > 0 at one point. In
particular, the following is true by the joint effort of Ni, Ni-Tam and Liu:

Theorem 1.1 ([39,42,32,33]). Suppose (M™, g) is a complete non-compact Kihler manifold
such that dimc(M) = n > 2 and BK is quasi-positive, then the following are equivalent:
) ) . Volg(zo,7) )
(i) AVRc(g) := lim T2 0;
(ii) There is non-constant holomorphic function f of polynomial growth;
(iii) There is C > 0 such that for allx € M and r > 0,

(1.2) k(x,r) = 7"2][ scal dvoly, < C.
By (x,r)

It naturally raises the question of whether (i) and (iii) in Theorem 1.1 are equivalent
in any (purely) Riemannian context. For n-dimensional Riemannian manifold (M™,g), we
define

Vol
AVR(g) i= lim ~oll@0:7),
r—4o0 wpr™
The study is particularly active when n = 3 under Ric > 0. For instance, Xu [52] proved
that any complete manifold (M3, g) with Ric > 0 and a pole must satisfy the sharp identity

1
(1.3) lim - / scal(g) dvol, = 87(1 — AVR(g)),
Bg(:to,T)

r—4oco r

which generalizes a previous estimate by Zhu [57]. Assuming Euclidean volume growth but
not the existence of a pole, a version of (1.3) weighted by the Green function was recently
obtained by Chen-Xu-Zhang [10], building on the earlier work of Xu [51]. We also refer
interested readers to [37,56] for results toward generalizing Petrunin’s estimate [45], as well
as to [46] for a result establishing AVR(g) > 0 under pointwise quadratic curvature decay.

The first theme of this work is to understand how (iii) implies (i), under sec > 0. Our
first main result is a volume gap theorem of Petrunin’s curvature estimate [45]:

Theorem 1.2. Suppose g is a complete metric on R such that the sectional curvature
sec(g) is non-negative. If there exists zo € R® such that

1
a := limsup f/ scal(g) dvolgy < 6ws := 87
r—+oo " JB,(x0,r)
then (R, g) has Euclidean volume growth with
AVR(g) > 1 — 82

™
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It is worth mentioning that the constant 87 is sharp even on R3. The rotationally
symmetric metric with an asymptotically cylindrical end,

(1.4) g = dr? + tanh?(r)gse

has sec > 0 and AVR(g) = 0, whereas o = 8. This in particular gives a three-dimensional
analogue of Theorem 1.1 under sec > 0:

Corollary 1.3. Suppose (M?3,g) is a complete non-compact non-flat manifold such that
sec > 0 and Ric(zg) > 0 for some g € M, then the following are equivalent:

(i) AVR(g) > 0;
(ii) limsupr? scal(g) dvoly < +o00, for allx € M.

r—+00 By (x,r)

Theorem 1.2 is in other words saying that the curvature of a volume collapsed manifold
(R3,g) with sec > 0 must be at least 87 in integral sense asymptotically, i.e. a > 8.
Although the geometric quantity « detects non-flatness at spatial infinity, it is at the same
time influenced by local geometry. More generally, we show that the integral curvature
grows linearly. The same also holds in general dimension n > 3:

Theorem 1.4. Suppose (M™,g) is a complete non-compact manifold such that sec(g) > 0
and rank(Ric(zg)) > 3 for some xo € M, then there exists ¢1 > 0 such that for all r > 1,

1
7/ scal(g) dvolg > ¢y.
Bg(x(hT)

T
In particular, the total scalar curvature is infinite.

In fact, the constant ¢; in Theorem 1.4 can be explicitly controlled by curvature positivity
at xg, see Proposition 5.5. Moreover, the linear growth is sharp under sec > 0. This can
be seen from the example above, i.e. the rotationally symmetric metric g in (1.4) with S?
replaced by S*~! for general n > 3.

The second theme of this work is to explore the gap phenomenon of three-manifolds with
Ric > 0 and vanishing asymptotic curvature, i.e. k(zo,r) in (1.2) is o(1) as r — +o0.
Despite the curvature positivity, this is the extreme case appearing in Corollary 1.3 where
the geometric quantity in (ii) vanishes. Gap theorems of this kind in the Riemannian
context were studied by the first two named authors [9]. The purpose there is to develop a
Riemannian analogue of the optimal gap Theorem of Ni [41] (see also [43]) asserting that
a complete non-compact Kahler manifold (M™,g) with BK > 0 is flat if k(zg,7) = 0 as
r — oo for some xy € M. Our motivation is to explore the Riemannian counterpart of
the Theorem of Ni [41], with the weakest possible curvature condition. In [9], the first two
named authors used the Ricci flow approach to answer it in the non-collapsed case under
non-negative 1-isotropic curvature assumption'. And thus the remaining challenge is to
treat the collapsing situation. When n = 3, we exploit the potential theory of p-harmonic
functions and prove the optimal gap Theorem:

Theorem 1.5. Suppose (M?3,g) is a complete non-compact manifold such that Ric > 0 and
there exists xg € M such that

lim sup r? ][ scal(g) dvoly = 0,
By (zo,r)

7—+00

then (M3, g) is flat.

LThe combined methodologies in [9, 8] also implies the gap Theorem for n = 3 in the non-collapsed case.
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Most results of this work rely on three-dimensionality for the purpose of applying the
Gauss-Bonnet Theorem on various kinds of level sets. In the first part, we study (M",g)
with sec > 0 by exploiting the Busemann function b : M — R and its properties from
[11]. Tt is a 1-Lipschitz function which is proper and convex, if sec > 0. To address the
volume growth in Theorem 1.2, we consider the sub-level set Cy of the Busemann function
b. Our topological assumption M3 = R? ensures that the soul S of M is a point so that Cy
are contractible. A very classical work [5] of Bujalo, based on Gauss-Bonnet, asserts that
the total scalar curvature on Cy and the total (generalized) mean curvature on dCy can be
controlled by the model on R? sharply. This in turn controls the volume growth of M by
the variational formula of Vol,(C/) and distance comparison, modulo the error from total
curvature decay .

When we relax sec > 0 to Ric > 0, the Busemann function b is only subharmonic in
general. Moreover, when n > 4, it is in general not proper by the examples [44] of Pan-Wei,
while the case n = 3 is still open. We consider an alternative choice of exhaustion using
Green type function. Under Ric > 0, the properness of Green-type function is tied to its
volume growth. In the setting of Theorem 1.5, assume on the contrary (M3, g) is non-flat,
the volume growth must be super-quadratic, thanks to lim,_, 1 o k(zo,7) = o(1). For some
well-chosen p € (1, 3], this in particular implies (M3, g) is p-nonparabolic and its minimal
p-Green function is proper. In reality, we consider instead p-capacitary function v on some
exterior domain M \ By(zo,d) and use its level set to exhaust M \ By(xo,d). Exploring
the monotonicity developed by [2] with the help of gradient estimate of p-harmonic type
functions, we are able to show that M must be of quadratic volume growth, contradicting
super-quadratic in the first place. The circle of ideas also extends to a discussion of volume
growth, in a similar spirit as Theorem 1.2. For a more general statement, we refer readers
to Theorem 6.1.
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2. PROPERTIES OF BUSEMANN FUNCTION

In this section, we collect some preliminaries about the Busemann function on manifolds
with sec > 0 which was studied extensively by Cheeger-Gromoll-Meyer [11,27]. Fix 2o € M
and denote p(x) = dg(xo,x). We consider the set R consisting of all rays v : [0, +00) = M
with (0) = 2. The Busemann function b : M — R is defined to be

ba) = sup { i (s~ dya(9).0) |

vER s—+00

By the celebrated work of Cheeger-Gromoll-Meyer [11,27], it is known that b is a convex
function on M and thus infy; b < +o00. By translation, we will assume infy; b = 0. We
consider the exhaustion of M by its sub-level sets. For all ¢ > 0, denote

Cp:={xeM:bx) <} CM.
The following properties will be important for us.

Lemma 2.1. For all { > 0, we have
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(i) Each Cy is a totally convex compact set.
(if) dim(Cr) =n and UpsoCp = M.
(iii) Cy has the structure of an embedded sub-manifold of M with smooth totally geodesic
interior and (possibly non-smooth) boundary.

Proof. Tt follows from [11, Proposition 1.3 & Theorem 1.6]. O
We also need the relation between b(z) and p(x).

Lemma 2.2. Under sec > 0, the Busemann function b satisfies the following:
(i) b is a 1-Lipschitz function on M ;
(ii) There exists a function 0(s) with lim,_, o 0(s) = 0 such that on M we have

(L=0op)p<b<p.

Proof. The property (i) follows from definition and triangle inequality. The property (ii)
follows from Toponogov’s comparison theorem, see [18, Lemma 1]. |

In particular, Lemma 2.2 provides us with the lower bound for in-radius of each C,.
Lemma 2.3. The in-radius of Cy, defined by
to(Cy) :=sup{r > 0: B(xz,r) € C¢},
satisfies to(Cy) > £.
Proof. By Lemma 2.2, B(x,¢) C Cy and hence ¢ < t3(Cp). O

Lemma 2.4. The Busemann function b is differentiable a.e. and satisfies |[Vb| = 1 at points
where it is differentiable. Furthermore,

¢
Vol, (Cy) = / A(t) dt
0
where A(t) := H"~1(dC}) fort > 0.

Proof. By Lemma 2.2 and Rademacher’s theorem, the Busemann function b is differentiable
almost everywhere. At x where b is differentiable, we have |Vb| < 1, since b is 1-Lipschitz.
It remains to prove the lower bound. We denote b, (x) := lims 400 (s — dg(7(s),z)). We
choose a sequence of rays {v;} such that

(2.1) by (2) = bla) — j "

For each +;, take t; — 400 and consider the minimizing geodesic o; ;(s) from x to v;(t;).
By compactness of geodesic, o; ; sub-converges to geodesic o;. On the other hand for all

s € [07 dg(fv”Yj(ti)L
z_1>1+moo (ti — dg(0i,5(s), 7 (t:)) = s+ z—1>1+moo (ti — dg(7;(ti), 2))
=s+ b%‘ (z)

while the left hand side equals to b.,(0;(s)). Therefore,

by, () = by, (05(5)) — s
for all s > 0. We also assume o; sub-converges to geodesic o as j — +o00. This implies

b(o(s)) = lim b(o;(s))
Jj—+oo
> lim by, (05(5))

= lim by, (x)+s>b(x)+s.

j—+oo
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where we have used (2.1). On the other hand since b is 1-Lipschitz,
b(o(s)) = b(x) < dg(0(s),2) = dg(a(s),0(0)) = s.
This shows that b(a(s)) = b(z) + s. If we let v := ¢’(0), then

L ho(s) = 1.

Vb‘m(/l)) = % -0

This shows that |Vb|(z) =1
We now prove the second assertion. By co-area formula and |Vb| =1 a.e.,

Volg(Cg):/ dvol,
Cy

L
_ / Vb dvol, = / A(t) dt.
Cy 0

Lemma 2.5. Suppose the soul is a point and n = 3, then for all £ > 0, we have
X(0C¢) = 2.

Proof. By [11, Theorems 2.1 and Theorem 2.5], Cy is homotopy equivalence to each other.
Since the soul is a point, it follows that Cy is contractible and thus the result follows. O

3. BUJALO’S CONVEX BODY INEQUALITY IN DIMENSION THREE

In this section, we discuss the result of Bujalo [5] on an inequality in controlling the
integral of curvature by topological information. We first collect some materials used by
Bujalo [5]. We will keep the discussion minimal and refer readers to [5] for the detailed
exposition. We follow the discussion of [5, Section 2]. We assume sec > 0 and n = 3
throughout this section.

For each closed locally convex set with nonempty interior C € M3 | by the work [49] of
Walter there is an open set U containing C' such that:

(i) For each ¢ € U, there is a unique ®(¢q) € C, and a unique minimal geodesic from ¢
to ®(q) which lies entirely in U.
(ii) The function f(g) := dy(q,C) for ¢ € U, belongs to C1.

In particular, |[Vf| =1 on U \ C and the map ® is given by

®(q) = exp, (=f(9)V f(q))-

We consider C; := {q € M :dy(q,C) < 7} and the equidistance surface F := {qg € M :
d(q,C) = 7} where F; is a C*!'-smooth hypersurface for all small 7 > 0. We fix N = F,
for sufficiently small 79 > 0 and consider the map ¢, := ®,|y : N — F. for 7 € (0, 79],
where

. (q) = exp, (1 — f(q))Vf(9).

For 7 € (0, 79], the map ¢, is Lipschitz and hence differentiable a.e. on N by Rademacher’s
theorem. The Hausdorff measure of 9C' is thus given by

H2(0C) = /N Io(p) dAw,

by [5, Lemma 2.3.1], see also [19, Theorem 3.2.3]. Furthermore, this can be recovered by
approximation according to [5, Lemma 2.3.2]:

H2(OC) = lim [ I.(p)dAn
=0t [N

Here I; denotes the Jacobian of . which exists a.e. on N.
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With this terminology, the mean curvature of 9C' is defined through that of F,. More
precisely, there exists N’ C N with H"~}(N \ N’) = 0 such that the second fundamental
form h., is defined at ¢, € F; for all 7 € (0, 79]. Moreover, the mean curvature H(7, p)- I, (p)
(weighted with its Jacobian) is uniformly bounded with finite limit

H(p) := lim H(r,p)-I:(p) = 0,

from [5, Lemma 2.4.6 & Lemma 2.4.7]. From [5, Corollary 2.4.8], the total mean curvature
M(OC) of OC is then defined to be

(3.1) M(HC) = /NH(p) dAx.

We are now ready to state the main inequality in this section.

Proposition 3.1. For all s > 0, we have

4x (0C5) - to(Cs) < M(ICs) + / scal dvol
Cs

where to(C) denotes the in-radius of a set C, defined in Lemma 2.3.

Proof. Since Cs is a closed convex set by Lemma 2.1, this follows from applying [5, Theorem
5.2.1] to the sublevel set Cy of the Busemann function. O

Remark 3.2. If C; in Proposition 3.1 has a smooth boundary dCjs, then M(9C5) coincides
with the total mean curvature of dC, by construction.

3.1. Minkowski inequality on convex body. In this section, we will establish a radial
Minkowski inequality relating the generalized total mean curvature of the boundary of the
level set C, of the Busemann function and its Hausdorfl measure.

Theorem 3.3. For every s > 0, we have
s - M(8C,) < 2H?(9C).

To make the idea more transparent, we split it into the smooth case and the general case.
The general case requires the terminology introduced in Section 3.

3.1.1. Smooth case. We first discuss the proof of Theorem 3.3 when all objects are smooth.
Proposition 3.4. Theorem 3.8 holds when 0Cs is a smooth hypersurface.

Proof. Let v be the outward unit normal to dCs. In our convention, the second fundamental
form is given by h(X,Y) = (Vxv,Y). We consider the function u := p?. By Hessian
comparison and sec > 0, we have

Vu <g
in the sense of support functions and hence its restriction on X = 0C, u satisfies
(3.2) Asu = trps Viu—H -0, u <2~ H -0, u,

in the sense of a barrier, and thus a distribution [35, Appendix A]. Here 9, u is the least
one-sided normal derivative determined by the minimizing geodesic from p.
By integrating (3.2) over ¥, we conclude

(3.3) / H-9,u dAy <2 Area(X).
b
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Since H > 0, it suffices to control d,u from below. Fix x € 3, we let v : [0, L] = M be a
minimizing geodesic from zy to x with length L. Then
9y u = (v, Vu) = p(Vb, Vp)

=L-(Vb,y'(L))
d
=L — b t).
2l o
If we denote bo~ by f, then the convexity of b implies f is convex. Since f(0) = 0 and
f(L) = s, this implies f/(L) > sL~! and therefore,
d

(3.4) o u=1L- i Lif(t)Zs.

By substituting (3.4) into (3.3), this implies

s HdApc, <2 - Area(0Cs).
ac,

This completes the proof. O

3.1.2. General case. We now prove Theorem 3.3 in full generality, i.e. when ¥ := 9C5 is
still convex but is possibly non-smooth.

Proof of Theorem 3.3. Following the discussion in section 3, we consider
Csri={qeM:dy(q,Cs) <7}, and X, :={qge€ M :d,(¢q,Cs) =7}

We also denote N := X for sufficiently small 79 > 0. For all 7 € (0, 7], each X, is a
closed Ct! hypersurface in M. We let N’ be the set where H?(N \ N') = 0 where h, o ¢,
is defined on N’. By [5, Lemma 2.2.18 & (2.2.2)], its second fundamental form h, o ¢, (p)
satisfies

~Cor < h,op, <Ci7 !

By [6, Lemma 5.6], we might further regularize each C1'! hypersurface ¥, by smooth
hypersurfaces 3 ; such that X, ; converges to X, in C" topology and satisfies

(3.5) —Cor—j ' <hyg,, <Ci7t+57!
Since X, ; is smooth, we might apply (3.3) from the proof of Proposition 3.4 to deduce

/ Hs, -0, ,udAs,_, <2 Area(X; ;).
for all 7 € (0,79] and j — +o00. Using (3.5) and |Vu| < Cj,

mf o, u- / Hyx_,dAs_, (2 + Cy(7 +j71)) - Area(X; ;)

By the two-sided bound of the second fundamental form (3.5), we might pass j — +oo
to conclude

(3.6) iélf 0, u- / H(r,p) - I;(p)dAn < (2+ Ca7) - Area(X,)
T N

where infs;_ 9 u denotes the infimum of least one-sided normal derivatives determined by
the minimizing geodesic from xy to z € X

We next claim that the normal derivative 0, u is asymptotically bounded from below by
s as in the smooth case.

Claim 3.1. As 7 — 07, we have

T—0t

lim inf (glf 8,ju> > s
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Proof of Claim 3.1. Suppose on the contrary, there is § > 0, 7, — 07, z; € .., outer
normal v; and a minimizing geodesic from xg to z; whose terminal unit vector v; satisfies

dg(zo, i) - (i, vi) < s— 4.

Denote y; = ®(x;) where ® is the nearest-point projection onto Cs. Then compactness
implies x;,Y; — Too € 0Cs, V; = Voo and v; — Vs Where v is an outward unit support
normal to Cs at T and vs is the terminal direction of a minimizing geodesic Vo, from
20 = Yoo (0) 10 Zoo = Yoo (L) so that

(3.7) L (Vo (D) <5 — .
At 7o, for some A € (0,1] Ay is a sub-gradient and thus A(Veo, 7. (L)) > sL™1 which
contradicts (3.7). This proves the claim. O
By Claim 3.1, (3.6) and (3.1), we might let 7 — 0 to conclude Theorem 3.3. O

4. PROOF OF THEOREM 1.2

In this section, we show that a universal bound 87 of the average integral curvature

k(zo,r) := r_l/ scal dvol,
Bg(w07r)

will force M3 to be non-collapsed at infinity. We isolate one direction of inequality in case
of maximal volume growth, which holds only under Ric > 0.

Proposition 4.1. Suppose (M3,g) is a complete non-compact manifold such that Ric > 0
and AVR(g) > 0, then for any xo € M,

1
lim inf f/ scal dvoly, > 87 (1 — AVR(g)) > 0.
By(mo’r)

r—-+oo T
Proof. Let u := (47G,,)~ ! and G, is the minimal positive Green function with pole zg
satisfying —AGy, = d,, then [10, Theorem 1.5] gives us
limy 400 t~1J(t) = 87(1 — AVR(g));

(4.1)
J(t) == / scal - |Vu| dvol,.
{u<t}

On the other hand, [14, Theorem 3.5] implies

lim sup  |Vu| = AVR(g).
"0 M\By (wo,7)

Together with [15, (3.37)], for € > 0, we choose s. > 0 such that outside By(xo, s¢),
u(xz) > (AVR — €)dy(x, xo), |Vu| < AVR +e.
Then {u < (AVR —&)r} C By(zg,r) for all large r and hence,
(4.2) r T ((AVR — &)r) < Cor' + (AVR + 5)7“_1/ scal dvol,.
Bg (z017")
Result follows by letting r — +o00 on (4.2) using also (4.1) and followed by ¢ = 0. O

Proof of Theorem 1.2. By the Soul Theorem, the soul S is a point as the manifold is topo-
logically Euclidean. We fix g € M and consider the Busemann function b on M.

By Lemma 2.2, for any ¢ > 0, there exists R. > 0 such that (1+¢)~1p < bfor all p > R..
In particular, for all s large, Cs C By(xo, (1 + ¢€)s), and hence

(4.3) /OS A(t) dt < Voly(Cs) < Vol (xo, (1 +¢)s)
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by Lemma 2.4, where A(t) := H?(0C;). We also assume R, is large enough such that

1
(4.4) 7/ scaldvoly < a4 ¢ < 8w
Bg(woﬂ')

for all r > R..
By Lemma 2.3, Lemma 2.5 and Proposition 3.1, we have

8t < 4y (OCY) - to(Ch)
< M(OC) + /C scal dvol,
Hence Theorem 3.3 implies
(4.5) 4rrt? — ;t/c scal dvol, < %t - M(OCy) < A(1)
Combining (4.5) with (4.3), we (;onclude

(4.6) w3s® < Vol (z9, (1 +¢€)s / / t - scal dvol,
Cy

for all s large.
For the last integral, we split it into

1 S RE
/ / t - scaldvoly = 3 (/ +/ )/ t - scal dvol,
C, e 0 Ch

=1+1II
where IT = o(s3) for each fixed ¢ > 0. For I, we use (4.4) so that

1 S
I< f/ t/ scal dvolg
2 Jr. JB,(@o,(14e)0)

< %(aJre)(l +e) /S t2dt < %(aJre)(l +e)s®

e

And hence (4.6) is reduced to

Vol, (zg, (1 4 €)s) 1
1< g — 1 1
- w3s? * 6uws (ar+e)(1+e) +o(1)

for all s - 4o00. By volume comparison, we pass s — +oo and followed by € — 0 to show
that

1
1— e < AVR(g) := lim M.

w3 s—too  w38d

The dichotomy analogy of Theorem 1.1 is now immediate.

Proof of Corollary 1.8. If (i) is true, then (ii) follows directly from Petrunin [45]. The
difficult part is to prove the opposite direction. By the work of Liu [31], M? is diffeomorphic
to R3. Suppose AVR(g) = 0, then Bishop-Gromov volume comparison yields

1 Vol
f/ scal dvol, < M -7’2][ scal dvol,,.
T JBg(zo,r) r By (zo,r)

By letting » — +o00, this shows that & = 0 in Theorem 1.2 and hence AVR > 0. This is
impossible. |
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5. CURVATURE GROWTH OF NON-FLAT MANIFOLD

In Theorem 1.2, we see how an integral curvature bound gives rise to non-collapsing. We
now show that if in addition Ric(zg) > 0 somewhere, then k(zg,r) grows at least linearly.
Indeed, we will prove the estimates for general n > 3.

Lemma 5.1. Suppose sec > 0, then the tensor
T:= %seal -g — Ric
is mon-negative and is divergence-free.
Proof. This follows from [9, Lemma 3.2] and Bianchi identity. a

To ease the regularity issue caused in differentiating the Busemann function b, we use
the approximation method of Greene-Wu [26]:

Lemma 5.2. There exists ¢; — 07 and a sequence of smooth functions b; € C*°(M) such
that

(1) [bi — bl <e&i;
(2) [Vbi| < 1;
(3) V2b; > —g;9 on M.

Proof. Tt follows from the convexity of b, [26, Proposition 2.3] and Lemma 2.2. ]

Now we use b; to approximate bs, := b and consider a signed measure on M as follows.

We let ¢(s) := s+ 1+ 52, fi := ¢(b;) and X; := TV f;.
Lemma 5.3. The function div(X;) satisfies
div(X;) > —o010e(1), as i — 4o0.
Proof. By direct computation and Lemma 5.1,
div(X;) = (T, V2 fi)
¢'(b:) - (T, V2b) + ¢ (bi) - T(Vby, Vb;)

(5.1) > —e; (5 1) - 6(b;) -seal + 6" (b) - T(Vb;, V)
> —ei (5 1) 6(b) -seal

where we have used Lemma 5.2, Lemma 5.1 and try 7" = (§ — 1)scal. This completes the

proof by Lemma 5.2. O

Proposition 5.4. Suppose (M, g) is a complete non-compact manifold such that sec > 0
and rank(Ric(zg)) > 3 for some xg € M, then for any r > 0 we have

lim inf/ div(X;) dvolg > 0.
Bg(JCOvT)

1—+o00
Proof. Suppose the conclusion fails, by Lemma 5.3 we might assume

(5.2) lim div(X;) dvol, = 0,

1——+00 By (wo,r)

after passing to a subsequence.
By (5.1), Lemma 5.1 and Lemma 5.2,

(5.3) lim T(Vb;, Vb;) dvol, = 0.

i—+o00 Bg(loﬂ‘)
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By Lemma 2.4, we let U C By(xo,7) be a subset such that b = by is differentiable on U
and Vol (Bgy(zo,7) \ U) = 0. Using (5.3), Lemma 5.1, full measure of U and semi-continuity
of rank(Ric), we choose z; € U so that

(b) rank(Ric(z1)) > 3.

At zq, Vb; € T, M such that |[Vb;|(z1) < 1 by Lemma 5.2. By passing to subsequence,
we might assume Vb;(x1) — Y as i — +o0, for some vector Y € T, M. In particular,
either Y =0 or Y € Ker(T'(z1)). On the other hand, using the almost convexity of b; from
Lemma 5.2 and C° convergence of b; to by, we conclude that for any geodesic 7 starting
from v(0) = z1, we have

b(v(t)) = (Y,7(0)) - t + b(a1).

In particular, Y is a sub-gradient of b at ;. Since we have assumed b is differentiable at
x1, Y = Vb(x1) and hence Y # 0 since |Vb|(z1) = 1 by Lemma 2.4.

Claim 5.1. We have Null(T'(z1)) < 1.

Proof of Claim 5.1. Suppose on the contrary, there is an orthonormal frame {e; }7; in T, M
such that T(e;) = T'(e3) = 0. Then we have Ry; = Ros = %scal and hence rank(Ric) = 2
which is impossible. O

By Claim 5.1, we might choose a smooth vector field V' on a neighborhood W of x;
such that Ker(T') = span{V} on W and |V| = 1. We also choose V so that V(z;) =Y =
Vb(l’l) S TrlM

Claim 5.2. There exists an open neighborhood W’ of x; such that
Vb(z) =V (x)
on W/ NU. In particular, b is smooth on W”’.

Proof of Claim 5.2. Suppose, on the contrary, that there exists a sequence {z,}7°, such
that z; € U, 2, = x1 and Vb(zx) # V(z) for all k. By repeating the above argument to z
in place of z1, we must have Vb(z) = —V (z) such that Vb(zr) = —V (z1) by continuity
of V. But this contradicts the continuity of the subgradient at a convergent differentiable
point. This shows that Vb = V almost everywhere on some open neighborhood W’. Since
b is locally Lipschitz with smooth weak derivatives, b is smooth there. O

Claim 5.2 also shows div(Xs) exists smoothly on W’. By (5.1) and smoothness of b, we

want to rule out the situation that on W',
(1) T(Vb) =0 and
(2) (T,V?b) = 0.

Since Vb is non-trivial from Lemma 2.4, T must be of rank n — 1 on W’ using Claim 5.1.
From (T, V?b) = 0, V2b = AV ® V on W' where A\(z) > 0. We now differentiate |Vb|? = 1
to see that (V2b, Vb) = 0 and thus Vb is a parallel vector field on W’.

By the Bochner formula, we therefore conclude that Ric(Vb, Vb) = 0, while

1
0 = Ric(Vb, Vb) = iscal- Vb > 0,

since rank(Ric) > 1 and Ric > 0 on W’. This is impossible. In conclusion, we have shown
that

/ div(X) dvolg > 0.
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Finally we claim that this will contradict (5.2). We fix a smooth non-negative function
@ on M such that ¢ =1 on W” € W’ and vanishes outside W’. By Stokes’ theorem for all

i € NU {+o0} and divergence-free from Lemma 5.1, we have
/ div(X;) - ¢ dvoly = —/ (X5, Vo) dvol,

M M
= —/ T(V fi, Vo) dvol,

M
:/ fi (T, V?p) dvol,,.

M
Thanks to (5.1) and Lemma 5.2,
0 </ div(X ) - ¢ dvol,
M

:/ foo - (T, V2p) dvol,
M

1——+00

= lim / fi - (T, V?p) dvol,
M

= 1 div(X;) - ¢ dvol,.

Jdm ] iv(X;) - pdvolg

Since W' C Bgy(xg, ), this contradicts (5.2) and thus finishes the proof. O

Proof of Theorem 1.4. For all r > 1, we let ¢ be a smooth non-negative function on M such
that ¢ =1 on By(zo,r), vanishes outside By(zo,2r) and satisfies |Vip| < 2771 on M.
By Proposition 5.4, we have

1—+00

(5.4) co = liminf/ div(X;) dvoly > 0.
BH(IOal)

By (5.1), Lemma 5.2, Stokes Theorem, 0 < T' < scal, and the choice of ¢, for any r > 1
and ¢ € N we have

/J;g(mo,1) [Ez‘ (% — 1) - p(b;) - scal + div(Xi)} dvol,

< /M [51- (E - 1) - ¢(b;) - scal + diV(Xi)} @ dvol,

- 2
=g ). @(b;) - scal - pdvol, — Xi, Vi) dvol
2 ! ’
M M
4
<eg (g - 1) . / @(b;) - scal - p dvol, + ;/ ( )scaldvolg.
M Ag xo,T,27

The conclusion follows by letting i — 400 for each fixed r > 1, by our choice of ¢y > 0. [

Finally we note that in case of sec > 0 nearby xq, the constant ¢; in Theorem 1.4 can be
estimated from below by curvature lower bound over a ball centered at xzg.

Proposition 5.5. In the setting of Theorem 1.4, if in addition sec > 0 on Bg(xg,r) for
r € (0,1], then we might choose ¢ so that

o> (n—1)(n—2)

2 S5 2 - Volg(zg,r) - inf sec(g) > 0.

Bg(zo0,1)
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Proof. We denote € := infp_(,, ) sec > 0. In the proof of Theorem 1.4, we might choose
the Busemann function b such that b(z¢) = 0 = infy; b. By the proof of [9, Lemma 3.2],

—_

Tij 2 5e(n = 1)(n = 2)gi; >0

[\)

on By (zg,r) so that (5.1) implies
div(X;) > —o(1) + %f—:(n —1)(n —2)¢"(b;)|Vbi]* > —o(1)

on By(xo,r), as ¢ — +o00. Furthermore by Lemma 5.2, b; are 1-Lipschitz and hence b;(z) <
bi(xo) + 1 < & +r on By(zg,r). In particular,

¢"(bi) = (L+b])72 > (14 (i +1)?)
From the choice of ¢y in (5.4), this yields

—3/2

¢p > lim inf/ div(X;) dvol,
39(107T)

i—~+00

-1 -2
S =D =2) / [Vbs|* dvol
2147222 imee I (o)

_e(n—1)(n—-2)
= oy erprr Volalmor),
since Vb; converges weakly to Vb and |Vb| = 1 almost everywhere. O

6. VOLUME AND GAP THEOREM OF THREE-MANIFOLDS UNDER Ricc1

In this section, we discuss the proof of Theorem 1.5, i.e. how vanishing of asymptotic
curvature forces M to be flat under Ric > 0. We will prove a slightly more general theorem,
which says that if k(zo,r) = O(1) as r — 400, then it is either AVR > 0 or has quadratic
volume growth with finite total curvature. This is analogous to Corollary 1.3.

Theorem 6.1. Suppose (M?3,g) is a complete non-compact non-flat manifold such that
Ric > 0, AVR(g) = 0 and there exists xo € M so that scal(xo) > 0 and 3 := limsup, , , ., k(zo,7) <
+oo where k(xg,r) is defined in (1.2), then there is A > 1 such that

(i) A=? < Vol(zg,r) < Ar? for all large r > 0 and;
(ii) / scal(g) dvoly < AfS.
M

We note that the limit 3 is indeed independent of the base point xy. Assuming Theo-
rem 6.1, the gap Theorem 1.5 is immediate.

Proof of Theorem 1.5 assuming Theorem 6.1. Suppose AVR > 0, then Proposition 4.1 im-
plies AVR = 1 and hence (M3, g) is flat by rigidity in volume comparison. Hence, we might
assume AVR = 0. In this case, Theorem 6.1 implies that total scalar curvature vanishes,
and so it is flat. |

In the remainder of this section, we are devoted to proving Theorem 6.1. For a later
purpose, we also choose o € (0,1) sufficiently small so that

(6.1) / H?dA, < 167.
OBg(xo,0)

using [36, Proposition 3.1].
As explained briefly in the introduction, we will start with observing that (M3, g) in
Theorem 6.1 must have at least quadratic volume growth.
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Lemma 6.2. Suppose (M™,g) is a complete non-flat non-compact manifold such that
limsup,._, | o, k(xo,7) < 400, then there is ¢ > 0 such that

lim inf 7\/019(20’ )
r—+00 r

>

Proof. Since k(zg,r) is bounded from above as r — +o0, we choose Ry, Cy > 1 such that
for all r > Ryg, k(xo,r) < Cy and hence

Vol (zg,7) > Cy'r? - / scal dvol,
Bg (CUDaT)

> C61r2 : / scal dvolg,
89(10)1)

for all r > Ry. Since scal(zg) > 0, the result follows. O

We note that Lemma 6.2 is dimension independent but for convenience, we restrict to
n = 3. Lemma 6.2 implies that (M3, g) is p-nonparabolic for a well-chosen p € (1,2].

Lemma 6.3. (M3, g) is p-nonparabolic, for p=4/3 € (1,2).
Proof. By Lemma 6.2, for any © € M we have

[ (o) o [ ()

<1
1 S

Since Ric > 0, the assertion follows by [28, Proposition 5.10], see [20, Remark 4.2]. O
We consider the Dirichlet problem of the p-harmonic function on the exterior domain
M\ By(zg,0):
Asu=0 in Q:= M\ By(xo,0)
(6.2) u=1 on 0Bgy(xo,0)
u(z) — 0 as T — 00.

Lemma 6.4. Under the assumption of Theorem 6.1, (6.2) admits a solution u such that
(i) 0<u<1on M\ By(zg,0);
(ii) [, [Vul*? dvol, < +oo;
(ili) There is Co > 0 such that for x — oo,

4
u(z) < Cy (/ Vol(zg, s) ™3/ ds) ;
d

g(xvxo)

(iv) w is CYP up to OQ and is smooth with non-vanishing gradient in a neighborhood of
o09.

Proof. The existence of u with (ii) follows from [20, Theorem 4.1] and Lemma 6.3. The
property (i) follows from the strong maximum principle of p-harmonic function. The esti-
mate (iii) for p-Green function follows from [29, Proposition 4.4] and [23, Proposition 5.7],
as pointed out in [29, p. 15|, it carries over to the Dirichlet solution u. The smoothness

across the boundary follows from [20, Theorem 4.1 & Appendix A]. ]
It is more convenient to consider the normalized function. We denote p := dg4(xo,-),
w = —+logu and

3
Q4 := By(xg,0) U{x € M\ By(xg,0) : w(zx) <t}, t>0.
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Lemma 6.5 (Boundary regularity and the logarithmic gradient). We have w > 0 on Q,
vanishes on 0S) and satisfies

div(|[Vw|~23Vw) = |Vw|*3.

For each T > 0, the set {x € Q:0 < w(x) < T} is compact. There is tg > 0 such that w is
smooth and |Vw| > 0 throughout this set for T = ty. Moreover,

C
sup |Vw| < oo, [Vw|(z) < —  (p(x) > 20).
M\ p(x)
Proof. By Lemma 6.4, there is § > 0 such that w is smooth and |Vw| > 0on {oc < p < o+4}.
Since u < 1 in the exterior and u — 0 at infinity, supy,>,453u < 1. Choose ¢p > 0 with

e~ > supy,s 445y u. Then
{x € M\ By(xp,0): 0 <w(z) <ty} C{z:0<plx)<o+d}.

The same decay makes every {0 < w < T'} in the closed exterior closed and bounded, hence
compact. Also w =0 on 0By(zo,0) and w > 0 outside.

Direct computation gives div(|Vw|=?/3Vw) = [Vw|*/3. For p(z) > 20, the ball B,(,)/4(z)
lies in the exterior. [50, Theorem 1.1] therefore gives

[Vw|(z) = 3|Viegu(z)| <

where Cy, depends only on dimension and p = 4/3. On the remaining compact annulus,

interior and boundary C! regularity and positivity imply
max |Vu|

sup |[Vw| < 7{0&42?} < 00.
{o<p<20} 3 (ol v

Together these estimates give the global bound for |Vw]. O

Denote the regular part of each level set of w by 3;:
Yy :={z € M\ By(zo,0) : w(z) =t,Vw # 0.}
so that

(6.3) / scal(gs,) € 87Z,
PP

for almost all positive ¢, by [3, Theorem 1.3].
We consider the following quantities similar to [2]

9 3
G(t) == —/ \Vw|?, F(t):=< | H|Vw|—G(t),
25 Js, 5 Js,
in which )
H? (H 3 ) H?
Fity= [ ———(=—-Z|vw|) <[ =.

From (6.1), we also have F(0) < 4w. More importantly, F(t) and G(¢) satisfy a monotonicity
formula under Ric > 0.

Lemma 6.6. [2, Lemmas 2.2 and 2.3] F € W.1(0,00) and G € W(0,00) are continuous
at t =0 and satisfy the following equations for a.e. t >0

G'(t) = 3(GE) - F(1)

2
Ric(v, v) + |A° + |V In |Vu||? + g (H _ §|Vw|>
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Both F and G are nonincreasing in t,

0<G(t)<F(t) < F(0)<4m  (t>0)

/O°° (/2 (H‘ §|V“f|>2> dt < §F(0)_

Proof. The proof can be found in [2, Lemmas 2.2 and 2.3]. The integral estimate follows
from integrating F’ from ¢ = 0 to t = +o0 using Ric > 0 and F(0) < 4. O

Lemma 6.7. [1] For almost every t > 0,
(6.6) et | |Vw|'/? = / |Vw|Y/? = 3—1/3/ |Vul'? > 0.
Et aBg(10,U) aBg(zo,U)

Moreover, F,G extend absolutely continuously to every [0,T], with their values at t = 0
equal to the integrals over 0By (zo,0).

Proof. For the potential u constructed,
\Vu|~2/3Vu = =313 |Vuw| /3 Vw,

with value zero whenever Vw = 0. [1, Proposition 2.8] gives, for almost every 7 € (0,1),

/ |Vu|1/3:/ V3.
{u=7} OBg(xo,0)

On %4, u = e and |Vu|'/? = 3/3¢~t|Vw|'/3. This proves the identity. The strict
positivity then follows from (iv) of Lemma 6.4. Note that Lemma 6.5 implies that the level
sets X of w are regular for ¢ € [0, tp]. Hence F and G are smooth for ¢ € [0, ¢o], together with
Fe I/Vllocl (0,00) and G € W21 (0, 00) from Lemma 6.6, F, G extend absolutely continuously

loc

to every [0, T]. O

The next proposition provides a lower bound for the volumes of sublevel sets of the
potential function.

Proposition 6.8. There are constants ¢, C > 0 such that for all T > 1,

(6.7) Vol, (1) > cexp (T >1).

3T — C’/ scal(g)|Vw| dvol,
QT\BQ(TO,U)

After increasing the fized radius ro if necessary, there are constants ¢, C > 0, independent
of r,T, such that if T > 1, r > 19, Qp C By(zo,7)

1
37— C scal(g) dvolg] .
By (x0,m)\Bg(0,70) P

(6.8) Volg (zo,7) > cexp

Proof. By Lemma 6.6, F — G/2 > G/2 > 0. Thanks to Lemma 6.7 and monotonicity from
Lemma 6.6, G(t) > 0 for all ¢ and thus F — G/2 > 0.

By Lemma 6.7, log(F — G/2) is absolutely continuous. We first obtain a differential
inequality for this logarithm. The Gauss equation and the definition of F' give

/Et |ﬁcal(9) + % (H - §|Vu)|>2] _ /Et scal(gs,) — 2F(t)

: 0|2
+/th [2Ric(v,v) + |A°?].

(6.9)
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By Cauchy—Schwarz, we have

(6.10) (F—GV_[§AJVM<H—§WmD]agGLE@1—?Vw0%

Claim 6.1.

d 1 3 3 1 6 2
— — — P S — — — —
pr log (F 2G’) t5<5 5 0) /Et lscal(g) t3 <H 5|Vw|)

Proof of Claim 6.1. By (6.3), for almost every ¢ one of the following holds:

) /z scal(gs,) <0 or
(I1) /2 scal(gs,) > 8.

In case of (I), (6.9) and scal(g) > Ric(v, v) imply
2

1 6
/ [Ric(v,v) +]A4°]%] > 2F+§/ (H— 5Vw|> :
¢ Xt

Substituting into the formula of F’ in Lemma 6.6 gives

F’ngng/ (H7§|Vw|)2.
5 5 /s, 5

Thus G’ = 3(G — F) and (6.10) yield

1\ 3 1
<F2G)+2<F2G>

:F’+3F—ZG

9 9 9 (F - G)? 9(F—2G)?

< F-Gg-+- _—L —_Z 27 <.
ssf-19"5¢ 5 G =0

This proves the inequality in case (I).

In case of (II), (6.9) and F < F(0) < 4 give

(6.11) /Zt [scal(g) +% <H - (55|Vw|>2

In this case it suffices to use F/ < 0 and G > 0 to show that

d 1 3 F +3F-2G
Zloe [ F— = L )
dtog( 2G>+2 F-1G =3

Together with (6.11), this completes the proof. O

> 87 — 2F(0) > 0.

We integrate log(F — £G) to conclude
1 3
[log (F(s) - 2G(s)> + 28:| e

3 ' 1 6 °
D R — 1 — - —
< 87r72F(0)/0 ~/le [Sca (9) + 5 (H 5|Vw|) ]ds
T+ 11

s=t
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For I, we use coarea to give

¢
/ (/ scal(g)) ds = / scal(g) - [Vw| dvol,
0 s Qi\Bg(wCho-)
t 6 )2
H - —-|Vw
ATACEE

using Lemma 6.6. Exponentiating and using G < 2(F — G/2) now gives

while

ds < ;F(OL

(6.12) G(t) < Cpexp

f§t + C’O/ scal(g)|Vw| dvoly | .
2 Q\ By (20,0)

To pass to volume, Holder’s inequality on the regular part of X; gives

4/9 5/9
Vw3 < (/ |Vw|2> ( |Vw|—1> .
M I pIP

The flux formula (6.6) makes the left side e’ 5, . [Vw['/3, and [;, [Vw|? = (25/9)G(t).
Rearranging and using (6.12), we obtain

xo,0

|Vw|*1 > Cth/E)G(t)fél/E)
¢

> cexp |3t —C scal(g)|Vw| dvolg

Qt\Bg (-75070')

The fixed boundary flux is positive; the exponent is 9/5 4 (4/5)(3/2) = 3. If the left side
is infinite, the inequality is automatic. Coarea on {|Vw| > 0} and Q; C Qr for ¢ < T give

T
Vol, (Qr) 2/ [ Vw|_1} dt
T-1 /%,
T
> cexp l—C scal(g)devolg]/ 3t dt.
Qr\Bg(x0,0) T-1

Since fg_l e3tdt = (1—e=3)e3T /3, this proves (6.7). This argument discards any volume
of the critical set.

Finally, choose rg > 20 so that |[Vw| < C/p for p > rg, using Lemma 6.5. If Qp C
Bg (.%‘0, T)7

/ scal(g)|Vw|dvol, < sup  |Vuw| / scal(g) dvol,
Qr\Bg(z0,0) {o<p<ro} Bg(zo,m0)

1
+C / sAl9) ool
Bg(z0,7)\Bg(z0,m0) P

The first term is a fixed finite constant by Lemma 6.5 and smoothness of scal(g) on the
compact closed ball. Absorbing it into ¢ in (6.7) proves (6.8). O

For 7y from Proposition 6.8, we define

m(r) := inf Voly (20, 5)

Yr > ro.
s>r 82 ’ -

By Lemma 6.2, we might assume r¢ large so that k(zg,7) < C; := g+ 1 for r > r¢ and
< Vol, (zo,7)

(6.13) 0<e<m(r) ; m(ri) < m(rz)

r2

@ COLLEGE MATHEMATICS



VOLUME GROWTH OF NON-NEGATIVELY CURVED THREE-MANIFOLDS 83

for 7o > r1 > ro. Moreover, by scal > 0, for all s > r > rg

/ scal dvoly < / scal dvolg
By (xzo,r) By (zo,s)

Vol, (zo, s)
2

(6.14)

= k(zo,s) - S

Taking the infimum over s > r shows that for all » > rq,
(6.15) / scal(g) dvol, < Cym(r).
Bg(fﬂo,’l‘)

Since AVR(g) = 0, by (6.14) and Bishop-Gromov comparison, for any € > 0, there is
re > 1o such that for all r > r.,

1

(6.16) f/ scal(g) dvol, < e.
r Bg(w07T)

We next show that the error term appearing in Proposition 6.8 is negligible if m(r) — 4o0.

Lemma 6.9. Under the assumptions of Theorem 6.1, if in addition m(r) — oo, then
1

1 1
log m(r) /Bg(wo,r)\Bg(zo,ro)

p~ " -scal(g) dvol, — 0.

Proof. By assumption, logm(r) > 0 for all large r. The hypothesis m(r) — co ensures that
logm(r) > 0 for all sufficiently large r. For ro < p < r, the identity 1/p = 1/r + f; s72ds
and Tonelli’s theorem give

/ scal(g)
By(z0,r)\By(zo,r0) P

1 "1
< 7/ scal(g) dvolg—i—/ - / scal(g) dvoly | ds.
T J By (zo,r) ro S By (z0,5)

The first term is bounded by (6.16). For the second, we use (6.15) instead, giving

"1
/ 2 (/ scal(g) dvolg> ds
T0 By (xo,s)

Te 1 T .
: /ro 52 (/B ) scal(g) dv01g> ds +/r 572 . min{Cym(s),es} ds

We compute the second term explicitly, obtaining

" Agm(r)/e o0
/ 572 - min{Cym(s),es} ds < / € ds +/ 0177;(8) ds
" " s Cim(r)/e S

dvol,

=€ 10g M + €.
Ere
The result follows by first letting » — 400 and followed by € — 0. O

We now prove that the total curvature is bounded.

Proposition 6.10. Under the assumption of Theorem 6.1, we have

sup m(r) < oo, 0< / scal(g) dvoly < oco.
r>0 M
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Proof. By (6.15), it suffices to bound m. If m were unbounded, then (6.13) would give

Vol, (zo,7)

(6.17) m(r) — oo, .2

> m(r) — oo.

We now derive a contradiction using Proposition 6.8. By Lemma 6.4 for p(z) — +o0,

4
e ds
u(z) < C / S -
( p(z) V019($0,8)3/4>

70 - s73/2 ds 4
mmw(ﬂm ‘q

16C
m(p(z))®p(x)?

The second line uses Voly(zo, s) > m(p(z))s? for every s > p(z). This implies

IN

(6.18) w(z) > glog o(z) + log m(p(x)) — Co.

The continuous function r +— Volg(zg, r)/r? tends to infinity, so it attains a minimum on
every closed interval [j,00) with integer j > r9. To see this directly, its values eventually
exceed Vol (zo,7)/j* + 1; a minimum on the remaining compact interval is therefore also a
minimum on the whole tail. Choose a minimizing point r; > j. For every s > r; we then

have Voly(xo, s)/s* > Volg (g, 7;)/r?, and hence

Vol ;
(619) W = m(rj)7 5 — 00, m(Tj) — 0.
J

Define the associated levels by
T; = glogrj +logm(r;) — Co — 1.
Equations (6.19) give T; — oco. For all large j, (6.13) and (6.18) imply
o) 21y = wlx) > 2 logr +logm(ry) ~ Cp =T + 1
Thus Qr, C By(xo,7;). Since
BT — 67300737,]2

substitution into (6.8) gives

scal(g)

rjz-m(rj) = Voly(zg,7;) > cr?m(rj)S exp —C/
Bg(z0,m;)\Bg(z0,70) P

dvol,

Rearrangement gives

scal(g)

2logm(r;) < C+C
Bg(w0,7)\By(zo,r0) P

dvoly.

and hence,

C C / scal(g)
2< +
logm(r;) — logm(r;) JB,(z0.r;\By(zoir0) P
by Lemma 6.9. This contradicts (6.17) and thus m is bounded.

dvol, — 0,

Finally, we show that the volume can grow at most quadratically.
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Proposition 6.11. Under the assumption of Theorem 6.1, we have

Volg(xo,r)

lim sup 5 < 4o00.
r

r—-+o0
Proof. By Lemma 6.5, we already have

sup |Vw| < 0.
M\Q

Together with the assumed finite scalar integral, this implies

/ scal(g)|Vw| dvol, < | sup |Vuw| / scal(g) dvoly < oo
M\Q M\Q M

by Proposition 6.10.
Substituting this uniform bound into (6.7) gives

(6.20) Vol, (Qr) > ce®”

for all T' — 400, where ¢ > 0.
From Lemma 6.4, for all large p(x)

4
e ds
(6.21) u(z) < C / — ] .
( 0 p(x) VOlg (5607 8)3/4

For a large radius r, set
*° ds :
C —_— -1
0 (/T Vol, (o, 8)3/4> ]

so that Lemma 6.2 implies T' — oo as r — oo.

1
T(r) := ~3 log

85

Hence if p(x) > r, then w(xz) > T'(r) + 1 by (6.21). This proves Qr C Bgy(xzo,) for large

r. Applying (6.20) gives

ce 3

oo 4°
Co (/ Vol (z,5) /4 ds)
Thus there is a fixed ¢o > 0 such that

(6.22) Volg (zo, 7 </ Vol, (20, 5 3/4> > co,

for all r large.
The fundamental theorem of calculus therefore gives

d [e's} ds -2 & ds 4
il [ — =2 Vol 1 34
dr </T Volg(xo,s)3/4) g0, ) </r V019(950,3)3/4> ]

< 2c; 3%,

Vol, (xg,7) > ce®T =

—3/4

Choose a fixed ry > 7o so that (6 22) holds for r > r9. Integration yields

—2
3/4,
</ Vol (o, s 3/4> (/ Vol, (zo, s 3/4> 26,7 (r = 72)
—2
S —3/4
<L e 2
= [Tz </ Volg(azo,s)3/4> 2 17"

for r > ry.
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That said, for r sufficiently large, we have

o ds
B s
/T Vol, (o, 8)3/4 ~ 1

On the other hand, using Lemma 6.2, one has

° ds
— < Cyr”
/T Vol (zg, s)3/4 — 2"

For a constant A > 1, we obtain

(A-=1D)r /AT ds ~1/2 1, 1
—lg > —m 2>C —A72(C .
Volg(xo,r)3/4 =/ Volg(ajo,s)3/4 = tr 20T 2

Choosing large enough A, this gives us the desired volume upper bound of Voly(zo, 7). O

Nl

Now we have all ingredients for Theorem 6.1.

Proof of Theorem 6.1. The volume lower bound follows from Lemma 6.2, the finiteness of
total scalar curvature follows from Proposition 6.10, while the quadratic volume upper bound
follows from Proposition 6.11. It remains to show that the total scalar curvature is bounded
by a multiple of 8 := limsup,_, , . k(xo,7). It follows from refining (6.14). For any € > 0,
there is . > 0 such that for all . > r,

/ scal dvoly < / scal dvolg
By (zo,r) By (zo,re)

Vol, (zg,7¢)

S k('r07r€) : 7'2
g

<(BH+e)- A

Result follows by letting € — 0.
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