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Abstract

The current article is to study the solvability of Nirenberg problem on s? through the so-called Gaussian
curvature flow. We aim to propose a unified method to treat the problem for candidate functions without sign
restriction and non-degenerate assumption. As a first step, we reproduce the following statement: suppose
the critical points of a smooth function f with positive critical values are non-degenerate. Then the required
solution exists, if the difference between the number of the local maximum points with positive values and
the number of the saddle points with positive critical values as well as negative Laplace is not equal to 1.
This statement has been proved for nearly thirty years through different methods.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

Current article aims to treat the classical well-known Nirenberg problem. It is commonly
known that the problem is equivalent to solving the differential equation on S?
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—Agu+1=fe**  on S?, (1.1)

with f a given smooth function on S?.

Our favorable method is to adopt the negative gradient flow with new normalization. The
global existence of the flow is always true as long as f is a smooth function which is positive
somewhere. Difficulty lies on the convergence as everyone expected. Through the tough effort,
our finding can be stated as follows:

Theorem 1.1. Let f € C*®(S?) be a smooth function and positive somewhere on S*. Assume the
following conditions hold true:

(a) Critical points of f are isolated in the region where f > 0;

(b) |V f(0)g: + |Ag2 £ (0)]> # 0 whenever f(x) > 0;

(c) let p be the number of local maximum points of f with positive values and q be the number
of the saddle points with positive values and negative Laplace, p — q # 1.

Then there exists some conformal metric g = e** gs2 such that the Gaussian curvature of g is
equal to the given function f.

In order to solve the equation, it is known that f must be positive somewhere. Other famous
obstruction to the existence of solutions to PDE is the so-called Kazdan-Warner condition

/X(K)e2”dugz =0,
§2

where X is any conformal vector field on S2. It is this obstruction that makes the problem inter-
esting to study and deserving further investigation.

Let us briefly recall the development on this problem. Surely it has been extensively studied
in the literature with various assumptions on f. For curvature candidate with certain symmetries,
the answer is relatively complete. A pioneer work by J. Moser [24] states that an even function
on S? is the Gaussian curvature of a conformal metric of the round metric gg> if and only if it is
positive somewhere. For rotational symmetric function K on S?, precisely, K = K (x?) for x =
(xl, x2, x3) €S2, X. Xuand P. Yang [28] established that a sufficient condition of the solvability
of Eq. (1.1) is that |K'| + |K"'| # 0, K is positive somewhere and K" changes signs in the region
where K > (. Later W. Chen and C. Li showed that Xu-Yang’s sufficient condition is indeed
necessary, see [13, Corollary 1]. For positive non-symmetric curvature candidates, A. Chang and
P. Yang developed the degree theory in [9,10], readers are also referred to A. Chang, M. Gursky
and P. Yang [11], K. Chang and J. Liu [8], W. Chen and W. Ding [12] etc and references therein.

There is no exception that the compactness for the approximate solutions has to address.
Advantage of the flow approach is that we have equations to study, better than the sequence. For
the study of the compactness of the solutions of the Nirenberg problem and its analogues, much
effort has been made by H. Brezis and F. Merle [4], H. Brezis, Y. Li and I. Shafrir [6], Y. Li and
L. Shafrir [21] etc. In some sense, new ideas in the compactness analysis often reshape the figure
of the problem.

For general smooth function f which may change its sign, about thirty years ago, Z. Han
[18] considered the problem through the study of the generalized Moser theory for the energy
functional on the open set in an infinitely dimensional Hilbert space. Later K. Chang and J. Liu
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[7] applied their generalized Moser theory to reprove the statement as was pointed out that Han’s
argument might be incomplete.

In 1988, R. Hamilton [17] introduced Ricci flow on surfaces which is a conformal flow. After
that, the scalar curvature flow has been adopted to study the Yamabe problem and so as for the
prescribing scalar curvature problem. In 2003, S. Brendle [3] developed a negative gradient flow
to study the prescribed Q-curvature problem on closed manifolds. Thereafter, the flow approach
has been widely applied in conformal geometry. In [26], M. Struwe adopted such a flow to in-
vestigate the Nirenberg problem in the way that he was able to control the blow-up path and to
recover an early result of A. Chang and P. Yang in [10]. Shortly after that, A. Malchiodi and M.
Struwe [23] introduced Q-curvature flow on S* and developed Morse theory part in the flow set-
ting. Later, their result was extended by X. Chen and X. Xu [16] to all even dimensions, and [15]
for the perturbation result of prescribed scalar curvature problem on S”. Aforementioned works
are all concerned with positive Morse function as the curvature candidate in various prescribed
curvature problems.

Later L. Ma-M. Hong [22] and P.K. Ho [19] respectively studied this question by following
Struwe’s argument. The former deals with the case f is non-negative with indicating that they
also can treat the case allowing f to be negative somewhere. The latter treats the more general
equation in similar setting and does allow f to be the same as ours with an extra condition
(Kazdan-Warner condition) although we doubt its necessary. Our work is in the same flavor, but
it is more constructive than Han’s as well as Chang and Liu’s. The difference to the Gaussian
curvature flow previously used is minor, namely we adopt the slightly different normalization
which seems more suitable to the case that f may be negative somewhere and hope it can be used
to treat degenerate curvature candidates. Therefore, to set the stage and for self-contained, we
have to re-develop the whole program in our setting. The trouble on controlling the normalized
coefficient costs the length of the paper. We should point out that many key estimates either have
been existed or easily derived through the similar ideas from the existing work.

Overall, in this part of the program, we just recover the most updated work on the existence.
To compare, our method is different from Han [18] as well as Chang and Liu [7]. In our view,
our method is more constructive and elementary. As it is known that Brendle’s method does
not apply to the case S?, Struwe’s work [26] just covers the special situation (f is positive
and p > 2,g =0). L. Ma and M. Hong [22] did similar work as Struwe’s one just relaxing the
condition on f to be allowed to vanish or negative somewhere. Either Xu-Yang [28] or Chen-Li
[13] just did for rotationally symmetric case.

This paper is organized as follows. In Section 2, we introduce a Gaussian curvature for a pre-
scribed sign-changing function f. In Sections 3/Appendix A and 4, we establish short time and
long time existences of the flow. We should point out that local existence has been often cited as
well-known or refer to classical result for parabolic equations. However, to be self-contained, we
provide the detailed argument in the Appendix A. The normalized flow is presented in Section 4.
In Section 5, we show the asymptotic behaviors of the Gaussian curvature of the flow metric, i.e.
the L” and H' convergences. Next we show in Section 6 that the normalized flow has compact-
ness, hence it converges. In the rest of two sections, we try to transfer the compactness on the
normalized metrics to its original ones. Here we adopt a contradiction argument: if the curvature
candidate cannot be realized as the Gaussian curvature of any conformal metric, then, in Sec-
tion 7, we analyze the finite-dimensional dynamics, eventually show that the flow concentrates
at precisely one critical point Q of f, with f(Q) > 0 and Ag> f(Q) < 0. With this preparation,
finally, in Section 8, we complete the Morse theory argument and reach a contradiction with
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condition (c) in Theorem 1.1. This contradiction shows that there must be a conformal metric of
gs2 having its Gaussian curvature as the given function f.

2. The flow

Suppose that f is a smooth function on S? such that sz fdus2 > 0. We introduce the Gaus-
sian curvature flow on S?: A flow metric g(r) = ezu(l)gsz satisfies

dig=2((t)f —K)g and g(0)=e" g,

where K = K, is the Gaussian curvature of the flow metric g(¢) and the normalized coefficient

sz deMg

Ot(l) = sz fszg

for all r > 0. 2.1

Here dug = et duse. In terms of the conformal factor, we have
ou=a@)f —K and u(0)=uop. 2.2)

In sequent, most of time we use the flow equation (2.2).
Notice that the Gaussian curvature of the conformal metric satisfies the relation:

—Agu+1=Ke* on S% (2.3)

By the equation (2.2) and normalized factor «, (2.1), there holds

d
m /fdug =2/fu,d,ug=2/f(af—K)d,ug=0.
2 S? S?

Thus, without loss of generality, we select the initial datum ug € C °°(S2) (e.g., see Remark 8.1
below for one way of this construction) such that

/fdug(t) :/fdug(o) =4x for all r > 0. 24
S? S2

Define the average

1
= d = — d
i ][u Us2 471/” Us2

S? S?

and the energy

Elu] = ][(|W|§2 + 2u)dugo.
SZ
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Lemma 2.1. On any finite time interval where the solution to the flow exists, there holds

d
5 Flul= —2f(af — K)?du,.
S2
Proof. By Egs. (2.2) and (2.3), a direct computation, together with the normalized condition,

yields

d
—E[u] :2f(Vu,, Vu)s: +uduse

dr
S2
=— qu,(Agzu — Dduge
S?2
=2][ K(af — K)eMduge
SZ

S 2][(af — K)?dpug
SZ

as desired. O

As a direct consequence of Lemma 2.1, E[u] is non-increasing for ¢ > 0. In particular, for any
finite T > 0, if the flow exists on [0, T'), there holds

T

EW(D1+2 [ f (@f = K)duydi = Eluol

0 s?

The Onofri-Moser-Trudinger’s inequality (see [25]) states that for any u € H'(S?),

][ (IVulg, +2u)dpg: > log ][ dug
S?2 2

For all # > 0, there holds
47 :/fez"(t)dugz Smaxf/ez”(t)dugz. (2.5)
S2 S2

Thus, the volume of g(¢) is uniformly bounded from below and from above, i.e.

! <
max f —

][ezu“)dMSQ < eFlol, (2.6)
SZ
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By Eq. (2.6), we have

2
1= ][fdy,g < ][fzez"dugz ][ez"du,gz < eE[MO]][fzez“dy,Sz.
2 s? S? s?

Thus

e Eluol < ][ fre*dpge < (max | f])2efMol, 2.7)
S2
Hence, Onofri-Moser-Trudinger’s inequality yields, as long as the solution exists on [0, T],
for any r € [0, T'],
Efu()] = —log(max f),

whence,

t

//(af — K)?dugdr < 27 E[ug] + 27 log(max f).
0 s2

If the flow equation (2.2) globally exists in time, then letting 7 — co we obtain

oo

//(af — K)2dugdt <2m E[uo] + 27 log(max f). 2.8)
0 S2

3. Short time existence

As was pointed out in the introduction, the short time existence can be quoted as the standard
parabolic theory. In [3], Brendle proved the short time existence for higher order conformal flow.
In general, Huisken and Polden ([20]) provided a rough proof of local time existence. Both proofs
are based on the parabolic theory. The main idea of our proof is to use the original local existence
for linear parabolic theory. The way to treat the nonlinear terms seems interesting. To be self-
contained, we wish to provide the detailed proof of the local time existence for the flow in the
appendix.

4. Long time existence

By now, it is rather a well known fact (see [10, Proposition 2.2]) that, for every smooth family
of metric g(r) = e?*( )gSz there exists a family of conformal diffeomorphisms ¢ = ¢(f) : S* —
S2, smoothly depending on ¢, such that

/xd/u, =0, forallr>0, “.1)
SZ
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where h = ¢*g = e gs2 1s called a normalized metric, and

1
v=uoqp-+ 3 log(det(de)).

By conformal invariance of the energy, the area and (2.6), there hold E[v] = E[u] and

1

2u(t) _ 2v(t) Elug]
< Hfe d =Te d <e .
max f _][ ns2 ][ ns2 =

S? S?

The important ingredient of the argument is the following inequality, whose proof is omitted.

Proposition 4.1 (Aubin [2]). For any € > 0, there exists a positive constant C¢ such that for every
ve HY(S?) with [g xe*dug: =0,

1
][ezvd,is2 <Ceexp | (5 +6) 7[ |Volgdug: + 2f vdjuge
s? s? s?

By Eq. (2.5), lower bound of the area can be easily achieved:

1
2v 2u
e'd =1 ed > .
][ Mns2 ][ Hs2 = max f
S2 S2

Take € = 1/6 in Proposition 4.1 and apply Lemma 2.1 to conclude that

1 2
Eluo] >E[u] = E[v] = 3 ][ IVolgdus + 2][vd,usz +3 ][ IVolg.dug:
S? S? S?

1
> —log(C) max f) + = ][ Volgdus,
S2

which provides us the first estimate

/ |Vvlg,duge < Eluo] +log(Cy max f). 4.2)
§2

A simple observation, by Lemma 2.1, gives an upper bound on the average of the function v
v ][d <1E[] 1E[]<1E[ ]
vi=qv —E[v] = = E[u] < < Eluol.
Hs2 =3 R T
S2

The lower bound of v needs the help of Aubin’s inequality. Namely, set € = 1/4 in Proposi-
tion 4.1 to obtain

184



X. Chen, M. Li, Z. Li et al. Journal of Differential Equations 294 (2021) 178-250

3
—log(max f) < IOg][EZUdMSZ <log C% + 1 ][ |Vv|é2d,u§z +2][UdM§2
S? S2 S?

3 1_
zlongT + ZE[v]+§v
<logC 3E L;
<log i+Z [uo]+§v

with a positive constant C depending on max f, E[uo], together with the upper bound as above,
we hence obtain

5] <C. 4.3)

With the bounds (4.3) and (4.2) at hand, Onofri-Moser-Trudinger’s inequality can be applied
to show that, for any p > 1, there holds

sup/ezl’lvldugz <C(p).
t &

Now we carry over the argument to u to see the similar estimate.

Lemma 4.2. For any T > 0, any smooth solution of the flow (2.2) satisfies

sup /e4|”|duSz <C(T).

0<t<T
2
Proof. Consider the normalized function
1
v(t)=uogp+ > logdetde.

Notice that Eq. (4.1) can also be written as, with y = ¢(x),

0= / xe?dpug (x) = / 7 (M Vdug (),
S2 S2

where

) ) 20x —(P-x)P)+(A2(14+P-x) =1+ P-x)P
X):= x)= ,
@ PP(1),1(t) )\'2(1+Px)+1_Px

with P(t) € S%, A(t) > 1, and a well-known fact:

2y —(P-y)P)—A2(1—P-y)—1—P-y)P  A(y)
MA=P-y)+1+P-y T B(y)’

o M =p_psr(y) =
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Take the derivative with respect to the time ¢ to achieve

d :
0= / g(qo_l(y))ezu(y)dusz ) +2 / o e (af — K)(n)dug ().
S2 S2

One calculates the first term first.

d X
/ E(wl(y))ezwwdusz(y)

S2
As(y) A(y) ) 2u(y)
= — B Yd
S[<B<y> By ) )

_ [ (Acp(x)  Biog(X)\ 5
_/2<Bogp(x) X Bo(p(x))e dus2 (x),

where, in the last step, we have used the change of variables.
Recall definition of A to have

dP dpP
Arop(x) =2r(p— P -9p(x)P) — 21[(5 ~p(x)P + (P ~¢(X))E]
2 dP
=22 (1= P-p(x)) — (A" + I)E ~p(x)1P
dpP
—RAA=P @) =1 =P o]
1
Similar calculation for B provides
5. dP
Biop(x)=200(1 =P -p(x)+(1—A )E ~(x).
To proceed, by direct calculation, we have

M1+ P-x)—1+P-x

P- = . 4.4
YO = T Pt I—Pox 44
This immediately shows the useful identity
4).2
[Boplx)= 4.5

MA+P-x)+1—P-x

Notice P - P =1 for all + > 0 implies that %—1; - P =0. As a consequence, we obtain

2A%—f~x
MA+P-x)+1—P-x

ar
- . xX) =
a?
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The following identity can be directly checked

24(x — (P - x)P)

o) = (Pp()P = S . 4.6)
Similar calculation displays
—4)2(P -
(=P o) — (14 P-g(x) = AP -x) @.7)

M(A+P-x)+(1—P-x)

Now combine above four labeled equations to have

Ajog A (A—1?% dP dP_. A2 —1dP
=ZLx-pP — X)P—(P-x)— —
Boy (x) - (x—P)+ 7 [( - x) ( X) ] A

Notice that sz erUd,uSz = 0. Therefore, upon an integration, we have

Ao )»
/ Bt (x)ezv(X)dMSZ(x) - (/
S2 S?

dpP
2v
d
e ,LLSZ) :

Term for B can be treated in a similar manner to obtain

1—22dpP
» dr

Biog At
=2La-pP.
Bw(}f) x( x) +

Integrate it to get

B, o R — 22
/ B[o (x)ezv(x)dugz(x) - /x(P ~x)62”d/L§2 + / (— x)ezvusz
S2 S2

For later reference, we write above calculation as

(x 1)2 dpP 22 —1 dpP
(—) 7

(3 ) ()—[1(‘1—%PA A }A (4.8)
atq) ocp(x)= PRPT X+ X X, .

where A is just usual cross product.
Let us denote the matrix ( sz x'x/ ezvdugz) by A. Above calculations show

2

)‘f 2v — / 2v dpP
ZA- d HP - dpe)! | —
. (/e us2 | DHP+ T ([ ePdug2) ”
SZ
=— 2/¢—1(x)e2”(af — K)dugo.

S2?
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Now we claim that the matrix A — ( sz e2”dugz)l is negative definite. To this end, for any
unit vector C = (Cl, Cc?, C3), consider

<(/ ¢'dug2)I — A)C, C)

S2
=/62”dugz —/ezv(x-é)zdugz
S2 S2
=/62”(1 — (x-C)Mdus:.
§2

We need to show this is bounded from below by a positive constant. Here we adopt similar
argument as in the proof of [10, Lemma 4.1].
Set y =x - C. Note that 1 — 2 > 0. Thus the Holder’s inequality indicates that

/ (1 —y)duge = ( / (1= y*)dpug2)*( / e (11— y*)dug2) ™!
S2 S2 S2

> ( / (1 — pD)dug2)*( / e dpug) "2 ( / (1 =y dug) "7
S2 S2 S2
> (8?”)%( / e dug) 2,
SZ

where we have used the fact that 0 <1 — y2 <l1.
Thus the Onofri-Moser-Trudinger inequality can be applied to get control on the integral
(Js2 e *dug), namely,

(/ e Mdpg) < dmeERIT2R < (),
SZ

This is enough to ensure our claim. Hence the claim guarantees that the matrix ( sz e dug2)!
— A has bounded inverse. Use this to rewrite our constraint identity as follows

-1

At A2 —1dpP N 19

—P — =2 vd I —A " — K)d .

A + o (/e us2) /go e(af )duse
S? S?

Take the norm on both sides, together with the facts that P - ‘fj—f =0,P-P=1and|p”!|=1,
to conclude
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Ar 2+A2—1 dp
A 2% | dr

<C(T, uo)(/ Hlaf — K|dM§2)2
S?

2

4.9)

<C(T, uo)(/ ezud/LSz)/(af — K)?eMdug.
S? S?

With this at hand, as well as (2.8), the estimate on the dilation factor A can be easily obtained,

forany0 <t <T,
t
</
0

t
< C(T, £, uo) / ( / e (af — K)2dug:)2dr

0 s?

At

'10 A1)
A

0

t
< C(T, fup)Vi( / / A(af — K dugado)}

0 §2
< C(T, f, uop).

Denote 8 =logdetdg, we have v =u o ¢ + % B. Direct calculation shows

/e4ud,ugz :/e4”°‘/’ detdpdpuge =/e4vefﬂdu§z,
S? S? s?

/€_4udMS2 =/e_4”e3ﬁd,u§z.

S? s?

and

Recall the well-known fact that

detd 22 ’
etdp = ,
Y=\ R0+ P 0+1—-Px

which implies that

2X

=21 .
p=2log T P T 1—Pox
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Notice, since A > 1,
2<2(A+P-x)+1-P-x <22%

Thus there exists a constant C (T, f, ug) > 0 such that |8| < C(T, f,ug) forall0 <r <T.
The lemma follows from this easily. O

The key step to develop the theory of the global existence is the following H2(S?) bound for
u.

Lemma 4.3. For any T > 0, there exists a positive constant C(T) > 0 such that the following
estimate holds:

sup flu(r)|? <C(T).
0<t<T H2(S?)

Proof. As a direct consequence of Lemma 4.2, [lu|| ;71 (s2y is bounded in [0, T']. To that end, by

Jensen’s inequality we have

_ 1 2lul
lu] < Elog e“"dug, <C(T)
SZ

and
F 1VuRadug: =Elu1 ~ 20 < Eluol + log f dugz < C(T)
S? S?
- - 1 -
lull 2y <l = il 2y + VAl < =1Vl s+ VAl < C(T)
forall0 <t <T.
Now we consider the second order derivative estimate. We closely follow the Brendle’s argu-

ment in [3]. In order to do so, let us set w = (e"); = ¢"u,; and in other words, u; = e “w. First
let us rewrite the flow equation (2.2) as

Agou =e"w —a(r) fe? + 1.

Then a direct computation shows
d / (Agau)’d
- u
dt s? Hs?
S2

=2 /(ASzu)ASz (e "w)duge
S2

=— 2/(V(e”w —a@) fe +1), V(e "w))s2duse
s?
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= 2/(V(e”w), V(e "w))s2dusg? + 2a(t) /(V(fez"), V(e "w))s2dusge
S? S?

=—[/|Vw|é2du§z —2/|Vu|§2w2dp,gz]
S? S?
—[ / IVwlgdug: — 20() / (V(fe™), V(e " w))g2dug:]
S? S?

=I+11.

Rewrite the first term as follows:

I:—[/|Vw|é2dusz—2/|Vu|é2w2dugz]
S2 S?
_ 2 2 2
_—/|Vw|82d/,L§2 +2/|Vu|§2w dus?
S2 S2
2 4 1 4 1
< [ 1Vwladuse +20 [ 1Vuladug P [ whduga?
S? NE S?
1
< - [ 1vuldus +2C<T>[< [ @sedug + 1wl IVl + ||w||iz(gz)]
S2 S2

<C(M)I / (Agu)duge) + w72 go, + 11
S2

Second term on the right hand side can also be controlled in a similar fashion.

For convenience, in the followings, the positive constant C (7)) may be different from line to
line.

Firstly we manage to give some useful estimates in terms of its H 1(S?) norm and L*(S?)
norm of e

|| = I(/ fzd,ug)_l(/(Wﬁ Vu)sy + fldus2)| = C(T);
S? S?

and the routine estimate of L*(S?) norm of |Vu|g> in terms of L?(S?) norm of Agou, i.e.

/ |Vulgdus
SZ
2 2 2 2
<c( / (Aga)’dpug: / VulZadpuse + ( / IVulZadpug2)?)
S2 S2 S2

191



X. Chen, M. Li, Z. Li et al. Journal of Differential Equations 294 (2021) 178-250

SC(T)(/(ASzu)Zd/LSz +1),
S2

which has been used H'(S?) estimate of u.
We are ready to estimate the second term

11 = —/|Vw|é2du§2
SZ

+ 2 /e“(—w(Vf, Vu)g2 — 2fw|Vu|é2 +(Vf,Vu)s: +2f(Vu, Vw)g2)dus?
SZ

< —/|Vw|§zdu§z +CI<T>/e“<|Vu|Sz|w| + [wl|Vulg, + [Vw|g
S2 S2

+ |Vulge - |[Vw|g2)dug:
=— / \Vw|goduge + 11 + 1+ 115+ 1 4.
SZ

Now we estimate term-wise: first term / /; can be controlled as follows,

11 :CI(T)/|VM|Sze”|w|duSz SC(T)(/wzeZMdMSz)%
S2 S2

1
<C(D w2y < CTYwlgaga + D+ 71Vl

Secondly, term [ I; is dominated by

11, =C((T) / wle"|Vulgdug: < [|Vullja g lwe' Il 22
SZ

1
<C(T)( / (Aga)’dpug + DY w2,
SZ
1
<C(T( / (AgaPdpuge + D (IVwll g2 + 1wl 22)
SZ
1
<Cr)( / (g2 dpga + D(Iwlage) + 1+ IV g,
SZ

Then the third term [ I3 is relatively simple:

1
113 =C(T) /e“|Vw|§zd,u§2 <C(T)+ ZIIleliz(Sz)~
S2
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Finally we treat term 1 14:

1L :C1(T)/e”|Vu|§z | Vw|gedug:
SZ

1
<) [ Vuladug: + 41Vl
SZ

1
<CMIVulgagey + 7 IVWlT2 s,

1

<C(T)( / (Agaw’duge + 1) + 7 IVwla g,

SZ
Summarize the above estimates from /1 to I I4 to have

1< C(T)(/(Aszu)zdugz + D (w2 g, + D-

SZ
Therefore combining the estimations of I and /7, we finally conclude that
d 2 2 2
a(l + [ (Aseu)“duge) < C(T)( | (Ageu)“duge + 1)( | widuse +1).
S2 S2 S2

Finally, for any 0 <t < T, after integration, we have

T
/(Aszu(t))zd,usz +1< [/(Agzu(()))2du,§2 + D]exp C(T)(//wzdugzdt +7)
S2 S2 0 S2

Then we have

sup ||M||H2(§2) <C(T),
0<t<T

by observing that sz wzdugz = sz(ozf — I()zdugz.
This completes the proof of Lemma 4.3. O

The last ingredient for global existence is the local Holder estimate which follows from the
previous lemma.

Proposition 4.4 (Simon Brendle [5, Proposition 2.6]). Given any T > 0 and any 0 < u < 1,
there exists a constant C(T) such that

u(xi, 1) — ux2, ) < CT)((1 — )7 +d(x1, x2)")
forall x1,x € S2andall 11,1, € [0, T] satisfying 0 <t —tr < 1.
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Proof. For all 0 <t < T, by Lemma 4.3 and Sobolev embedding, we have u € C 1(S?) for all
O0<wu<1l.Fixanumber)<pu <1,

lu(xr, 1) —u(xo, )] < C(T)d (x1, x2)"

forall x;,xp € S and ¢ € [0, T]. By Lemma 4.3 and (2.3), it is easy to show
/(Ke2“)2dugz = /(—Agzu + 1)2dpge < C(T).
S2 S2

It follows from this that
/ K2dug: < C(T),
SZ

as well as

lor] < ( / R dug) ™! / f(Agou 4+ 1)dpge| < C(T),
S2 S2

whence
/utzd,ugz = /(af — K)?dug < C(T).
S2 S2

With this at hand, it is standard to show

e, 1) — uGx, )] < Clty — 1) / e, 1) — uCx, 2)|dpags ()
B = ()
<Clt - / () () — () ()dpgs + C(TY (11 — 1)

B = ()

=C sup / lusldpg2 + C(T)H(1 — )"

n=<t<f
B [T1—1 (x)

<C( —tz)%( sup /ufdugz)% +C(T)(t — 1)

n=<t<t
<C(T)(1 —1)”

forall x € S%2 and all #;, 1, € [0, T] satisfying 0 < #; — f» < 1. Notice that, in the last step, we
have used the fact that % > % and 0 < 1, — 1 < 1. This proves the assertions. O
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With this Holder estimate, the standard regularity theory for parabolic equations can be ap-
plied to bound all higher order derivatives of the function u# on every finite time interval [0, T],
hence the flow globally exists in time.

5. L? and H! convergences

Let us define two functions: F)(t) := sz lef — K|Pdug for any p > 1 and Gy(¢) :=
sz IV(aef — K )|§,d/1,g. The main purpose of this section is to show that both F, and G, tends to
zero as the time ¢ goes to oo.

As a first step, one starts with F5.

Lemma 5.1. There holds lim,_, o F»(t) =0.

Proof. We first need an evolution equation of the Gaussian curvature K. By computation, it can
be easily achieved:

8t(e_2”(—ASzu+1))=2K(K—ozf)+Ag(K—ozf). 5.1)

Kt:a_

Keep in mind, the choice of « gives

[k~ ap fau =o.
SZ

This will be used to handle the term with «; in the following calculation

1d

o / (K — afdyug = / (K —af)(K; —ar f) — (K —af)dug
S? S2

= [ &tk —apin ~ [ (K - afPang
S? Ng

= / QK (K —af)+ Ag(K —af) (K —af)du, — / (K —af) dug
S2 S2

:—/[W(K—af)|§—2af(af—K)z]d,ug—f-/(K—ozf)3dug.
S2 S2

Recall our normalization again sz f e2”dM§z = 1 and topological invariant fgz K ez“dugz =
1, we have

a—1= ][(af — K)e*duge,
SZ

which implies the estimate
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2

lo — 12 = ][(af — K)e?dug:
2

< ][(af — K)?dpug ][e”dugz
S2 S?

<eElwol /(af — K)*dpg.
S2

Refresh us the notations: h = e*Ygg» = ¢*g, K) = K, 09, and f, = f o ¢. By the estimate
(2.8), for any 0 < €p < 1, there exists a large ¢y such that

/(K —af)zdug < €.
SZ

=ty

Choose a maximal #; > ty such that

to<t<t|

sup / (K —af)*du, < 2€.
SZ

It follows that, for any 1o <t < 11,

1Kl 22 = 1K 2200 < IK = af 22,0 + @l 11 Fll 252, < v/2€0 + C.

Our goal is to show that #; must be +o00. To achieve this, first we recall, due to the conformal
invariant property, the following equation for v holds true:

—Agv+1= Khezv.

Thus, the boundedness on v in W27 (S?) with p =4/3 was derived through the estimate

/| — Ag2v + 11Pduge :/ |Kh|p62pvd/,LS2
S? S?

= / |KnlP P~ D0d

s?
; 1-
2 v
< K duy er 7 dug>
2 2
=C(eo).
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As one has seen before that the average of v is bounded in its absolute values. The LOO(Sz)
bound on v follows from this.
With this estimate at hand, one easily obtains

/(_ASZU+ l)szSZ =/K§€4Ud,l/£§2 Sez‘lv”oo/K}%ezvdMSZ S C] (6())),
S? S? s?

which turns to imply that v(r) € H(S?). By Holder’s and Sobolev inequalities, the F3 can be
controlled in terms G; and F:

/ Ko —afy Pdun <C1 [ Kn = afy | oggo gy 1Kn = afo | a2, (5.2)
S2

=Ci ” Ky —afy ”L2(§2,h) H Ky —afy Hi]'(s%

<Co | Kn = afp| 2o ! / IV(Kn = afp)li + (Kn — afy)*dpnl.
SZ

Notice that C(€p) is a monotone increasing function of €¢ as is Cy(€p). Thus €y > 0 can be so
small such that /2€9Co < 1/2. It follows that the next estimate can be achieved

1d
S | Bt + / IV (Ky — arfy) Bdu
SZ
=20 / f(Kn = afy)*dp + / |Kn — afylPdp, (5.3)
2 2

1
<2lar|(max | £1) / (Kn — af,) dun + / (K — af P+ 5 / V(K — af,) Bdu
S2 S? S?
1
<c(f) / (K = afy g+ 5 / IV (Kh — afy) 2dun.
S? S?

Integrate the above inequality over [#y, #] for any ¢ € [f, #1) to show

/ (K —afPdu, + / [ 19K~ agdune

fh S§2

/(K —af)’dp, +2C//(K—af) dugdr.

2
=1y ns
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If 1y is chosen large enough such that

scin [ [k —arPauar = e,

fh S2

then one obtains, for any 7 € [tg, #1),
2 3
(K —af)?dug < Seo.
SZ

This forces that 11 = +00 and hence our claim: lim;_, o F5(¢) =0. O

As a byproduct, we also conclude that

o]

// IV (K — afy)lidusdt < C < oo. (5.4)
0 s2

Next, with the help of the estimate (5.4), we prove the following fact.

Lemma 5.2. There holds lim;_, oo G2(t) = 0.

Proof. Let us start with a calculation

dGa(1)
dr

=2/<v1<, — VI, V(K —af))gdug (5.5)
SZ

——4 / (K —af) Mg (K —af)dug: + 4o / flaf — K)Ag (K —af)dug
S2 S2

- 2/e—2“(A§2(K —af))dug: — 20, /(Vf, V(K —af))sduge,
S? NE

where of course we have used the flow equation (5.1) for the Gaussian curvature.
Now we need to estimate every term on the right hand side of Eq. (5.5). First, by Holder’s and
Young’s inequalities, one has

8

/ (K —af)*Ag2 (K —af)dus | <2 / (K —af)'du, + ! / e M (Ag2(K —af)) dug.
2 S? S2

Notice that, as we have seen before, Lemma 5.1 implies that there exists a uniform constant C
which may depend only on f and ug such that the normalized conformal factor v is bounded by
C in its absolute values. Thus we can do change of variables to get
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/ (K —af) dug = / (Kn — afy) du
S? s?
<€ / (Ky — af,) dug:
82

<e*C[K(2, 1) / V(K — otf(p)|é2du§2 + /(Kh — afw)zdugz]z
s? S?

<QK(2, 1)+ 1)%e*( / (Kn — arfy) dug2)[( / V(K — afp)Rdug)?
S? S2

1
([ Ky -y Paug P
S2
=C1(G2(r) + F2()),
where we have used the following facts

/(Kh —afy)dug: < e*¢ /(Kh —afy) e dug: = e F,
s2 s?

and

/ IV(Kn — afy)lgedus: = G2
Sz

by conformal invariance of Dirichlet integral.
The second estimate is rather easy

4a/f(otf—K)ASz(K —af)duse
S2?

<8jar A (max| f1)> / (K —af*duga + 3 / 2 (Mg (K — af)dpge.
S? Ng

The last term is quite involved. One needs to compute «'(¢) first: by definition of «,
a,/fzdug +2a/f2(af — K)dpu, :/fASz(K —af)duse.
S2 S2 S2
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Notice that, the boundedness on sz e dus2 implies

/ fraf = K)ydug| < C(f)V P,
2
and
1 1
[ 1852k ~aniug| = ([ Pt gk —afPaug?.
2 s? s?
Combine these calculations to obtain the control on the last term

2 /(Vf, V(K —af))g2dug:
SZ

SCWR ([ ek = af)dugn D[ 1V Badugn) ([ 19K — e Badugo)®
S? Ng S?

<CivVFoyGy +CrGor + /€_2M(Agz (K — Olf))Zd[LSZ.
s?

Collect those three estimates to get

d
E(Gz(t)) = C(F2+ G2),

with some positive constant C independent of 7.
Finally for any 0 < € < 1, by estimate (5.4) and the integrability of the function F3, there
exists a fo > 0 such that G, (tp) < € as well as

1
€.

[\

o
C/(Fz + Gr)dr <
fo
Thus, up to an integration, for any ¢ > fy, one has
oo
G20 £ Gatw) + € [ (Ga+ Py = 2e.
fo

This yields lim;_, oo G2 =0 as desired. O
Lemmas 5.1 and 5.2 make us easy to conclude that
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Lemma 5.3. For all p > 1 there holds lim;_, o F,(t) =0.
Proof. Let k > 2 be an integer. First if k =2, we have
2k 1 4 1
[ / (K —af P dugl? =1 / (K — af,) dpun}
S2 S2

<€ / (Kn — af,) duge]*
SZ

<CIK Q1) / V(Kn — afyPlgadig: + / (Kn — arfy)dug:]
Ng S?

<(2K(2.1) + De( / (K — afy)?duge)?
S2

< I( / V(K afy) s+ ([ (K = afy Paug)
SZ SZ

=C1(G2(1) + Fa(1)).

Since the right hand side has its limit 0 as t — 0o, we have lim;_, o F2x () = 0 for k = 2.
Now for any integer k > 2,

[ / (K —af)dugld = / (Kn — arfp)* dup)?
S2 S2

<e“[ / (Kn — afp)dug]?
SZ
<K Q) [ V(K —afy Hlgeduge + [ (Ko -ty duge)
S2 S2

<K@, 1) + 12 ( / (Ky — af,)?*Vdpge)d
SZ

x [( / IV(Kh — afy)2adig)? + ( / (Kn — afy) dng)? P
S2 S2

<C1(G2(t) + F2(t) + Fok—1) (1))

Thus mathematical induction on k implies that for all k£ > 2, we have lim;_, oo F2x(#) = 0. The
rest of argument follows from the Holder’s inequality. O
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6. Blow-up analysis
From now on, we should always assume that our function f on S? cannot be realized as
Gaussian curvature for some conformal metric. Under this assumption, along the flow, we must

have

Lemma 6.1. If f cannot be realized as Gaussian curvature for some conformal metric, then we
must have

(a) lim;— o0 ||M||H2(§2) = +00;

(b) 1limy_ o0 fgo udpge = —00;

(c) lim;_ oo maxge u = +00.

Proof. In fact, if there exists a sequence {#;} of the time ¢ such that one of three cases does not
hold, then we can easily see that f can be realized as a Gaussian curvature, as the corresponding
sequence {u(#;)} converges to a limit function u, which solves Eq. (2.3) with Gaussian curvature
equalto f. O

Thus now we consider the normalized conformal factor v =u o ¢ + % log(detdy) where, as
we have seen before, sz xezvdugz =0 with ¢(x) = @p(),1¢)(x). Observe that [P()| =1 and
A(¢) > 1. Lemma 6.1 implies that lim;_, o, A () = 00.

Then, with existed estimates we have set up in previous section, we summary it in the follow-
ing lemma.

Lemma 6.2. For any 0 < y < 1, we have
veclr(s?).
Proof. By using Lemmas 5.1 and 5.2, we have
Ky —af, € H'(S?).
Making use of Sobolev inequality, for any p > 2,
Kn —af, € LP(S?).
Thus Kj, € L?(S?). Recall
—Agov+ 1 = Kpe®
Then Agev € LP(S?). Since v € L®(S?), we have
ve WHP(S?)
Letl4+y <2— % and use Sobolev embedding theorem to show
vechr(s?.
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This completes the proof. O
Notice that our Lemma 6.1 precisely implies the following claim.

Lemma 6.3. There exists at least one point P; € S* such that, for any R > 0,
litrg}gf / |Kg(nyldigr > 27,
Br(P1)

where Br(P1) is a geodesic ball with center Py and radius R.

Proof. We prove it by contradiction. Suppose that, for any xo € S?, there exists some R > 0 such
that

lim sup / [K(®)|dpgr <a <2m.

— 00
Br(x0)

Letw(®)=u(t)on 1 + log # It is well-known that w(#) satisfies

—Ap2(t) = (Kgry o™ He?*® = f(1).

Up to some scaling, we assume that the image of Bg(xp) under the stereographic projection
7 is the unit disk B € R2. Thus, we have

IfF Ol = / |Keldpge < a < 2m.

BR(x0)

Splitting w () = 0®(r) + &(t), where @ (¢) is harmonic in B and &(¢) = 0 on 3 B. By using
[4, Theorem 1] we obtain a uniform bound of

/ep\@(f)ldx <C(p,a)
B

for any p <4m/a. Since a < 27, we may fix some such number p > 2. We remark here that the
choice of p is independent of x¢, rather only depending on a.

On the other hand, by the mean value property of harmonic functions, for any y € B;,2(0) C
R? we may estimate

O(1)(y) = ][ O (1)dx < ][ o)y + ][ 1&(0)dx.

B (y) B (y) B (y)
2 2 2

By Jensen’s inequality and the boundedness of area, two terms on the right hand side can be
controlled as:
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2 ][ w(t)dx <log 2Odx)y < C

B (y) Bi(y)

Nl—
Bl—

and

][ B(0)]dx < log ][ POlge < €,

B (y) B (y)
2 2

uniformly for y € B 1 (0). Thus e < C ¢®® is bounded in L” (B 1 (0)). By Holder’s inequality,
we have
2

H Koy o g le®

= | KOPa C
B (x0)

Therefore we find that
— A2 (1) = Koy ot 1e?® . @@

is bounded in L9 (B1/>(0)) for some g > 1. Upon covering S? with finitely many geodesic balls
B, (x;) corresponding to the ball Bj,2(0), under the stereo-graphic projection, we obtain that
Ageu(t) is bounded in L4(S?) for some g > 1. Hence u(r) € W>4(S?). By Sobolev embedding
theorem and the boundedness of area, we have

lu@)l o2y = C.
Go back to Eq. (2.3), then u(¢) is bounded in H?(S?), which contradicts Lemma 6.1. O

We should point out that an alternative proof of Lemma 6.3 for the sequence of solutions is
also available in [27, Theorem 3.2].
By Lemma 5.1 and a simple observation that

wlt) — 1= ][ @) f — K)e*duge.
SZ

we easily reach
lim a(?) =1. 6.1
11— 00
With this at hand, we can do the estimation

K — f”LZ(SZ,g) <K —Olf”LZ(SZ,g) +la—1] ||f||L2(SZ,g)
<|IK _O‘f”LZ(SZ,g) +Cla—1]— 0, ast— oo.
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Define

fs2 xdpg(r)

S =
fsz dpig )

to be the center of the metric g(¢) and denote its radial image by Q(z) = S(¢t)/|S(¢)| whenever
S() #0.

Theorem 6.4. If f can not be realized as the Gaussian curvature of a conformal metric of gs2,
then, as t — 00, we have that the flow metric g(t) concentrates at a single point Q € S?, and
the normalized conformal factor v(t) — veo, as well as the metric h(t) — e2Voo gs2 in H2(S?),
where f(Q) > 0 and voo = —[log f(Q)]/2. Moreover, ||@(t) — Q(t)lle(Sz) — Qast — oo, and

also || f o p(t) — f(QW) Nl 2s2) = O and f(Q(1)) — e g5t — o0.

Proof. Let us refresh ourselves the definition of the conformal transformation ¢: (with A(¢) > 1)

MA+P@E)-x)+1—P(1)-x
20 :

uop=v+log
Notice that
v(P(1)) +logh < né%xu op < ||v||LOO(Sz) +log A
and
— vl (s2) —loga < rréiznu o <v(—P(t)) —logh.

We remark that the above two inequalities also can give an alternative proof of Lemma 6.1.

As A(t) = 400 as t — o0, we claim that there is only one concentration point. Assume on
the contrary, assume u(f) concentrates at more than one point. Thus we can freely choose two
different points { Py, P»}. For / =1, 2, this implies that

liminf/ K (0)dpgq > 27,
11— o0
BR(P)

where R < distg2 (P, P2)/2.
Then

litminf / | fldieg (s zlitminf / |K (£)|dpeg ) —limsup/|K(t) — fldugr =2m. (6.2)
—>00 —00 t—>00
Br(P) BRr(P) s?
Keep in mind that each P; must be the accumulated point of {P(¢)}. Thus we may choose a
subsequence such that P(t,) — Pj. Then, for any y € Bg(P,), we should have 2 > 1 — P(%,) -
y>cy>0foralln e N.
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Now by direct computation, for each y € Br(P»),

2 e
ML= P(ty)-y)+ 1+ Pty) - y)

uy, () =v(e~ ' () + log

Clearly this implies

lim | fle*ndug> =0

n—00
Br(P2)

which contradicts (6.2) with / = 2. Thus our claim follows. Denote the unique concentration

point by Q € S?. By Lemma 6.2, there exists a function ve such that v(r) — ve in CH7/2(S?).
Recall that the normalized conformal factor v satisfies

—Agv+ 1= Kpe®.

Since P(t) — Q and A(t) — oo, we have, in the sense of LZ(SZ), when t — oo,

Kp=Kn—fo+ fo = F(Q)+ f(Q) = f(QD),

hence vo, weakly solves

—AgrVeo + 1 = f(Q)e?>. (6.3)

This implies that £(Q) > 0 which can be seen by integrating Eq. (6.3) over S? to get 47 =
f(Q) sz eszdusz. By the uniqueness theorem in [14] of solutions of (6.3) for solutions which

are normalized, we conclude that vy, = —% log f(Q). This proves the first claim in the statement.
With this ready for use, we have no difficulty to see that as a metric, h — e?V> gs2 in H 2(S?).
Furthermore, let us refresh ourselves first,

S(t) = / pePduge
SZ

and Q(t) = S(t)/|S(t)|, where & = v — J log fg» €2*dug2. Thus  — 0 in C17 (S?).

Next we observe that, by direct checking, |S(¢) — Q| — O ast — o0. Since |Q| = 1, hence if ¢
is large enough, then |S| # 0. Therefore it follows that 1 — |S(t)|2 =(Q+S5S®)-(Q—-S@)—0
as t — 00. Thus,

lo — Q) 122y < Il — Sl 122y + C(L =S — 0,
ast — o0.

Finally the boundedness of C! norm of f clearly implies that I fo — FQENIL2s2) = O as
t — 00, sois true for f(Q(t)) — f(Q). Now the proof of Theorem 6.4 is completed. O
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7. Finite-dimensional dynamics

Let {gof } be the set of eigen-functions for —A,, that is,
—Agpf =2igf, ieN

with eigenvalues 1§ =0 < A{ <5 <---. It is well-known that it can be selected such that it is
an L2(Sz, V_ldu ¢) - orthonormal set, where V is the area of the S? with respect to the measure
dpug. Set (pih = <pl.g o . Then {(pih} is an L2(S?, V~duy)-orthonormal set. Of course, they are the
eigen-functions for —Ajy with eigenvalues )»lh = Af, V i € N. For comparison, we also list the

eigen-functions {g; = wisz} for —Ag> with eigenvalues A; = )\igz which will be labeled as
M=0<Ai=m=A3=2<l4=6<---.
Surely it will also be an L2(S?, (4n)_1du§z)-0rth0normal set.
By Theorem 6.4, we have Af = Af‘ — A; f(Q) due to area factor e 2o = f(Q); moreover,

we may arrange the order of the eigenfunctions so that q){’ — ¢; smoothly as t — oo.
Expand

af —K=) Blof. af,—Kp=) y'ol, and f=) flgf

i>0 i>0 i=0

with coefficients

pi=v! /(cxf — K)gfdug=v"" /(Otfgo - Kpgj'duy = '
s? S?

and

fi= V*l/fwfdug.
SZ

In particular, V! sz ((pg )2dug = 1, together with the fact that gpg is a constant, implies that

(pg =1.
Our normalization sz (af — K) fdug = 0 provides an equation on those coefficients:
i=0 i>1
Then, by Cauchy-Schwarz inequality,
(fOB* =B )
i>1
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<Q_BHYO_UHY

i>1 i>1

<vy~! / (af — K)*dug)(v™! / Frpe — (f9).
S? S2

By Theorem 6.4 and fo = sz fgogv_ldug =47V~ we have, as t — 00,

(4r)?
\%

/sz*Idug (O = v*l[/fzdug— 1= F(QLf(Q) = F(O)1=0,
$ $2

since V — % as t — oo. This, together with (2.6) and the fact that f(Q) > 0, gives

(B8 =o(mVv~! / (af — K)*dpug. (7.1)
S?

Recall that

Fa(t) = / (af — K)dug = / (afy — Kn)*dun,
Ng S?
Ga(1) = / IV(af = K)[3dug = / IV (afy — Kin)lpdpan.
S? S2

Lemma 7.1. With error o(1) — 0 as t — 00, there holds

d
0= —(2+0(1)G2(r) + (4f(Q) +o(1) F2(1).

Proof. By the formula (5.3), we have

dF
=262+ 4a [ uah, - Kidu+2 [ (K- af ) d

dr
S S?

=—2G2 +4af(Q())F2 + 4« /(f(p — FQW))(afy — Kn) dpy + 2/(Kh — afy) dpu.
s? s?

By Theorem 6.4 we have, as t — oo,

/ (fp = FQON@fy — K dun| <C || f = Q)| 22 |Fo = Kn|[Faig2.
2

=o(1)(F2 + G2),
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and

/ (K = afp)’dun| < C | Kn = afy] oo p 1K = af 1742 4y = 0(D(F2 + Go),
§2

where we have used F»(t) = o(1) and | f(Q(?)) — f(Q)| = o(1). We just reminder the reader
that the estimate on the L*(S?) norm of K — af has been treated in our Lemma 5.3. We should
not repeat it here again. Thus this lemma follows. O

By the estimate (7.1), we have

Ga=V Y MBI =2 VIB P =] +o()Fa = 2f(Q) + o) Fa.

i>1 i>1

Let x be the position vector of S?in R3. Let {e1, e2, e3} be an orthonormal basis of R3. Then
we may choose ¢; = +/3x - ¢; as L2(S?, (4m)~! gs2)-orthonormal basis for the corresponding
eigen-space of —Ag2 with eigenvalue 2. Notice that the ¢; for i =1, 2, 3 is chosen so that (p,.h —
@i ast — 00.

Define

b=v! [t - Kid
SZ
and write b= (b-e1,b-e,b - e3).

Lemma 7.2. With error o(1) —> 0 as t — o0,

db 1 1
o= o(N[F()2 + Ga(1)2].

Proof. By Eq. (2.1), we have
a/f2dug =/de;L82 =/f(—ASzu+ Ddus2 =—/uAngd;L§2 +/fdu,gz.
NE NE S? S2 S2
Differentiate both sides of the above equation with respect to ¢ to show
i [ £y = [(95.9@r = Kedng +2a [ K = af)dug.
S? S? S?

Notice that, with the observation that in dimension two, Dirichlet energy is conformally invariant,

1 1
/ (V. V(@f — K))gdpg| < G3IV fll 22 < CG3.

2
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These, together with (2.7), give
o] = C(G,* + ),

By Theorem 6.4 and (6.1) we have

Jim /((xf(p—e 24,

=[1_i>rgo[a2/f¢2duh —2a/fwdﬂs2+/€_2vdﬂs2]
s S? S2
=4[ f(Q) —2£(Q) + e *>]=0. (7.2)

Recall Eq. (4.8) and the estimate (4.9), we have

- dp

A dr

|~

A

)o

de
<CF(t :
’( ” 2(1)2,

where we have observed that (A — )2 =22 —1— 2—1) < 22 — 1 due to the fact that A > 1.
This observation has been used in the estimate of the second term in the estimate (4.9).
With the above inequality, Eq. (5.1) and the fact that sz ¢~ le?dug: =0, it is straightforward
to show
db dv

V—+4+—>b
dr + dt

9 —1
= [ ¥ - Kaug + [ s~ Koaug 42 [ o7 af - K2t dug,
S2 S2 S2

9 -1
- / E—) o paf, — Knduy +a / o' (f = F(Q)dug

S2 s?
+2/¢_105f(05f — K)dug +/¢_1A82(K —af)duge
S? S?
o))} + 6o +2 [ xafiaty = Kiednge + [ x8g:(Kn — )
S? S?
=o(1)(F(1)? + Ga(1)7) + Z/x(otf(p — e ) (af, — Kp)ePduge
S?

—o()(F(1)? + Ga()?),

where the last identity follows from (7.2). This together with a simple observation that | b| =
O (1) F; yields the desired estimate. O
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We try to avoid the trouble cost by the normalization and set

B =/3b.
It follows that, for 1 <i < 3, there holds
2
B =8P =v ! [ty - Koetw - v [ e, - Kidu
S? S?
<v-! /(ga? —p)Pdul v /(aﬁp — Ka)dua]
S2 S2
=o(H)V 7' F,. (7.3)

Our next task is to estimate F» in terms of B, namely, we have the following lemma.
Lemma 7.3. With error o(1) — 0 as t — 00, we have F» = (1 +0(1))V|B|%.

Proof. By the estimates (7.1) and (7.3), we have

Fy=VY |FP=VIBP+ VY B> +o()F,.

i>0 i>4

Let 152 =V Ziz4 |ﬂi|2. Let us first assume that V|B(t1)|2 > ﬁz(n) for some large #; > 0. For ¢
near t1, we may expand F» as

F=1+80)VIB? = FE=80VIB*+o()F,= @1 +0(1)VIBJ?,
by assuming that —1/2 < §(¢) <2 if #; is sufficiently large. Then

dp —d5V|B|2+2(1+8)VB dB+(1+5(r))cw|19|2 (7.4)
a2 dr dt dt ' ’

By Lemma 7.2 and the observation that y-! % =o0(1), we estimate
dv
d

B
|(1+68(2)) t|B|2|+2(1+5(t))V‘B-C:1—t =o()(G2+ F).

Inserting the above inequality into (7.4), by Lemma 7.1 we obtain

dé
VEIBIZ =—QC2+o))G2+ (@ f(Q)+o()F2

<=2V Y (f(@hi —2f(Q) + o)A

i>0

211



X. Chen, M. Li, Z. Li et al. Journal of Differential Equations 294 (2021) 178-250

<—8£(QV Y 1B P +o()F
i>4

=—8f(Q)F2+o()F

= — (8f(Q)8+0(1)V|B*.

Dividing both sides by the (non-vanishing) term V|B|? to show

)
4 = =B f(Q)3 +o(1)).
It follows from this that

t
8(t) < 8(1)e 8O 4 g8/ (O) / o(1)e¥ @ dr,

n

which implies that §(r) — 0 as t — oo by applying the L’Hospital’s rule on the second term on
the right hand side. This in turn implies that

Fy=(1+o(1)V|BI?
as required.
It remains to show that for any given T > 0, there always exists a time #; > 7 such that

V)IBt)? = Fa(t). )
However, assuming that V|B |2 < F; for all sufficiently large 7, we have

d A
2= —8f(Q)F2+o()F, < (=8f(Q) +o(1) Fa.

Therefore, we conclude that

d
s —4f(Q)F,.

Then, it follows that
Fy(t) < Ce™ /()

for some constant C > 0 and all ¢ > 0.
But then for any rg > 0 and any x € S?, we can estimate

d —
‘EVOI(Bro (x), g)‘ =2 /uldﬂg = C””t”[}(SZ’g) <C(V)e 2f(Q)t7
2

where B, (x) = B,,(x, gs2), and we find that, since f(Q) > 0 and is independent of #,
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Vol(By, (x), 8) < Vol(By, (x), g(t1)) + Ce™ 1" < S
F(Q)
uniformly for ¢ > #; if we first choose sufficiently large #; > 0 and the r¢ > 0 sufficiently small.
However, from Theorem 6.4 we infer that for the accumulation point Q of Q(¢) and any ry > O,

Vol(B, (0). g) — —_
8T ()

as t+ — oo. This contradiction proves the claim, and hence one completes the proof of
Lemma. O

Recall that

Jerxdig _ foo pdi
fgz dﬂg fsz dun ’

Then it follows from Theorem 6.4 that h(t) — e?"~gg2 in H2(S?) and |S(¢)| — 1 in L*(S?) as
t — oo. This implies that the shadow flow of S, defined by

S(t) =

() = ][(p(t)d,ugz
S2

approximates to Q(¢) in L%(S?) sense.
For convenience in later argument, we extend f(sx) = f(x) forO<s <1,x € S2.

Lemma 7.4. With a uniform constant C > 0, there holds

1
v = ool g2(s2) < C(Fy' + [ fp = (O] 1252))
where T (1) =log g ePdug /2.

Proof. First notice that as t — oo,

v = Voo ()l g2(s2) < IV = Vool g2(s2) + Voo — Voo () | y2(s2) = O

by virtue of Theorem 6.4. Expanding

o o
20T () _ 1 — Z Vigi and v —Ds(t) = Z vig;.
= e
By (2.4) we have

V0= ][ (2 _ ydpug =0,
SZ
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aswellas Vi=0,1<i<3 by the normalization (4.1). Moreover, by Taylor expansion,
yi= ][(ez(”_ﬁ""(t) — Dyidus?
S2

=2][(v — Voo (1))gidug2 + O(llv — 17oo(t)||ioo(§2))
S2
=20" + o()[[v — Doo ()| y2(s2)-

Thus V/ = 0 implies that
W' =0 llv— Tl 22y, 0<i<3. (1.5)
Rewrite the Gaussian curvature equation as
—Agv=Kpe® — 1= (K — af)e” +a(f, — f(©)e® + (@ — 1) f(©)e® + f(©)e® — 1.
This, together with the fact that @ — 1| < CF,’, implies that

| Asv] 722y = CUKR =yl oo + I fo = FO) |22 +2 / (f(©)e* = )dugp.
S2

On the one hand, we notice that
f(©)e* —1

=f(®)625m(t)(e2(vfﬁoo(t)) _ l) + f(@)ezﬁoc(l) _ ff(pezvdufgz
S?

= (@)1 (2T _ 1) 4 ][ F(©) (>0 — eM)dpge + ][ (f(®) — fp)e* dug.
S2 S?

It follows from this, with the help of Holder’s inequality, the following estimate holds true

][ (f(®)e* —1)*dug:
SZ

53‘](‘(@)264‘5&([) ][(62(1)—500([)) _ l)zd/J/S2 + 3f2(®)e4ﬁoo(t) ][(1 _ ez(v_ﬁ”(t)))d,ugz

s2 2
2

+3| F©) - fe dug:
2
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<6 (@)% ][ (@00~ 12dugy + C | £©) = fy |20
S2

Next the inequality

- 2
2(v—Bo(1)) 0] 2
|20t 4 gy = GO IV = Ol g2,

can be used to bound

2 2 2 -
| as2v]j2 2y < Clafp=Kilpagop + 1 o= F @) 12g2) + @440(1) [0 = T (D172 g2, -
(7.6)

On the other hand, by the estimate (7.5), noticing that the zero eigenvalue 1o = 0, we have

o8]
2 i ~ ~
| As20] g2y = DR 2 24010 = Boo (17252, + (1) IV = Boo (D2 s2) -
i=1

Since 24 < )»42‘ = 306, for sufficiently large r > 0 we can absorb the last term on the right hand
side of Eq. (7.6) into the left hand side, and thus obtain

10 = ool 22y <C(| Ag2v]| g2 + 10 = oo 12¢82)
<C(|lafy — Kn ”LZ(SZ) +fo = £(©) ”LZ(SZ))
as precisely we claimed. O
Now we expand the vector b in terms of the order of . In fact, we have the following lemma.
Lemma 7.5. With error o(1) — 0 as t — 00, for some uniform constants A1, A> > 0, there hold

logA
22

al
b—(b~P)P=A1VXVf(P)+O( ),

o log A

b P== A =5 (Mg f(P) + O(Vf(P)lgy) +o(1),

Proof. Using Eq. —Ag2x = 2x and an integration by parts, we rewrite
2b=2V"! /x(af(p —Kp)dup,=-v! /Aszx(af(p — Kp)dun
S? S?

=y~! /(vx, V(af, — Kn))s2dun + Ry
§2

with error
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R =2v~! / (Vx, V(v — Too (1)) g2 (@tfy — Kn)e*duge
§2
bounded by
1] < C llv = Bos )l 1 s2) efy = K| 2. -
Apply the Kazdan-Warner condition to obtain
2b=aV~! /(Vx, V f,)s2dps: + Ry + Ra,
SZ

where

Ry=aV~! /(Vx, Vf(p>82 (e* — 62500(1))(1#82

S?2
=2V ! / x(fp — F(@))(? — ?>D)dug
SZ
—2aV! / (Vx, Vu)g2 (fp — f(O©))dup,

S2?

which can be controlled as follows

[Ral < Cllv = Too (D oo (s2) + v = Do Ol r152) | fo = £ O] 252,
< Cllv— Voo ®)ll g2(s2) ” Jo — F(©®) ”Lz(gz) .

Thus, with R(b) = (R 4+ R»)/2, we have

b=av~! [ () = F(P)ug: + ReD). @.7)
SZ

By Lemmas 7.3 and 7.4, we obtain

RO < C(Fa+ | fp = F(©O)}252)-

For computation, we have to choose the local parametrization of S2. To do so, we take e3 = P
and e1, e are two orthogonal unit vectors in R which are both perpendicular to the e3 and write
x =xle; +x2%ep +x3es. Clearly x3=x-P.Let (yl, yz) be the local coordinates of RZ. Through
stereographic projection 7 : S — R, we have the natural parametrization of S:

2! ) 2y? 3 1=y

X =—" x'=——"7, x°= .
1+ y? 1+ y? 1+ y?
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Let D := {y € R?%; |y| < Cy} for some small constant C; > 0. We take the Taylor expansion
of f around P in this coordinate system

1

2 2
i *f
fo=rok y)—f(P)+Z—<P) EZ ayiayT & 'y +o<2|y|>

i,j=1 i=1

Denote the plane set {y RZ; |y| <AC1} by D;. Then it follows that w o ¢pp  © n_l(D;L) =
D. Therefore observing that, in this coordinate system, the area element is given by dA(y) =
dy, we have

(1+|)’|2)2
o
/ 4 dv =38 / r dr — 47ZC12 _0(1)
A+ P2 = A T e T TR
Df ACy

as t — oo.
Notice that, again in terms of the coordinates (yl, y2), @p,) can be written as

22yt 21y? 12-—|y|2>

—1
T = ) ’
e () <A2+¢yp A2+ Y2 A2+ |y

By a(x!, x x%)—( ) one also has

1+x3’ 1+ T+23

1 2

foppa () = f(y? y7>.

A direct computation yields that, by definition of ®,

o@ =1 B2 2 )P—l Hogk | hlyp 78
()—<—m0 2 =(1—-——+4+0(=))P. (7.8)

Thus, by our convention, we have f(®) = f(P).
Now in local coordinates, we can write the key part in the expression b as

/ (f (pp () — f(P)xdug
2

1
=/(f(§0p,x(ﬂ_l(y)) — F(P)x(AAY) + O0(7)

_ af 1 & 9%f Vi yi |
_D/ lz:l _( )— —i/zzjl Byiay] (P)TT X(y)dA(y)+EA+0()\_2)’
, L .

where, by smoothness of the function f,
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yP? 1
E1=o([ 3] a0 =06

D;,
By rotational symmetry, if 1 <i # j <3,
/ Yl (y)dA(y) =0
D,
It follows from this, fori =1, 2

1 [ 2(")? 21 1
- dA(y) = — 4+ 0(=).
k/1+|y|2 m="106y)

1

Moreover, by rotational symmetry and direct computation we have

1 05 lfl5jal§29
ﬁ/y’ylx‘(y)df\(yb 0, i=3,j#l,
—mEk Lok, i=31<j=1<2,

where we only need to check

/ X)) dAY)
D;
(1 =1y (y)?

dA
A+pp AW

D,
22
r(l—r)
’
(1+7)3

=—4mlogh+ 0O(1).
Therefore, we have obtained
1,27 b4 log A 1
b=aV [va(P)_E(ASzf)(P)TP]‘FCR(b)‘FO()\_z)' (7.9)

With Ay =27 and A; = 7/2, the leading terms in our claim hold true. Now we have to deal
with the error terms. To see this, observe that

C
||f¢—f(@)||iz(gz)=ﬁ|Vf|§2(P>/Z<y) dA(y) + C|V f|§(P)|© — P|? +0< -)
R2 = 1

—C|Vf|§2(P) +0( 5) (7.10)
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where we have used the estimate (7.8), and notice that F> = 3(1 +o0(1)) V|b|2, thus, by Eq. (7.7),

b|>=|b— (b- P)P|* + (b- P)*
(ogk)2

+0(

{ gA)2

1
=CIR®)P +CIV (P 5 + (5 ) (Aga f(P)*( A4»

=cibl*+ (5 ) [(Ag2 f(P))? + OV flga(P) +o(D( +0(

A4»

Now since |b|*> — 0 as t — oo, if 7 is large enough, then we have C|b|? < % Thus we con-
clude that

(1 ng)2

1
= 3 (55 (g £ (P + 0V £ (P2 FOGD).
This implies that |[R(b)| = O (12 log 1). Thus our claim holds. This completes the proof. O

The more precise estimate on the shadow flow is needed.

Lemma 7.6. With o(1) — 0 as t — 00, we have

log A
(1—|®|2>=2<4+o<1>)%,

and

logh ,

0% S

<C(——

Proof. First equation is easy: in fact, by Eq. (7.8), we have
) log A

To get the second estimate, remember P - % = 0. Thus it easily follows from the estimate
(7.8) that

(1 op) = —20.38 _ et dogr 5 L) (7.11)
h dr A A2 A2 '

Then we recall the equation just before the estimate (4.9):

-1

At A2 —1dpP o
P —=211- ixly=le?q b.
T T @ (/xx " duse)
SZ

As we have noticed before, the inverse matrix (VI — (sz xixjez"d,ugz))fl is uniformly
bounded.
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Therefore, using 0 = (P, %1: ) and the estimates in Lemma 7.5, we have

-1

<2||1I- (/xiij_leZUdMSz) b|
SZ

M

1
<c£(|Aszf(®)| + OV F(©)% +o(1)).

Inserting it into the identity (7.11), the second estimate follows easily. This completes the
proof. O

The main purpose of the current section is to show the following lemma which will be useful
in the next section for Moser theory argument.

Lemma 7.7. The metric g(t) concentrates at one of the critical points Q of f with Ag2 f(Q) <0

as t — oo. Furthermore, the energy converges to a constant —log f(Q), that is, we have, as
t — 00,

E¢[u()] — —log f(Q).

Proof. By Lemma 7.6, we have

d
‘5(1—|®|2) <c(1-10/»?

Then for ¢ > t9 with # sufficiently large,

C
1-100))% > 1—"

with some uniform constant Co > 0.
By the first identity on Lemma 7.6, above estimate also implies

log A - Co

A2 T 14t

This implies that

1 Cy

— <
A2~ tlogt’

(7.12)

Recall that Eq. (7.8) implies that the radial projection of ® on S is just P. Thus we have

df(©@)) df(P@))
dt dr

1
|®|< F(P@)), —)
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dp
=(Vf(P()), )

Take a look again at the equation just before the estimate (4.9). We simply rewrite it as the
following:

A2_“”)—21 A" —2(( = A" b]- PYP 7.13
ZAE—(—I)—((—I) -P)P, (7.13)

where, on the right hand side, A; = V~'A. Let us define Ay = % Jerx - x (Ve —
(4m)~! )dus2, where x has been considered as a column vector so that x - xT is a 3 by 3 matrix.
Then we have the relation %(1 —AN))=1—A;.

Notice that (I — A1) ™' = 3(I + (I — A2)"' A,), we obtain

A2 —1dpP » =
S =3B & PIP) 43U = A7 Ab = 3(IU = Ax) T Agbl - PYP.

Now apply Lemma 7.5 to get

df(®@) 6A 1
d~ f(P)V(A2—1

1
) Vf (PG +0(5)-

In this estimate, we have observed that first error term in b — (b - P) P is o(1) since the error
term is of order A ~2log A while the order of %—f is % For reminder terms, we simply notice that
[A2b| < Cllv — U || g2(s2)1b]. Now || has order A2 "2log A while ||v — Vool 2(s2y has the same
order, hence above equation follows.

Since the integral of (¢ log nH~lis divergent, the flow {®(¢); ¢t > 0} accumulates at a critical
point Q of f.

Once we have known that Q is a critical point of f, then Eq. (7.10) implies that || f, —
f(®)||i2(82) = o(1)r~2 log 1. Note that 16| = o(1)1~2 log . Thus we conclude that the re-

mainder term in Eq. (7.9) is o(1)r~2 log . This implies that

alogh
V2

b-P=—-A (As2 f(Q) +o(D)).

Thus, with the help of equation just before the estimate (4.9), we have

At A
Zt_p.p
A A

-1

=2|7- (/xfva”ez'fdusz) b]- P
&

=2[(I — A1)~ 'b]- P

=3[(I — Ap)~'b]- P

=3[b+ (I — A2) "' Asb]- P.
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As before the last term here is 0(1)A~21log A, put into Eq. (7.11) to get

d Ar logh 1
—(1—10P) =—-16=2(—== H—
(-1 (=5 +o(D)33)

a logh ,
248A27(7) [(As2 /)(Q) +o(DI[1 + o(D)].
It follows from this, if Ag2 f(Q) > 0, then for ¢ sufficiently large, we have

%(1—|®|2) >0

for sufficiently large ¢, contradicting the fact that |®(#)] — 1 as ¢t — oo. This implies that
Ag2 f(Q) < 0. Moreover, by Theorem 6.4 and conformal invariance of E[u], as t — oo we
obtain

Elu(t)] = E[v(1)] = 2vee = —log f(Q)
as desired. O
8. Existence of conformal metrics
Given ug € C° := {u € C*(S?); fg2 fe*dug2 = 1}, let u(t, ug) be the solution of the flow
(2.2) with an initial datum u(0) = ug, where ¢ > 0. For P € S?, 1 < A < 00, we denote by ¢p.a

the conformal transformation on S2. As we have seen before that ¢p ; converges weakly in
H'(S?) to P as . — o0. Define a map

1
S? % (0,00) 3 (P, A) > upy = 3 logdet(dgp ;).

2up

If weset gp ) = ¢p ; (8s2) =e gs2, then

ditgp, = e*Prdpug — 4m8_p,

in the sense of measures as A — o0o. For convenience, we define

E¢lu] == E[u] — log][ fezudugz.
SZ

Remark 8.1. We give a way to construct the set C2° of initial data. To this end, let P be a
maximum point of f with f(P) > 0 and

1
U_p)= Elogdetdgp,p,;\ for all A> 1.

Then we select ap ; € R such that
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ez"“/fogo_p,;\dusz =4m.
N

Now we choose

up=u—pr+ap,,

then it is not hard to show that ug € C°.
For B € R, denote by
Lg={ueCy; Eflu]l < B}

the sublevel sets of E ¢[u]. We label critical points Q1, Q2,---, O, of f with positive criti-
cal values f(Q;) > 0 in the way that f(Q;) < f(Q;) for 1 <i < j <n.Foreach1<i <n,
there holds B; = —log f(Q;) = lim) . Ef[u_g, ;]. For the notational convenience only, in
the followings, we assume that all critical values f(Q;), 1 <i <n are distinct, then there exists
a positive constant vy such that 8; — vy > B;41 forall 1 <i <n —1.

Proposition 8.2. Let ind( f, Q;) denote the Morse index of f at Q;, then

(i.) For any By > P the set Lg, is contractible.
(ii.) Forany O <v < the set Lg,_, is homotopy equivalent to the set Lg, | .
(iii.) For each critical point Q; of f with Ag2 f(Q;) > 0 the set Lg, 1., is homotopy equivalent
to the set Lg, .
(iv.) For each point Q; of f with Ag2 f(Q;) <0 the set Lg, 1, is homotopy equivalent to the
set Lg, ., with a sphere of dimension 2 —ind( f, Q;) attached.

Assuming Proposition 8.2 holds true, we are now in a position to establish our main theorem.

Proof of Theorem 1.1. Suppose f cannot be realized as the Gaussian curvature of a conformal
metric of gg2. As we shall explain, the flow (2.2) then may be useful to show that for suitably
large By, the set Lg, is contractible. Moreover, the flow defines a homotopy equivalence of a set
No with Ny, whose homotopy type is that of a point { Q¢} with cells of dimension 2 — ind( f, Q)
attached for every critical point Q of f on S? such that Ag> f(Q) <0 and f(Q) > 0. We then,
by standard Moser theory (see [7, Theorem 4.3 on p.36]), obtain the identity

2 2
dotmi=141+0) r'k,
i=0 i=0

where

mi =${Q € S%; f(Q) >0,V f(Q) =0, Ag f(Q) <0,ind(f, Q) =2 —i}.
Equating the coefficients in the polynomial on the left and right hand side we obtain a contradic-

tion with condition (c) by observation that my = p, m| = ¢. This finishes the proof of our main
theorem. O
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Due to the length of the proof of Proposition 8.2, we divide the proof into several lemmas.
First lemma settles the case (i.) in the Proposition 8.2..

Lemma 8.3. For any By > B, the sub-level set Lpg, is contractible.
Proof. Fix By > B1 = —log f(Q1),uo € Lg,, let

N

1
H(s,up) = = log [ (1 —s)e?0 4 ————
(s, up) = 7 log (( s)e”? + Tor i

), s €[0,1],

which implies that fg, fe?40dug, = 1, then H(s,ug) € C°, that is, the map H de-
fines a contraction of Lg, within C°. Notice that u(t, H(s,up)) € C° for any + > 0 and
Eylu(t, H(s,up))] — —log f(Q;) as t — oo by virtue of Lemma 7.7, then there exists a mini-
mal T (s, ug) > 0 such that

E ¢[u(T (s, up), H(s,up))] < Po.

By Lemma 2.1 we conclude that 7 (s, u() continuously depends on ug and s. Hence, the follow-
ing map

(s, u0) = u(T (s, uo), H(s, uo))
yields the desired contradiction within Lg,. This completes the argument. O
Next lemma deals with the second part of Proposition 8.2.
Lemma 8.4. For any 0 < v < vg the set Lg, ., is homotopy equivalent to the set Lg, 1.

Proof. Given 0 < v < g, we claim that there exists 7 > 0 such that u(T, Lg,—,) C Lg,, +v. By
negation, there exist 7; — oo and u; € Lg;_, such that

Ef[u(Ty, u)] > Bit1 +v for all 1eN.

By Lemma 5.1, there exist #; € [T;/2, T;] such that

/(Ol(ll)f —K)*dpg — 0  as [ — oo,
S2

where g = ¢?(:4D gy and K; is the Gaussian curvature of g;. For [ > 1 the metric g; will

concentrate at the points Q(#;, u;) € S? and
E¢lu(t;, u))]+log f(Q(t;,u;) — 0 as | — oo.
Up to a subsequence, we may assume Q = lim;_,», Q(#;, ;) with f(Q) > 0 and conclude that
Erlu(t;, u;)] — —log f(Q) as/ — oo.
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Since E ¢[u;] < B; — v and Lemma 2.1, we have Q = Q;, for some ip > i

Eflu(T,up)] < Eglu(t,up)] < Biv1+v

for large I. This yields a contradiction.
For ug € Lg;—, let

T (uo) =inf{t > 0; Ef[u(t,up)] < Bit1 +v}<T.
As in Lemma 8.3, T (1¢) continuously depends on (. The map
(1, up) > u(min{z, T (uo)}, uo)
yields the desired homotopy equivalence. O
In order to handle third and fourth parts, we have to do some technical preparation.
Lemma 8.5. With a uniform constant C > 0, there holds
NT) N
|90 (s2) = CELD]

for all © € H*(S?) satisfying

][eZﬁduSz =1 and ][erﬁdlLsz =0,
S? S?2

provided that ||0|| g1 (s2) is sufficiently small.

Proof. By spectrum decomposition for ¢2” — 1 and v, one has

R o o

g2”_1=ZV’¢i, 0=Zv’<pi.
i=0 i=0

Take the Taylor expansion on e —1to get the relation between V'’ and v’ as follows:
. . ~ 2 .
V=20 + 0(||UHH1(S2)) for all i € N.
It follows that [’ = o(|| 9] %1 s2)) for 0 <i < 3. Thus, we obtain
E101= £ (013, + 20)du;

SZ

:][nvméz +62 —1-202 4+ 0(10]})1duge
SZ
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=3 i =D P+ o921 g2)
i=0

g —2 .
T G DI P o8] 3 g2)
i>0

=

A4+
A2
=C ||U||H1(S2) g
where we have used the estimate
/ 8P dpege < 1017462, 191 2282 < ClID G162, 191722 = 0DID 1512,
S2

by Holder’s inequality and Sobolev inequality (A.1). O

Before we state the next Lemma, we set some notations first.
For simplicity, we set 0 = v — U With o = (log sz ez"d,ugz)/Z, 0 = s,/|logs| for any
s € R4, and we define

B, (0;) = Hu eC®; g= e gs2 induces a normalized metric
h=¢*p 8= ¢* g for some P € SZand 0 <s <e”!
such that 91121 g, + P — Qif* +67 < r§]
forrpeR4, 1 <i <nands=A1""
For convenience, we use (0, P, 9) as coordinates for u € B,,(Q;). Since all critical points of

f by assumption are non-degenerate, the Morse lemma shows that there exist local coordinates
suchthat P=PT + P~ on Tp (Sz) near Q; =0, and, by Morse coordinates, near Q;,

f(P)=f(Q)+|PT> =P %

Now we state our next technical lemma which mainly concerns with the expansions of in-
volved quantities in terms of the coordinates (6, P, 0).

Lemma 8.6. Let u = (0, P, 0) € B, (Q;) for some 1 <i <n and sufficiently small ro > 0, then

(a)

A= ][ fog-pse®dug: = f(P)+20* Mg f(P) +0(1)(O +0 [[5] 1 g2))-
s?

(b) _ R
‘agEf[u] 44 ‘eAng(P)‘ = o()@ + 0] 1 52)-
(c) Forany q € TpS?, there holds

(00 Eflul-q + AT'df(P) - q| = COO + Il s)lal-
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(d) Denoting by (-, -) the duality pairing of H'(S*) with its dual space H~'(S?). Then there
exists a uniform constant co > 0 such that

(05 E r[u], 0) > co ”i)”iII(SZ) —o(1)0 “ﬁ”Hl(Sz) ’
with o(1) = 0 as ro — 0.

Proof. Step (a): Since fg, e?"djig> = 1, we have

A=f(P)+f(f°<P—P,s — f(P)dug: + 1,
SZ

where

I= ][(f op_ps— f(P)(* — Ddpg:.
N

In B;-1(0), the Taylor expansion in local coordinates around P gives

2
fop_ps— f(P)=sdf(P)z+ %Vdf(P)(z, 2)+ 0(s°12°)). (8.1)

With the above expansion, we estimate

][(f og_py— f(P)dug: = —s|logs|Ag f(P) + O(s?) = 0% Ag f(P) + 0(1)6?
SZ

and the error term

1= foprs = FP)] g |7 1]

< C(sy/1ogslIV £ (P)lg2 +9) 8] 1 g2,

L2(S?)

1 .
<C|IP-0il+ |Tgs| 0 ||v||H1(S2)
=o(1)0 Hﬁ”Hl(Sz)’

where the second inequality follows from

][(625 — 1)2dug =][(e4’7 — Ddpg2 <exp 4][(|Vﬁ|282 +0)dus2 ¢ — 1
S? S2 S2
([l 2
<e Mty — 1< C o] e
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by virtue of Onofri-Moser-Trudinger’s inequality. Therefore, the first assertion follows by col-
lecting the above estimates together.

Step (b): Using

Eylu]l = E[V] — IOg][f op_pye?ldug,

SZ
we compute
S E 1[u] = 10A
oEI =T, 5
and
0A ds 2%
— == Os(fop—py)dug: + F 9s(fop_ps)(e”” — dug2
20 do
NG S2
=8 i
By relation 9% = —s2 log s, we have

ds 20 _ 2,/|logs|

40~ —2slogs—s  2[logs|— 1

Eq. (8.1) yields

15 =][3s(f op_ps)duse

SZ
L / [AF(P)z +sVAF(P) (2, 2) + Oz —
e FB)z+sVAf(P) @ )+ 06T Gy
B%(O)
+0(1) / o —%
RTENEDY
B, (0)
1
s r3
0

=s|logs|Ag2 f(P)+ O(s),
with the observation that, on the outside region B (0), |95 f(s2)| < z|IV f|(s2)| < Clz|.
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Then, we have

ds 26
S orn=—" logs|Ag f(P)+ O(1)—
10 1 T a5 Togs) =5 SlogslAs: SR+ O a e
—0Ag: f(P) + o(1)6.
Notice that
y
D] = C[[3(f 00-po)] oy |2 — 1] .

First with similar argument as in /71, we have

195(f o p—p )22y = CUP — QilyIlogs| + 1),

where we have used the fact that V f(Q;) = 0.
Thus, with the help of the estimate on 9, we obtain

ds

‘_"|II2|§C(|P—Q1'|+

v

)

1 A
do |Tgs| H‘(Sz)=0(1)HUHH1(Sz).

Consequently, putting these facts together we obtain
(80 E 1] + 44710 Ag £ (P)] =0 + ] 1 g2,)-
Step (c): For any g € Tp S2, we have
AdpEglul-q+df(P)-q

- ][ AF(P) = 0p(f o pp,) - ge¥dug:
SZ

_ ][ Af(P)— dp(f 0 g_p.)) - qduge
SZ

+ ][ (Af(P) = 0p(f 0 9_p.s)) - q(¢* — Ddpg
SZ
=11 +11D.

By the expansion for f,i.e., Eq. (8.1) and rotational symmetry, we estimate

21,12 31,13

s70z|7+ O0(s”|z|”) dz

mn=c| [ et [ G [l < Cstlloeslgl < collg
B ©) B¢, (0)
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and

[11DL] < Clgl[df (P) = 8p(f 09— 2g2 [¢7 —1 < CO 0| ;g2 lal-

L2 (SZ)

Hence the desired assertion follows from the above estimates.

Step (d): We decompose

(0, E plul, ) = (0; E[V], D) — 247! ][f o go_p,sﬁe%dugz
s?

= 2][ IVd|gdus + 2][ 51— e*Nydugr — IVy — 1V3,

S2 S?
where

v =24 ][ (Fop_py— F(P)BePdug
SZ

and

IVa=2(A"' f(P) — 1)][ﬁe2f’dy,§2.

§2
As in the proof of Lemma 7.4 we have
2][ |Vﬁ|é2dﬂgz + 2][ (1 — ezﬁ)d,ugz
S? S?

=2 F VO, — 20%)dnge + oD
SZ

>2

o0
42N G+ DI P+ oD 191210
A+ 1 = HI(S?)

8 12
- <7 + o<1>) 15121 s2)-
By the expansion (8.1) and our Step (a), we can bound

VIl <C [ fog ps— F(P)] 2, 15> = Dll2s2) < CO 8] 3 g2,
and
[IVa| < ClA — £(P)| / |Ble” dpg2 < CO* 0] 1 g2, -
SZ
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Hence, we combine all above estimates to conclude the desired assertion. O

Before we start with the proof of Proposition 8.2 (iii.), we have to prepare some notations
and formulas.

In the following we choose small enough rg, v > 0 such that B, (Q;) C Lg;+v, \ Lgi—p
and v < rg < vp. For any 1 <i < n and sufficiently large T > 0, it follows from ii. that
u(T, Lg;+v,) C Lg+v. Moreover, choosing a larger number T, if necessary, given any ug €
L. 1+, we have either u(T, ug) € Lg;—y or u(t, up) € By,/2(Q;) for some ¢t € [0, T'].

Notice that

Eflul=Eflu+cl, ceR. (8.2)

For each u = (0, P, V) € B,,(Q;), by definition of B,,(Q;), (8.2) and conformal invariance of
E[u] we have

Eflul = Efop_p [0l = E[0] + Bi — J, (8.3)
where
A— f(Q) A— f(O) 2
J=log (1 = 0(A— F(ONP).
Og( MRS ) foy TouA-s@In

By Lemma 8.6 (a), we have

A= f(@)=A—f(P)+ f(P)~ f(Q)
=20°Ag2 f(P)+|PHP = PP +0(1)©O 40 0] ;1 g2,

which implies that
_ )
J-F@)=20*Ag f(P)+ |PTP = |P™ P +0o(DO + P = Qi* + |01 g2 (84
With a uniform constant ¢ > 0, Eq. (8.4), together with Lemma 8.5, yields
Eflul > B +c1 8] 3 g2, — CO> + P — Qi)
S Z Pi T CL V| y1(s2y il ).
Thus, for u € Lg; v, N By, (Q;) we have
19131 g2y < CO% +1P = Qil* +13). (8.5)

On the other hand, with uniform constants ¢, c3 > 0, Lemma 2.1, together with Lemma 7.5,
yields

SE[(, )] < — s> (IVF(P(1))|%, + 5% logs|*| Aga £ (P)]?)
g Erlu Jup)l < —cs“(IVf lg2 +s711logs|”|As2 f(P)]

< —c32(|P(1) — Qi* +67). (8.6)
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Hence, for ug € B,,(Q;) \ By,/2(Q;), with a uniform constant c4 > 0 and Eq. (8.5), we have

|P — Qi|* +6% > curg. (8.7)

We now rescale time ¢ by solving
d
d—; — min{1/2,5(t,u0)?},  7(0)=0.

Keep in mind that s2>C @ logt)’l by virtue of the estimate (7.12), for ¢ sufficiently large. This
implies that 7(f) — oo as t — co. We denote by U(t, ugp) the flow u(t(t), ug) with an initial
datum ug € CZ°. Then it follows from estimates (8.6) and (8.7) that with a uniform constant
c5 > 0

d
d_rEf[U(T’ up)] < —csrg for any ug € By (Qi) \ Bry2(Qi). (8.8)

Therefore, we conclude that for any fixed rg, the length of time 7 needed for the flow U (z, ug) to
travel out transversely the annular region Lg, 4, N (B, (Q;) \ By,/2(Q;)) is uniformly positive.
For sufficiently large T > 0 and sufficiently small v > 0 we have

U(T, Lg4v) CLg—v U (B%O (Qi) N Lgi4v).

We define

T, (uo) :=min{T, inf{z > 0; E¢[U (7, uo)l < pi — v}}

which continuously depends on ug as can be seen easily. Then the map (¢, ug) — U (min{z,
T, (uo)}, uo) defines a homotopy equivalence of Lg, 1., with a subset of Lg,_, U (By,,2(Q;) N

LﬁH—U)-
A simple but vital observation is that if u = (8, P, V) € B,,(Q;) with sz fe2“d,u§z > 0, and
we define

lull? := 0% + P — Qil* + 191171 2>

then i 1= u + c(u) € CL° satisfies ||i|| = |ull, where c(u) = —(fgz fe2”d,usz)/2. To that end, it
suffices to show that

1
v=uop_p;s+ Elogdetdw,p,x and vy =v+c(),

where vy is the normalized conformal factor corresponding to i, then, together with the fact that
the area of metric is also conformally invariant,
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1
ﬁ] =V] — Elog][ezvld,ugz

S?
1 2(v+-c(v))
=v+c(v) — 3 log 1 e duse
N

1 2v ~

=v—§10g e"dugr = .
S?
Indeed, || - || is invariant under any constant translation.

According to the sign of Ag> f(Q;) we can proceed as follows.

Lemma 8.7. For each critical point Q; of f with Ag f(Q;) > 0 the set Lg, 1., is homotopy
equivalent to the set Lg; .

Proof. Suppose Age f(Q;) > 0. For each u = (0, P, V) € B,,(Q;), we can choose rp > 0 suffi-
ciently small such that

A=v~! ffezudusz =ff ow_p,seZﬁduy > 0.
S? S?

Let X (1) be a vector field defined as

Xwm)=(1,0,0)

and G(u, r) solve the flow equation
d
d—G(u, r)=X(G,r)), 0=<r=<ro; Gu,0)=u.
r

Notice that G(u, r) = Gu,r) + ¢(G) € C° and X is transversal to dB,,(Q;) such that
G(u,ro) ¢ Br,(Q;), then there exists a first time 0 <r = r(u) < rg such that G(u, r) ¢ B,,(Q;)
and the map u +— r(u) is continuous. Defining H (u, r) := G(u, min{r, »(u)}) we obtain a homo-
topy

H : By (1) x [0, ro] = Byo (1)

such that

H (B (Qi),r0) C3B,(Qi); H(,r)lsp, (o) =1d, 0=r =<rp.

For brevity, we set u, = G(u, min{r, r(u)}) for 0 <r <r(u). Then by Eq. (8.2), Lemmas 8.3
and 8.4, we have
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d E/[H _4 E
ar 7l (u,r)]—d—r Flur]
=dE fluy]- X (uy)
=09 E luy]
<—4A79Ag £(P) +0(ro)

<—40f(P)"' Ag2 f(P) +0(r0).
This implies that there exists a uniform constant c; > 0 such that
Ef[H(u,ro)l < Eglul —cirg < pi — v

forallu € B 0 (Qi) N Lg, 4, provided that ro > 0 is sufficiently small.
Composing H with the flow (¢, ug) — U (min{t, T, (ug)}, uo) we obtain a homotopy

K :Lgyv, x[0,1] = Lg; v
such that K(Lg, 1y, 1) C Lg,—,. Moreover, by our choice of ry > 0, then for 0 <r < 1, the
map K (-,r) will be the identity map on Lg,_,,. For each ug € Lg,_,, set To(up) = inf{t >
0; E¢[u(t,uo)] < Bi —vo}. Then Ty(up) are uniformly bounded and continuously depend on ug.
This defines a desired homotopy equivalence. O

Then we just have one more claim left and restate it here.

Lemma 8.8. For each point Q; of f with Ag2 f(Q;) <0 the set Lg, 1., is homotopy equivalent
to the set Lg, ., with a sphere of dimension 2 —ind( f, Q;) attached.

Proof. By Egs. (8.3) and (8.4), we obtain
Eflul = Bi ze1l1dll31 g2y — 207 F (@D~ Ag2 f(P) + f(Q) T (IPT P = 1P
+ 0@ + 1P = Qil* + [ 3162,

where o(1) — 0 as ro — 0.
Suppose Ag2 f(Q;) < 0. Then there exists a real number § > 0 such that

2
02+ 1P+ 0] g2 < o (8.9)

for any u = (6, P, ) € B,,(Q;) N Lg; 1+, with |P¥| < 28rg, provided that ro > 0 and v < rg are
sufficiently small. Let n be a cut-off function given by

+_
n(p):<1_w> ,
+

dro
where a4 = max{a, 0} for a € R. For convenience, we fix some 6 € (0, rg ) and define
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B :={u € By(Q1):0 =60, P~ =0,|PT| < p,0=0)
for0 < p <rg. For0 <r <1,u € B,(Q;), we define Hy(u,r) :=it, = u, + c(u,) € C° with

ur = O, Pr, 0) = (rnbo + (1 —rm8, PT+ (1 —rmP~, (1 = rn?).

We claim that, with suitably small constants rg, § > 0, Hy maps B,,(Q;) to itself. To that end,
we have

~ ~ 12
liir 12 =llur 12 = 607 + 1P + 8, 11 2
— A2
=263 + (1 —r*(O* + P77 + ||u||H1(Sz)) +|PT)? +2rn0o(1 — rn)6. (8.10)
If |[P*| > 2879, then n = 0 and Eq. (8.10) becomes
~ _ A2
liir |2 = 0%+ 1P71 + 1P+ 3] 11 g2y <73

If |[P*| < 28rp and let s := rn € [0, 1] for brevity, then by the inequality (8.9)

rg 2, 2.2 22
RHS of Eq. (8.10) < 2 (1 =) 45765 +48°5 + 25(1 = 5)660 := F(s).

We rewrite
r2 ) 2
F(s)= Z‘)Jreoz—zeeo s2 + (200, _70 S+ZO+482V02

and again by the inequality (8.9)

2

.
ZO+93_299°>92+95_299°30'

This implies that F(s) < max{F (0), F(1)} with
r2
F(0) :ZO +48%r¢ <713,
3
F(1) =03 +48%r§ <r§ + ng <rg

by choosing rg < 1/4 and 82 < 3/16. Thus, the above claim follows.
Furthermore, Hy gives a homotopy

Ho : By (Qi) N L v x [0, 1] = B (Qi),

where Hy(-, 1) maps the set {u € B, ;(Q;) N Lg;4+v; |PT| < érp)} to the set B;;O. Note that set B;;O
is diffeomorphic to a unit ball of dimension 2 — ind(f, Q;).
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By Eq. (8.2), we have

d g Ho( _dg
ar fl ou,r)]—E £lur]

=n (80 E rlur](00 — 0) — 8p E flus1- P~ — (3 E f[us], 0)) :==nD.
The estimates in Lemma 8.6 provide the following control on D:
— — — A2
D <Cf +4f(P)"'0>Ag2 f(P) = 2f (P) PP —co [ 0] 11 g2,
2 A2 -2, a2
+o(D©O% + [[8] 12, + 1PTI* +65).

If rg is sufficiently small, then the term D is negative whenever 02 + ” D ”21 S?) + |P~ |2 > rg ;

otherwise E ¢[u,] < B; + Cr(‘)1 < Bi + v by virtue of Egs. (8.3) and (8.4). Thus, for all r, Hy(-, r)
maps the set By, (Q;) N Lg,; 4, into itself. Finally, by (8.9) we have

Ho(-, MaB,, (0nnLg 4, = id.

Now let X (1) be a vector field defined as
X1(uw) = (0, PT,0)

and G1(u, r) solve the flow equation

%Gl(u, r=X1(Gi(u,r)), 0<r< s Gi(u,0)=u.

We set G1(u,r) = Gi(u,r) + c(Gy) € C2°. Notice that X is transversal to dB,,(Q;) within
Lg; +v. Moreover, for any u € B,,(Q;) N Lg 4+, with |P*| > 8r¢p there holds Gl(u,S_l) ¢
B,,(Q;); hence there exists a first time 0 <r = ri(u) < 8~ such that Gl(u,r) ¢ B, (Q;),
and the map u +— rj(u) is continuous. We extend this map continuously to the whole set
By, (Q;) N L+, by letting ry(u) = 86~ whenever G (u,r) € B,,(Q;) for all r € [0,57']. Let
Hi(u,r) = Gi(u, min{r, r; w)}) and u, = G| (u, min{r, r(1)}), then with a uniform constant
Ce > 0, Lemma 8.6 (c¢) shows

d _d _ pt — o ptH2 -1 3__ 2
drEf[Hl(u»r)]—drEf[”r]—aPEf[ur] PT < =2|PT|7f(Qi)" +Cry < —c3rj,

if |[P™| > 8ry. Hence we choose H to be the composition of Hy with Hy, and for sufficiently
small ¢ > 0 obtain a homotopy H : B,,(Q;) N Lg, 4+ x [0, 1] — B,,(Q;) N Lg, 4, such that

H (B, (Qi)NLg4v,1) C B;;O U (@B, (Qi) N Lg+v)
and
H(,r)oB,,P)nLs., =1d, 0<r <1.
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We compose H with U(T, -) where T = T (ug) is defined in (ii.). Again by the estimate (8.8) we
know that the length of time T needed for the flow U (¢, -) to travel the annular region Lg, 4, N
By (Qi) \ Byy2(Q;) is uniformly positive. Therefore, we conclude that for sufficiently small
v > 0 we have U(T, 9B,,(Q;) N Lg,1,) C Lg,—,. The remaining proof can be proceeded as in
Lemma8.7. O

Finally, our Proposition 8.2 follows from Lemmas 8.3, 8.4, 8.7 and 8.8. All in all, we have
finished the whole program.

Appendix A. Short time existence

As a first step to this goal, for a given initial datum ug and any constant k > |lugl| y2(s2) we
define a set, for any T > 0, as follows

H o= {ur, ) € L(0, T1, H*(S%); (0, ) =uo() and Nl o.71, 287 < -

Now for any function u € H, we also define two functions:
-1

a(t) = / fre*duge / f(=Agu + Dduge
2 S2

and
F=oaf —e 2.
Lemma A.1. F € L>°([0, T, H3(S?)).

Proof. As the first preparation, we check the boundedness of the function (¢) forany 0 <t < T'.
On one hand, a simple Holder’s inequality implies

2

/f(—ASZM + 1)d,bLS2
2

2 2

<2 /fASzud,ugz +2 /fdugz
\52 2

<2 \S/ Fige | Ul g, +47]
2

S C7
with C depending only on || f,2(s2) and «.
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On the other hand, due to the dimension restriction, u € H forces the existence of a positive
constant So such that [u||;~s2) < Sox. Thus we clearly have

EZM Z e—2HuHL00(§2) Z €_2S0K

which makes us easily conclude that
/ f262udlu§2 > 672S0/c / fzd/'LSz-
S? S?

The above two estimates, together with definition of «, yield
la| <C:=C(lfllL2s2),©)

Now, with f a given smooth function on S2, it is not hard to see that F € LZ(SZ). With
the same observation as above, namely, there exists a constant Sy > 0 such that, if u € H, then
maxp 7yxs? 4| < Sok.

Next, again due to the smoothness of f, a(f)Ag2f € L?(S?). Notice that Agz(e’z“) =
e’Z”[—ZASzu + 4|Vu|?]. Since u € H, the first term is in L2(S?). Now standard Sobolev in-
equality, note that n = 2, implies

1
[/(|w|§2>2dusz]z 5K<n,1)/|V|W|2|szdusz+/|w|§zdusz
S2 S2 S?

szmn,1>/|W|Sz|V|Vu||Szdugz+/|Vu|§2dugz
S2 S2

1
<K, 1) + 1)[/ IValadpige]? lull 2 s2)-
S2

Clearly this implies the second term in Ag2 (e=) is also in L2(S?) so is itself. Thus the proof
of Lemma is complete. O

Remark A.2. In general, by [1, Theorem 2.14], we should have the following inequality which
will be freely used without proof: if ¥ € H 1 (S™) with sz Ydus2 =0and n > 2, then

n—1

n

o
/w”’ldMS" <2K(n, DIV I2snlIVYIlL2sn)s (A.1)

where

1

1 n n n—1
K@n,1)=- , wp—1 = Vol(§" 7).
n

Wp—1
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Next for each u € H, consider the Cauchy problem of the following parabolic equation:

[vt—Agvzcxf—e_” = F, (A2)

v(0) = uo,
where g = e?ggr and Ay = e 2 Agp.
Lemma A.3. v € H ifthe time T is chosen sufficiently small.

Proof. As the first step to our goal, multiplying Eq. (A.2) by —A,v and integrating it over S?
with measure du,, we can display the identity:

/v,ASzvduSz—l—/(A v) dug——/Angd,ug.
S? S?

Up to an integration by parts, together with Young’s inequality, this identity implies the following
inequality
1d 1 2
7% |VU|SszS2 + [ (Ag v)? dug < 7 Fodug + | (Ag v)? dug.
S?2 S?

Observe that sz deug < g2Sox fS2 F?dug2. Thus we conclude that

25()1(
/ V00 Badpiga (1) < / [ Faugad + / VoORadug. (A3

0 s2

Now Lemma A.l implies that

Q2506 | 250k
Fldpgdr < max ||F|| t
2 /“LS — 2 0<t<T LZ(SZ) .

0 s?

Secondly, multiply Eq. (A.2) by v and integrate it over S* with measure dugz2, with the help
of the integration by parts, to display the identity

1d _
sa Y dM§2+/ ”|Vv|é2dugz =/FUdMSZ +2/ve ZM(VM,VU)Szd/LSz. (A.4)
S? S? S2 S?

We estimate the first term on the right hand side of Eq. (A.4) through Holder’s inequality:
1 2 1 2
Fvduge < > Fdug: + S|V duse
S2 S? S2

239



X. Chen, M. Li, Z. Li et al. Journal of Differential Equations 294 (2021) 178-250

and use the inequality (A.1) and to bound the second term

1

-3 /(Ve_z”, VUZ)SszSZ

SZ

= / (Agze™ ) (v — 0)*duge + 20 / (72", Vv)duge
S2 S2

1
2

IA

3
/ (Agze™ ) duge / (v —v)*dpg:
\Sz 2

2 2

+ 29| / Ve ™ ?dug: / |Vu|*dug:
2 2

SeSOK (2[((2, 1)||ASZ€_2M ||L2(S2) + 2||V€_2u ||L2(S2)) ||U||L2(§2) ||€_MVU||L2(S2),

where v = sz vdus2 . Here in the last step, we have used the boundedness of |||« and the whl
version of Sobolev embedding, i.e. (A.1).
Now as we have shown in the proof of Lemma A.1, we have

2K (2, Dl Agze [l 22y + 21 Ve ™ |22y < C

for some constant C depending only on «.
Thus, by Eq. (A.4) we obtain

1d
o vidug: +/e_2”|Vv|é2dusz
S2 S2
1 2 1 2 —u
=5 [ Fidug: + 5 [ viduge + Cllvliase) e Vo] g2,
S2 S2
1 C?+1 1
SE/FZdugz—i- /UzdlL§2+§/6_2u|vv|é2dlL§2,
S2 S2 S?

which implies, with some positive constant k] = 1 + C2, that
d
a/vzd,ugz + /672“|Vv|282d,ugz < / deugz +K1/v2d,ugz.
S? S? S? S?
Then the above inequality becomes
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d

I e"“’/vzd/LSz +e_"1/e_2“|Vv|§2d,uSz E/de,usze_’“’.

S? S? S?
Integrating the above inequality over (0, ¢) to show

t

/ v() duge + / AU / e 2| Volg,dugedr
S? 0 S2

t
Se’qt//erf'”rduszdr+eK1t/U(0)2dliS2~ (A.5)
0 S2 S?

Finally we set w = Ag2v. Then a direct computation shows
w; — Agw = Agr F + (Agre 2 )w +2Ve ™ . Vuw, (A.6)

Notice that, by Lemma A.1, Agx F € L%(S?). Therefore Eq. (A.6) is similar to Eq. (A.2)
except for the extra term (Asze_z")w +2(Ve 2, Vw)g2. This term looks unfavorable to us
since it might not be in L?(S?). Since we only need to get the L> norm bound on w, as was
concerned on this issue, this extra term indeed does not cost any trouble for us. Namely we
simply observe that

/[(Agze_zu)w +2Ve . Vwlwdug: =0.
SZ

Thus we have no further difficulty to repeat the above L?(S?) estimate for v to get the similar
L2(S?) estimate for w:

t
/ w(t)’dpg: + / 100 / e 2| Vulg,dugdr
0

S? S?
t

Se"”//(ASzF)ze_’(”duszdr+e"”/w(0)2dﬂ§,2~ (A7)
0 S2 S?

At last, combine Egs. (A.3), (A.5) and (A.7) to obtain

max ||v] ;2.2 < €TT max || F|ly2.q2y + €T [0(0) || y2g2,.
omax. vl sy < omax, I1F Nl g2(s2) vl g2 (s2)

This shows that we can select 7' sufficiently small such that maxo<; <7 ||v|l y2(s2) < k. Notice
that v(0) = up, hence v € H. The proof of Lemma A.3 is complete. O

As a byproduct of Eq. (A.6), we also obtain the following useful estimate.
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Lemma A 4. If ug € H3 (82), then there exists kp > 0, forall 0 <t <T,

t
/ IVw|g,duge < 2% / / (A2 F)?e " dugadr 4 ¢! / IVw(0)[g.dug2,  (A)
S2 0 82 S?

where w = Agav.

Proof. Multiply (A.6) by (—Ag2w) to obtain, through an integration by parts,

1d ~
>4 |Vw|§2du§z+/e 2 (Agrw) dpg

S? S?

:/(A§2 F) . (—ASzw)d,bbsz + /(ASze_zu)w(—ASzw)dugz
s? S?

-2 / (Ve 2 Vw)g (Agrw)duge (A.9)
§2
=1+ 11 +1I1I.

Of course, our aim is to control all three terms by controlled information. For the first term,
Holder’s inequality provides

4

1
11| < 4/(ASzF)262“duSz + - /e_zu(ASzw)zd/L§z.
S? S?

The fact that fsz wdus2 = 0, together with Green’s representation, gives the L>°(S?) control on
w

I

ol e, < 00 ][ergzdugz ,
2

where pg = ( sz |VG|g/23dMSz)3/ 4 with G the Green’s function for —Ag2. The well-known fact
is that pg < +00. Therefore, the second term can be estimated as follows

1
|11 54/62”(A§2e_2”)2w2du82 + Z/e_2”(A§zw)2dp,Sz
S? S?

1
54p§/e2"(Agze—2")2dusz(][|Vw|g2duSz)% + Z/e_zu(Agzw)zdpLSz.
S2 S? S2

While for 711, the routine estimate goes to provide
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1
|111] < 4/(Ve_2”, Vw)g e dug + 1 /e_zu(Agzw)zd,uSz
S2

§2
1 1 1
54(/|Ve*2"|4§2e4“dugz)i(/|Vw|g2dusz)f + Z/e*ZM(ASZdeMSz
S? S?

S2

For simple notation, set By = 4p} [z €* (Agze™2)2dug> +4( [ |Ve™ |‘é2e4”du§z)1/2 to ob-
tain

[T+ |111]
4 1 l —2u 2
<PBo( |Vw|szd,ug2)2+2 e “(Agrw) dug?
Ng S2

1 1 -
<Po( / (Vwls2 = [Vwlsa) dug2)? + 360l Vwll o + 5 / e 2 (Agow) dug

S? S?

L[
<2BoK 2, DIV Wil 2s2) VWl 22 + 3Boll Vol ge) + 5 / e (Agaw) dpge

SZ
1 1
<20k 2. D( [ (Bgruidugn) ([ 1Vuladug) + 30 [ 1Vulfadug:
S? Ng S?

1
+ E/e_z”(ASzw)zd,uSz

S2

1
<(16K%(2, 1)e™* g3 +3,30)/|Vw|é2d,u§z +3 /e_ZSOK(Agzw)zdugz
S2 S?

1
+ E/e_zu(ASzw)zd,uSz

S2

K 3
572/|Vw|é2dugz+Z/e_2”(ASzw)2du§z,
S? S?

where |[Vw|g2 = sz |Vw|g2dpg2 and '(72 = 16K2(2, l)eso"ﬁg + 380 and also we observe the
fact that, for standard metric on S2,

/|V2w|§2dugz=/(ASzw)2dugz —/|Vw|§2d,u§z
S2 S2 NE

by Bochner identity. Then put (|I| + [II|+ |I11]) into Eq. (A.9) to show
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1d 2 —2u 2
2q |Vw|§2duSz + [ e (Agrw)“duge2
S?2 S2

K
5/(ASZF)2€2ud/LSZ +/e—2u(ASZU))2dlL§2 -+ ?2/|Vw|é2dﬂg2
S? S2 S2

Cancel the term sz e 2 (Ag2w)*dug> on both sides and multiply the number 2 to have:

d
a(e—Kzf / |Vwlg,dug:) <2 / (A2 F)?dugre®o< e
S? S?

Upon the integration, one concludes the inequality (A.8). O

From the above discussion, we define a map v := W(u) for each u € H. Our purpose is to
show that W is a contraction map on H.

Lemma A.S. The map WV defined above is a contraction with contraction coefficient 1/2 if T is
suitably small.

Proof. Foru,up € H,let v; = W(u;) for 1 <i <2, then
(i)t — Agvi=F; and v;(0) =uo,

where g; = ez"igsz, du; =dug;, and

_ fS2 f(=Asoui + Ddug2

Fi=a;if —e 2,
1 1 l sz fszl

for i =1,2.

Thus, we obtain the parabolic equation:

(V2 —v1); — Agua + Agevy = (a2 —a) f + e 21 _ o= 2up . — I:", (A.10)
(v2 —v1)(0) =0. '

Step 1. We show that maxo<<7 | Fll 2(s2) < Clluz — u1ll g2(s2)-
As a first approach, due to u;, v; € H fori =1, 2, we have

_ fSZ fzdﬂl fgz f(_ASZLQ + l)dNSZ - fSZ fszZ fgz f(—Agzul + l)dpbgz
Js2 f2dur [s2 f2duo

o2 — o]

(fs2 fduge = fg2 fAs2uidug?) fgo f2(€ — 22 dugn + [g2 f2dp fgo fAg2 (1 — uz)dug
fgz f2dM1 fsz fzdllvz

and
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/f2(62u1 _e2u2)d/1“§2 — /f2e2uz(82(ul—u2) _ 1)d/LSZ
2 2

<Cllur —uzllpoo(s2y < C llur — uzll g2(s2) -

Then

2 2
(05] _052) = C ||I/l] - u2||H2(SZ) .

Similarly,

2(u1— 2 2 2 2 2
/ @7 — D)2 (Ag v dugr <C lut = ualj ) 101322 < C lut — w2l g2,

SZ
-2 —2uy 2 2
/|€ “ —e u2| d/LSZ SC ”I/l] _u2”H2(S2)'
S2

Thus, we conclude that

/I‘:Zdugz < C ”l'il - u2||§_12(§2) s
S2

with C depending on f and k.
Now with direct calculation, it should have no difficulty seeing that

2 2
< —
OrfntaSXT ” F”HZ(SZ) —= C ”MI u2||H2(S2) .

(A.11)

Eq. For simplicity, we set i = vy — v;. Basically the rest of the argument here is just to repeat

the proof of Lemma A.3. We do it in several steps:

Step 2. As before, now multiply Eq. (A.10) by —Ag2/ and integrate it over S? with measure

dug2 to show

S? s?

=— /Agzhﬁdugz.
S2

An integration by parts, together with Young’s inequality, shows

— /h,ASZhdMSQ Jr/(Agzh)zolﬂg2 + /(e—2uz — e M) (Agev)) Agehdpg:
SZ

1d ) ) L[ = ) .
55/|Vh|§2dMS2+/(Agzh) dug, < E/F d,ng2+/(Ag2h) dtg, +C lluy — uzllypn g2
S? S? s?

S?
with C depending only on k.

245



X. Chen, M. Li, Z. Li et al. Journal of Differential Equations 294 (2021) 178-250
Thus we conclude that, with the help of £(0) =0 and (A.11),

/ VA Eeduga(®) = CT s — w2l g
SZ

Step 3. Next, multiply Eq. (A.10) by & and then integrate it over S? with measure duse to
display the identity

1d
P hdpg + / e 22| Vh|g,dugy
S2 S?

= / Fhdug +2 / (Agre ) dpge
S? S?

+ / (722 — 2 (Agov))hdug:. (A.12)
SZ

We estimate the first term on the right hand side of Eq. (A.12) through Hélder’s inequality:

~ 1 [ - 1
/th/,LSZ < E/de/L§2+§/h2dMS2

S? S? S?

and use the well-known inequality (A.1) to bound the second term

/ (Agre ) dpge
SZ

= / (Age™22)(h — h)*dug + 2h / (Ve "2, Vh)dug»
S2 S2

3
/ (Agre ) dpgo / (h—h)duge | +201hl 22 IVe 22l 282 | VA 252

\sZ 2

SC ||h ||L2(S2) ||e_“Vh ”LZ(SZ) .

Nl—

IA

where h = sz hdug2 and we have used the W1 version of Sobolev embedding, i.e. (A.1), and
the estimate from Lemma A.1,

2K (2, eS| Agae 2| 22y + 265 (| Ve 22| 122y < C
for some constant C depending only on «.
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Comparing with previous case just for v, here we have an extra term need to be settled: the
last term in equation (A.12). However it is not hard to check that, in fact, we have

_ _ 1
/ (72 — ™) (AgvDhdpga | < Cilluz = 1 I ge) + 5 1l 72s2):
2

by Holder’s and Young’s inequalities, together with the observation that Ag2vy € L%(S?).
Thus, by Eq. (A.12) we obtain

1d _
o h2dpg + / e M2 |Vh|g,dpgy

NE S?
1 ~ _
SE/deusz + /hszSZ +Clllas e Vh] 2 g2y
S? S?
e / Rdug: + Cilluz — 122,

SZ

Cz K3 —
§7||“2—M1||2Hz(gz)+?/h2dﬂgz+/e 2“2|Vh|é2dugz,

S? S?

with k3 =2(1 + C)? and C> = 2(C; + C), this last constant C arising from the estimate on F.
Thus the following estimate surely holds true

d

I h*duge < Collus — u ||%12(Sz) + 3 / viduge.
S? S?

Then the above inequality becomes

d

dr e_K:;t‘/hzdl’LS2 < Calluz —uy ”%.IZ(SZ)e_Kﬁ'

S2

Integrate the above inequality over (0, ¢) to show

t
/ h2dpg: < Coe?! / luz — u ||%12(S2)e_"3fdu§2dr.
S2 0

To get the expected estimate, we only need to observe that k3 > 0 and ||us — u; ||le2 (Sz)(t) <

maxo<;<7 ||z — uy ”%{2(82)‘ Therefore, we have
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n2d < T T max |jus — uq|? .
[ e = CoeTT max iz~ 1 e
SZ

Step 4. Finally we set w = Ag2h. Then a direct computation shows:
wy — Ag2 (e_zuzASz vy — e 2 Agovy) = Age F.

From this, it follows that

1d 5
E& w d,LLSZ
gZ
S /(Vw, Ve 22w 4 (6722 — e 21) (Agov)) ) s2duge + /(Agzﬁ)wdugz
S? S2
1
=_/e—2uz|vw|é2d,u§z + 5/(A§26_2u2)w2dusz
S2 S2
+ /(Aszﬁ)wdugz — /(Vw, V(e 22 — e 21) (Agov)])g2dpge
S2 S?

=I+1I+1IT+1V.

The term I is favorable which will be used to settle two bad terms later. The trick for term 7/

is the same as before

1 1
5 / (Agre ) dpg | = 5 / (Agre ) dpge
S? S2

2
< C”w”LZ(SZ) ”Vw”LZ(SZ) + C”w”LZ(SZ)

Third term can be treated just using Holder’s and Young’s inequalities, together with the

estimate (A.11).
A little bit difficult one is the term /V. First we use the integration by parts to transfer it to

the now form as follows

/(Vw, V(e 22 — 721 (Agov)) )2 dpge
SZ

IA

/(672142 — e M) (Vw, VAv)grduse | + /(Vw, V(e 22 — 672”1))82(A§zv1)dugz
SZ

52
=1V +1V,.
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To treat term 1 V7, we simply use Holder’s and Young’s inequalities, together with (A.8), to get

1V) = /(e—2“2 — e (Vw, VA )grduge
SZ

A

/(1 — 227y (T2 ¢TIV Avy ) gadjige
SZ

< /6_2“2|Vw|é2du§z /(1 — 227272 |V Ay [ dug:
\Sz S2

Ll
51/6 227 B, duge + Callus — 1122 g0,
S2

For the last term IV, with the similar reasons, we can proceed the estimate as follows

I1Vy = /e*"2<Vw,V(1 — T g =2U02y) 6 012 (Ao vy )d g

2

1 -2 2 2
= /e Vil dugs + Calluz — 2 g2,
SZ

Put all those estimates for terms I to IV together to conclude that

9 [ dpe < C s — ur )| + w?d

dt MSZ = Csfluz 1 H2(SZ> K4 MSZ’
S? S?

with suitable positive constants Cs and «4. Details will be left to readers to check.
Recall that w(0) = 0, hence integrate it to get

2 k4T 2

max w duge < Cs5e' T max |lup —u .

max / e = 5T T max iz = iy,
SZ

Combine above all steps to conclude that, with suitable positive constants x5 and Cg,

max ||k 2.2y < Cee ST T max |lus — uj || )
0<t<T ” ”H (S ) = 6 Ofth” 2 1”H2(§2)

This completes the proof. O
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Theorem A.6. The flow equation u; = of — K defined as (2.2) is solvable on [0, T]| where T is
sufficiently small depending on the choice of initial data ug and f.

Proof. Finally, we select 7 small such that Cee™sTT <1 /2 to conclude that

1
Olélt?E(T W () — ‘I"(UZ)”LOO([(),T],HZ@Z)) = 5 orgntagXT lug — u2||L00([0,T],H2(SZ)) .

So, W is a contraction map within H. The contraction map theorem shows that there exists a
unique u € H such that W(x) = u. This is enough to claim above theorem. 0O
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