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Abstract

The current article is to study the solvability of Nirenberg problem on S2 through the so-called Gaussian 
curvature flow. We aim to propose a unified method to treat the problem for candidate functions without sign 
restriction and non-degenerate assumption. As a first step, we reproduce the following statement: suppose 
the critical points of a smooth function f with positive critical values are non-degenerate. Then the required 
solution exists, if the difference between the number of the local maximum points with positive values and 
the number of the saddle points with positive critical values as well as negative Laplace is not equal to 1. 
This statement has been proved for nearly thirty years through different methods.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

Current article aims to treat the classical well-known Nirenberg problem. It is commonly 
known that the problem is equivalent to solving the differential equation on S2
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−�S2u + 1 = f e2u on S2, (1.1)

with f a given smooth function on S2.
Our favorable method is to adopt the negative gradient flow with new normalization. The 

global existence of the flow is always true as long as f is a smooth function which is positive 
somewhere. Difficulty lies on the convergence as everyone expected. Through the tough effort, 
our finding can be stated as follows:

Theorem 1.1. Let f ∈ C∞(S2) be a smooth function and positive somewhere on S2. Assume the 
following conditions hold true:

(a) Critical points of f are isolated in the region where f > 0;
(b) |∇f (x)|2

S2 + |�S2f (x)|2 �= 0 whenever f (x) > 0;
(c) let p be the number of local maximum points of f with positive values and q be the number 

of the saddle points with positive values and negative Laplace, p − q �= 1.

Then there exists some conformal metric g = e2ugS2 such that the Gaussian curvature of g is 
equal to the given function f .

In order to solve the equation, it is known that f must be positive somewhere. Other famous 
obstruction to the existence of solutions to PDE is the so-called Kazdan-Warner conditionˆ

S2

X(K)e2udμS2 = 0,

where X is any conformal vector field on S2. It is this obstruction that makes the problem inter-
esting to study and deserving further investigation.

Let us briefly recall the development on this problem. Surely it has been extensively studied 
in the literature with various assumptions on f . For curvature candidate with certain symmetries, 
the answer is relatively complete. A pioneer work by J. Moser [24] states that an even function 
on S2 is the Gaussian curvature of a conformal metric of the round metric gS2 if and only if it is 
positive somewhere. For rotational symmetric function K on S2, precisely, K = K(x3) for x =
(x1, x2, x3) ∈ S2, X. Xu and P. Yang [28] established that a sufficient condition of the solvability 
of Eq. (1.1) is that |K ′| +|K ′′| �= 0, K is positive somewhere and K ′′ changes signs in the region 
where K > 0. Later W. Chen and C. Li showed that Xu-Yang’s sufficient condition is indeed 
necessary, see [13, Corollary 1]. For positive non-symmetric curvature candidates, A. Chang and 
P. Yang developed the degree theory in [9,10], readers are also referred to A. Chang, M. Gursky 
and P. Yang [11], K. Chang and J. Liu [8], W. Chen and W. Ding [12] etc and references therein.

There is no exception that the compactness for the approximate solutions has to address. 
Advantage of the flow approach is that we have equations to study, better than the sequence. For 
the study of the compactness of the solutions of the Nirenberg problem and its analogues, much 
effort has been made by H. Brezis and F. Merle [4], H. Brezis, Y. Li and I. Shafrir [6], Y. Li and 
I. Shafrir [21] etc. In some sense, new ideas in the compactness analysis often reshape the figure 
of the problem.

For general smooth function f which may change its sign, about thirty years ago, Z. Han 
[18] considered the problem through the study of the generalized Moser theory for the energy 
functional on the open set in an infinitely dimensional Hilbert space. Later K. Chang and J. Liu 
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[7] applied their generalized Moser theory to reprove the statement as was pointed out that Han’s 
argument might be incomplete.

In 1988, R. Hamilton [17] introduced Ricci flow on surfaces which is a conformal flow. After 
that, the scalar curvature flow has been adopted to study the Yamabe problem and so as for the 
prescribing scalar curvature problem. In 2003, S. Brendle [3] developed a negative gradient flow 
to study the prescribed Q-curvature problem on closed manifolds. Thereafter, the flow approach 
has been widely applied in conformal geometry. In [26], M. Struwe adopted such a flow to in-
vestigate the Nirenberg problem in the way that he was able to control the blow-up path and to 
recover an early result of A. Chang and P. Yang in [10]. Shortly after that, A. Malchiodi and M. 
Struwe [23] introduced Q-curvature flow on S4 and developed Morse theory part in the flow set-
ting. Later, their result was extended by X. Chen and X. Xu [16] to all even dimensions, and [15]
for the perturbation result of prescribed scalar curvature problem on Sn. Aforementioned works 
are all concerned with positive Morse function as the curvature candidate in various prescribed 
curvature problems.

Later L. Ma-M. Hong [22] and P.K. Ho [19] respectively studied this question by following 
Struwe’s argument. The former deals with the case f is non-negative with indicating that they 
also can treat the case allowing f to be negative somewhere. The latter treats the more general 
equation in similar setting and does allow f to be the same as ours with an extra condition 
(Kazdan-Warner condition) although we doubt its necessary. Our work is in the same flavor, but 
it is more constructive than Han’s as well as Chang and Liu’s. The difference to the Gaussian 
curvature flow previously used is minor, namely we adopt the slightly different normalization 
which seems more suitable to the case that f may be negative somewhere and hope it can be used 
to treat degenerate curvature candidates. Therefore, to set the stage and for self-contained, we 
have to re-develop the whole program in our setting. The trouble on controlling the normalized 
coefficient costs the length of the paper. We should point out that many key estimates either have 
been existed or easily derived through the similar ideas from the existing work.

Overall, in this part of the program, we just recover the most updated work on the existence. 
To compare, our method is different from Han [18] as well as Chang and Liu [7]. In our view, 
our method is more constructive and elementary. As it is known that Brendle’s method does 
not apply to the case S2, Struwe’s work [26] just covers the special situation (f is positive 
and p ≥ 2, q = 0). L. Ma and M. Hong [22] did similar work as Struwe’s one just relaxing the 
condition on f to be allowed to vanish or negative somewhere. Either Xu-Yang [28] or Chen-Li 
[13] just did for rotationally symmetric case.

This paper is organized as follows. In Section 2, we introduce a Gaussian curvature for a pre-
scribed sign-changing function f . In Sections 3/Appendix A and 4, we establish short time and 
long time existences of the flow. We should point out that local existence has been often cited as 
well-known or refer to classical result for parabolic equations. However, to be self-contained, we 
provide the detailed argument in the Appendix A. The normalized flow is presented in Section 4. 
In Section 5, we show the asymptotic behaviors of the Gaussian curvature of the flow metric, i.e. 
the Lp and H 1 convergences. Next we show in Section 6 that the normalized flow has compact-
ness, hence it converges. In the rest of two sections, we try to transfer the compactness on the 
normalized metrics to its original ones. Here we adopt a contradiction argument: if the curvature 
candidate cannot be realized as the Gaussian curvature of any conformal metric, then, in Sec-
tion 7, we analyze the finite-dimensional dynamics, eventually show that the flow concentrates 
at precisely one critical point Q of f , with f (Q) > 0 and �S2f (Q) ≤ 0. With this preparation, 
finally, in Section 8, we complete the Morse theory argument and reach a contradiction with 
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condition (c) in Theorem 1.1. This contradiction shows that there must be a conformal metric of 
gS2 having its Gaussian curvature as the given function f .

2. The flow

Suppose that f is a smooth function on S2 such that 
´
S2 f dμS2 > 0. We introduce the Gaus-

sian curvature flow on S2: A flow metric g(t) = e2u(t)gS2 satisfies

∂tg = 2(α(t)f − K)g and g(0) = e2u0gS2 ,

where K = Kg is the Gaussian curvature of the flow metric g(t) and the normalized coefficient

α(t) =
´
S2 f Kdμg´
S2 f 2dμg

for all t ≥ 0. (2.1)

Here dμg = e2udμS2 . In terms of the conformal factor, we have

∂tu = α(t)f − K and u(0) = u0. (2.2)

In sequent, most of time we use the flow equation (2.2).
Notice that the Gaussian curvature of the conformal metric satisfies the relation:

−�S2u + 1 = Ke2u on S2. (2.3)

By the equation (2.2) and normalized factor α, (2.1), there holds

d

dt

⎛
⎜⎝ˆ
S2

f dμg

⎞
⎟⎠= 2

ˆ

S2

f utdμg = 2
ˆ

S2

f (αf − K)dμg = 0.

Thus, without loss of generality, we select the initial datum u0 ∈ C∞(S2) (e.g., see Remark 8.1
below for one way of this construction) such that

ˆ

S2

f dμg(t) =
ˆ

S2

f dμg(0) = 4π for all t ≥ 0. (2.4)

Define the average

ū :=
 

S2

udμS2 = 1

4π

ˆ

S2

udμS2

and the energy

E[u] :=
 

2

(|∇u|2S2 + 2u)dμS2 .
S
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Lemma 2.1. On any finite time interval where the solution to the flow exists, there holds

d

dt
E[u] = −2

 

S2

(αf − K)2dμg.

Proof. By Eqs. (2.2) and (2.3), a direct computation, together with the normalized condition, 
yields

d

dt
E[u] =2

 

S2

〈∇ut ,∇u〉S2 + utdμS2

= − 2
 

S2

ut (�S2u − 1)dμS2

=2
 

S2

K(αf − K)e2udμS2

= − 2
 

S2

(αf − K)2dμg

as desired. �
As a direct consequence of Lemma 2.1, E[u] is non-increasing for t ≥ 0. In particular, for any 

finite T > 0, if the flow exists on [0, T ), there holds

E[u(T )] + 2

T̂

0

 

S2

(αf − K)2dμgdt = E[u0].

The Onofri-Moser-Trudinger’s inequality (see [25]) states that for any u ∈ H 1(S2),

 

S2

(|∇u|2S2 + 2u)dμS2 ≥ log

⎛
⎜⎝ 
S2

e2udμS2

⎞
⎟⎠ .

For all t ≥ 0, there holds

4π =
ˆ

S2

f e2u(t)dμS2 ≤ maxf

ˆ

S2

e2u(t)dμS2 . (2.5)

Thus, the volume of g(t) is uniformly bounded from below and from above, i.e.

1

maxf
≤
 

2

e2u(t)dμS2 ≤ eE[u0]. (2.6)
S
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By Eq. (2.6), we have

1 =
⎛
⎜⎝ 
S2

f dμg

⎞
⎟⎠

2

≤
 

S2

f 2e2udμS2

 

S2

e2udμS2 ≤ eE[u0]
 

S2

f 2e2udμS2 .

Thus

e−E[u0] ≤
 

S2

f 2e2udμS2 ≤ (max |f |)2eE[u0]. (2.7)

Hence, Onofri-Moser-Trudinger’s inequality yields, as long as the solution exists on [0, T ], 
for any t ∈ [0, T ],

E[u(t)] ≥ − log(maxf ),

whence,

tˆ

0

ˆ

S2

(αf − K)2dμgdt ≤ 2πE[u0] + 2π log(maxf ).

If the flow equation (2.2) globally exists in time, then letting T → ∞ we obtain

∞̂

0

ˆ

S2

(αf − K)2dμgdt ≤ 2πE[u0] + 2π log(maxf ). (2.8)

3. Short time existence

As was pointed out in the introduction, the short time existence can be quoted as the standard 
parabolic theory. In [3], Brendle proved the short time existence for higher order conformal flow. 
In general, Huisken and Polden ([20]) provided a rough proof of local time existence. Both proofs 
are based on the parabolic theory. The main idea of our proof is to use the original local existence 
for linear parabolic theory. The way to treat the nonlinear terms seems interesting. To be self-
contained, we wish to provide the detailed proof of the local time existence for the flow in the 
appendix.

4. Long time existence

By now, it is rather a well known fact (see [10, Proposition 2.2]) that, for every smooth family 
of metric g(t) = e2u(t)gS2 there exists a family of conformal diffeomorphisms ϕ = ϕ(t) : S2 →
S2, smoothly depending on t , such that

ˆ

2

xdμh = 0, for all t ≥ 0, (4.1)
S
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where h = ϕ∗g = e2vgS2 is called a normalized metric, and

v = u ◦ ϕ + 1

2
log(det(dϕ)).

By conformal invariance of the energy, the area and (2.6), there hold E[v] = E[u] and

1

maxf
≤
 

S2

e2u(t)dμS2 =
 

S2

e2v(t)dμS2 ≤ eE[u0].

The important ingredient of the argument is the following inequality, whose proof is omitted.

Proposition 4.1 (Aubin [2]). For any ε > 0, there exists a positive constant Cε such that for every 
v ∈ H 1(S2) with 

´
S2 xe2vdμS2 = 0,

 

S2

e2vdμS2 ≤ Cε exp

⎛
⎜⎝(

1

2
+ ε)

 

S2

|∇v|2S2 dμS2 + 2
 

S2

vdμS2

⎞
⎟⎠ .

By Eq. (2.5), lower bound of the area can be easily achieved:

 

S2

e2vdμS2 =
 

S2

e2udμS2 ≥ 1

maxf
.

Take ε = 1/6 in Proposition 4.1 and apply Lemma 2.1 to conclude that

E[u0] ≥E[u] = E[v] = 1

3

 

S2

|∇v|2S2 dμS2 + 2
 

S2

vdμS2 + 2

3

 

S2

|∇v|2S2 dμS2

≥ − log(C 1
6

maxf ) + 1

3

 

S2

|∇v|2S2 dμS2,

which provides us the first estimate

ˆ

S2

|∇v|2S2 dμS2 ≤ E[u0] + log(C 1
6

maxf ). (4.2)

A simple observation, by Lemma 2.1, gives an upper bound on the average of the function v

v̄ :=
 

S2

vdμS2 ≤ 1

2
E[v] = 1

2
E[u] ≤ 1

2
E[u0].

The lower bound of v̄ needs the help of Aubin’s inequality. Namely, set ε = 1/4 in Proposi-
tion 4.1 to obtain
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− log(maxf ) ≤ log
 

S2

e2vdμS2 ≤ logC 1
4
+ 3

4

 

S2

|∇v|2S2 dμS2 + 2
 

S2

vdμS2

= logC 1
4
+ 3

4
E[v] + 1

2
v̄

≤ logC 1
4
+ 3

4
E[u0] + 1

2
v̄

with a positive constant C depending on maxf, E[u0], together with the upper bound as above, 
we hence obtain

|v̄| ≤ C. (4.3)

With the bounds (4.3) and (4.2) at hand, Onofri-Moser-Trudinger’s inequality can be applied 
to show that, for any p ≥ 1, there holds

sup
t

ˆ

S2

e2p|v|dμS2 ≤ C(p).

Now we carry over the argument to u to see the similar estimate.

Lemma 4.2. For any T > 0, any smooth solution of the flow (2.2) satisfies

sup
0≤t<T

ˆ

S2

e4|u|dμS2 ≤ C(T ).

Proof. Consider the normalized function

v(t) = u ◦ ϕ + 1

2
log det dϕ.

Notice that Eq. (4.1) can also be written as, with y = ϕ(x),

0 =
ˆ

S2

xe2v(x)dμS2(x) =
ˆ

S2

ϕ−1(y)e2u(y)dμS2(y),

where

ϕ(x) := ϕP(t),λ(t)(x) = 2λ(x − (P · x)P ) + (λ2(1 + P · x) − 1 + P · x)P

λ2(1 + P · x) + 1 − P · x ,

with P(t) ∈ S2, λ(t) ≥ 1, and a well-known fact:

ϕ−1(y) = ϕ−P,λ(y) = 2λ(y − (P · y)P ) − (λ2(1 − P · y) − 1 − P · y)P

2 =: A(y)
.

λ (1 − P · y) + 1 + P · y B(y)
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Take the derivative with respect to the time t to achieve

0 =
ˆ

S2

∂

∂t
(ϕ−1(y))e2u(y)dμS2(y) + 2

ˆ

S2

ϕ−1(y)e2u(y)(αf − K)(y)dμS2(y).

One calculates the first term first.
ˆ

S2

∂

∂t
(ϕ−1(y))e2u(y)dμS2(y)

=
ˆ

S2

(
At(y)

B(y)
− A(y)

B2(y)
Bt (y)

)
e2u(y)dμS2(y)

=
ˆ

S2

(
At ◦ ϕ(x)

B ◦ ϕ(x)
− x

Bt ◦ ϕ(x)

B ◦ ϕ(x)

)
e2v(x)dμS2(x),

where, in the last step, we have used the change of variables.
Recall definition of A to have

At ◦ ϕ(x) =2λt (ϕ − P · ϕ(x)P ) − 2λ[(dP

dt
· ϕ(x))P + (P · ϕ(x))

dP

dt
]

− [2λλt (1 − P · ϕ(x)) − (λ2 + 1)
dP

dt
· ϕ(x)]P

− [λ2(1 − P · ϕ) − 1 − P · ϕ(x)]dP

dt
.

Similar calculation for B provides

Bt ◦ ϕ(x) = 2λλt (1 − P · ϕ(x)) + (1 − λ2)
dP

dt
· ϕ(x).

To proceed, by direct calculation, we have

P · ϕ(x) = λ2(1 + P · x) − 1 + P · x
λ2(1 + P · x) + 1 − P · x . (4.4)

This immediately shows the useful identity

[B ◦ ϕ](x) = 4λ2

λ2(1 + P · x) + 1 − P · x . (4.5)

Notice P · P = 1 for all t ≥ 0 implies that dP
dt

· P = 0. As a consequence, we obtain

dP · ϕ(x) = 2λ dP
dt

· x
2
dt λ (1 + P · x) + 1 − P · x
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The following identity can be directly checked

ϕ(x) − (P · ϕ(x))P = 2λ(x − (P · x)P )

λ2(1 + P · x) + (1 − P · x)
. (4.6)

Similar calculation displays

λ2(1 − P · ϕ(x)) − (1 + P · ϕ(x)) = −4λ2(P · x)

λ2(1 + P · x) + (1 − P · x)
. (4.7)

Now combine above four labeled equations to have

At ◦ ϕ

B ◦ ϕ
(x) = λt

λ
(x − P) + (λ − 1)2

2λ
[(dP

dt
· x)P − (P · x)

dP

dt
] − λ2 − 1

2λ

dP

dt
.

Notice that 
´
S2 xe2vdμS2 = 0. Therefore, upon an integration, we have

ˆ

S2

At ◦ ϕ

B ◦ ϕ
(x)e2v(x)dμS2(x) = −λt

λ
(

ˆ

S2

e2vdμS2)P − λ2 − 1

2λ
(

ˆ

S2

e2vdμS2)
dP

dt
.

Term for B can be treated in a similar manner to obtain

Bt ◦ ϕ

B ◦ ϕ
(x) = λt

λ
(1 − P · x) + 1 − λ2

2λ

dP

dt
· x.

Integrate it to get

ˆ

S2

x
Bt ◦ ϕ

B ◦ ϕ
(x)e2v(x)dμS2(x) = −λt

λ

ˆ

S2

x(P · x)e2vdμS2 + 1 − λ2

2λ

ˆ

S2

x(
dP

dt
· x)e2vμS2 .

For later reference, we write above calculation as

(
∂

∂t
ϕ−1) ◦ ϕ(x) =

[
1

λ
(
dλ

dt
)P ∧ x + (λ − 1)2

2λ
(
dP

dt
) ∧ P + λ2 − 1

2λ
(
dP

dt
) ∧ x

]
∧ x, (4.8)

where ∧ is just usual cross product.
Let us denote the matrix (

´
S2 xixj e2vdμS2) by 	. Above calculations show

λt

λ

⎛
⎜⎝	 − (

ˆ

S2

e2vdμS2

⎞
⎟⎠ I )P + λ2 − 1

2λ

⎛
⎜⎝	 − (

ˆ

S2

e2vdμS2)I

⎞
⎟⎠ dP

dt

= − 2
ˆ

S2

ϕ−1(x)e2u(αf − K)dμS2 .
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Now we claim that the matrix 	 − (
´
S2 e2vdμS2)I is negative definite. To this end, for any 

unit vector �C = (C1, C2, C3), consider

〈(
ˆ

S2

e2vdμS2)I − 	) �C, �C〉

=
ˆ

S2

e2vdμS2 −
ˆ

S2

e2v(x · �C)2dμS2

=
ˆ

S2

e2v(1 − (x · �C)2)dμS2 .

We need to show this is bounded from below by a positive constant. Here we adopt similar 
argument as in the proof of [10, Lemma 4.1].

Set γ = x · �C. Note that 1 − γ 2 ≥ 0. Thus the Hölder’s inequality indicates that

ˆ

S2

e2v(1 − γ 2)dμS2 ≥ (

ˆ

S2

(1 − γ 2)dμS2)
2(

ˆ

S2

e−2v(1 − γ 2)dμS2)
−1

≥ (

ˆ

S2

(1 − γ 2)dμS2)
2(

ˆ

S2

e−4vdμS2)
− 1

2 (

ˆ

S2

(1 − γ 2)2dμS2)
− 1

2

≥ (
8π

3
)

3
2 (

ˆ

S2

e−4vdμS2)
− 1

2 ,

where we have used the fact that 0 ≤ 1 − γ 2 ≤ 1.
Thus the Onofri-Moser-Trudinger inequality can be applied to get control on the integral 

(
´
S2 e−4vdμS2), namely,

(

ˆ

S2

e−4vdμS2) ≤ 4πe4E[v]+12|v̄| ≤ C(T ).

This is enough to ensure our claim. Hence the claim guarantees that the matrix (
´
S2 e2vdμS2)I

− 	 has bounded inverse. Use this to rewrite our constraint identity as follows

λt

λ
P + λ2 − 1

2λ

dP

dt
= 2

⎛
⎜⎝(

ˆ

S2

e2vdμS2)I − 	

⎞
⎟⎠

−1 ˆ

S2

ϕ−1e2u(αf − K)dμS2 .

Take the norm on both sides, together with the facts that P · dP
dt

= 0, P ·P = 1 and |ϕ−1| = 1, 
to conclude
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(
λt

λ

)2

+ λ2 − 1

2λ

∣∣∣∣dP

dt

∣∣∣∣
2

(4.9)

≤C(T ,u0)(

ˆ

S2

e2u|αf − K|dμS2)
2

≤C(T ,u0)(

ˆ

S2

e2udμS2)

ˆ

S2

(αf − K)2e2udμS2 .

With this at hand, as well as (2.8), the estimate on the dilation factor λ can be easily obtained, 
for any 0 ≤ t ≤ T ,

∣∣∣∣log
λ(t)

λ(0)

∣∣∣∣≤
tˆ

0

∣∣∣∣λτ

λ

∣∣∣∣dτ

≤ C(T ,f,u0)

tˆ

0

(

ˆ

S2

e2u(αf − K)2dμS2)
1
2 dτ

≤ C(T ,f,u0)
√

t(

tˆ

0

ˆ

S2

e2u(αf − K)2dμS2dτ)
1
2

≤ C(T ,f,u0).

Denote β = log det dϕ, we have v = u ◦ ϕ + 1
2β . Direct calculation shows

ˆ

S2

e4udμS2 =
ˆ

S2

e4u◦ϕ det dϕdμS2 =
ˆ

S2

e4ve−βdμS2 ,

and

ˆ

S2

e−4udμS2 =
ˆ

S2

e−4ve3βdμS2 .

Recall the well-known fact that

det dϕ =
(

2λ

λ2(1 + P · x) + 1 − P · x
)2

,

which implies that

β = 2 log
2λ

2 .

λ (1 + P · x) + 1 − P · x
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Notice, since λ ≥ 1,

2 ≤ λ2(1 + P · x) + 1 − P · x ≤ 2λ2.

Thus there exists a constant C(T , f, u0) > 0 such that |β| ≤ C(T , f, u0) for all 0 ≤ t ≤ T .
The lemma follows from this easily. �
The key step to develop the theory of the global existence is the following H 2(S2) bound for 

u.

Lemma 4.3. For any T > 0, there exists a positive constant C(T ) > 0 such that the following 
estimate holds:

sup
0≤t<T

‖u(t)‖2
H 2(S2)

≤ C(T ).

Proof. As a direct consequence of Lemma 4.2, ‖u‖H 1(S2) is bounded in [0, T ]. To that end, by 
Jensen’s inequality we have

|ū| ≤ 1

2
log

 

S2

e2|u|dμS2 ≤ C(T )

and
 

S2

|∇u|2S2 dμS2 =E[u] − 2ū ≤ E[u0] + log
 

S2

e2|u|dμS2 ≤ C(T ),

‖u‖L2(S2) ≤‖u − ū‖L2(S2) + √
4π |ū| ≤ 1√

2
‖∇u‖L2(S2) + √

4π |ū| ≤ C(T )

for all 0 ≤ t ≤ T .
Now we consider the second order derivative estimate. We closely follow the Brendle’s argu-

ment in [3]. In order to do so, let us set w = (eu)t = euut and in other words, ut = e−uw. First 
let us rewrite the flow equation (2.2) as

�S2u = euw − α(t)f e2u + 1.

Then a direct computation shows

d

dt

ˆ

S2

(�S2u)2dμS2

=2
ˆ

S2

(�S2u)�S2(e
−uw)dμS2

= − 2
ˆ

2

〈∇(euw − α(t)f e2u + 1),∇(e−uw)〉S2 dμS2
S
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= − 2
ˆ

S2

〈∇(euw),∇(e−uw)〉S2 dμS2 + 2α(t)

ˆ

S2

〈∇(f e2u),∇(e−uw)〉S2 dμS2

= − [
ˆ

S2

|∇w|2S2 dμS2 − 2
ˆ

S2

|∇u|2S2w
2dμS2]

− [
ˆ

S2

|∇w|2S2 dμS2 − 2α(t)

ˆ

S2

〈∇(f e2u),∇(e−uw)〉S2 dμS2 ]

=I + II.

Rewrite the first term as follows:

I = − [
ˆ

S2

|∇w|2S2 dμS2 − 2
ˆ

S2

|∇u|2S2w
2dμS2]

= −
ˆ

S2

|∇w|2S2 dμS2 + 2
ˆ

S2

|∇u|2S2w
2dμS2

≤ −
ˆ

S2

|∇w|2S2 dμS2 + 2[
ˆ

S2

|∇u|4S2 dμS2 ] 1
2 [
ˆ

S2

w4dμS2] 1
2

≤ −
ˆ

S2

|∇w|2S2 dμS2 +2C(T )

[
(

ˆ

S2

(�S2u)2dμS2)
1
2 +1][‖w‖L2(S2)‖∇w‖L2(S2) +‖w‖2

L2(S2)

]

≤C(T )[
ˆ

S2

(�S2u)2dμS2) + 1][‖w‖2
L2(S2)

+ 1].

Second term on the right hand side can also be controlled in a similar fashion.
For convenience, in the followings, the positive constant C(T ) may be different from line to 

line.
Firstly we manage to give some useful estimates in terms of its H 1(S2) norm and L4(S2)

norm of eu

|α| = |(
ˆ

S2

f 2dμg)
−1(

ˆ

S2

(〈∇f,∇u〉S2 + f )dμS2)| ≤ C(T );

and the routine estimate of L4(S2) norm of |∇u|S2 in terms of L2(S2) norm of �S2u, i.e.

ˆ

S2

|∇u|4S2 dμS2

≤C(

ˆ

2

(�S2u)2dμS2

ˆ

2

|∇u|2S2 dμS2 + (

ˆ

2

|∇u|2S2 dμS2)
2)
S S S
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≤C(T )(

ˆ

S2

(�S2u)2dμS2 + 1),

which has been used H 1(S2) estimate of u.
We are ready to estimate the second term

II = −
ˆ

S2

|∇w|2S2dμS2

+ 2α

ˆ

S2

eu(−w〈∇f,∇u〉S2 − 2f w|∇u|2S2 + 〈∇f,∇w〉S2 + 2f 〈∇u,∇w〉S2)dμS2

≤ −
ˆ

S2

|∇w|2S2dμS2 + C1(T )

ˆ

S2

eu(|∇u|S2 |w| + |w||∇u|2S2 + |∇w|S2

+ |∇u|S2 · |∇w|S2)dμS2

= −
ˆ

S2

|∇w|2S2dμS2 + II1 + II2 + II3 + II4.

Now we estimate term-wise: first term II1 can be controlled as follows,

II1 =C1(T )

ˆ

S2

|∇u|S2e
u|w|dμS2 ≤ C(T )(

ˆ

S2

w2e2udμS2)
1
2

≤C(T )‖w‖L4(S2) ≤ C(T )(‖w‖2
L2(S2)

+ 1) + 1

4
‖∇w‖2

L2(S2)
.

Secondly, term II2 is dominated by

II2 =C1(T )

ˆ

S2

|w|eu|∇u|2S2 dμS2 ≤ ‖∇u‖2
L4(S2)

‖weu‖L2(S2)

≤C(T )(

ˆ

S2

(�S2u)2dμS2 + 1)
1
2 ‖w‖L4(S2)

≤C(T )(

ˆ

S2

(�S2u)2dμS2 + 1)
1
2 (‖∇w‖L2(S2) + ‖w‖L2(S2))

≤C(T )(

ˆ

S2

(�S2u)2dμS2 + 1)(‖w‖2
L2(S2)

+ 1) + 1

4
‖∇w‖2

L2(S2)
.

Then the third term II3 is relatively simple:

II3 = C1(T )

ˆ

2

eu|∇w|S2 dμS2 ≤ C(T ) + 1

4
‖∇w‖2

L2(S2)
.

S
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Finally we treat term II4:

II4 =C1(T )

ˆ

S2

eu|∇u|S2 · |∇w|S2 dμS2

≤C(T )

ˆ

S2

e2u|∇u|2S2 dμS2 + 1

4
‖∇w‖2

L2(S2)

≤C(T )‖∇u‖2
L4(S2)

+ 1

4
‖∇w‖2

L2(S2)

≤C(T )(

ˆ

S2

(�S2u)2dμS2 + 1) + 1

4
‖∇w‖2

L2(S2)

Summarize the above estimates from II1 to II4 to have

II ≤ C(T )(

ˆ

S2

(�S2u)2dμS2 + 1)(‖w‖2
L2(S2)

+ 1).

Therefore combining the estimations of I and II , we finally conclude that

d

dt
(1 +

ˆ

S2

(�S2u)2dμS2) ≤ C(T )(

ˆ

S2

(�S2u)2dμS2 + 1)(

ˆ

S2

w2dμS2 + 1).

Finally, for any 0 ≤ t < T , after integration, we have

ˆ

S2

(�S2u(t))2dμS2 + 1 ≤ [
ˆ

S2

(�S2u(0))2dμS2 + 1)] exp

⎧⎪⎨
⎪⎩C(T )(

T̂

0

ˆ

S2

w2dμS2dt + T )

⎫⎪⎬
⎪⎭ .

Then we have

sup
0≤t<T

‖u‖H 2(S2) ≤ C(T ),

by observing that 
´
S2 w2dμS2 = ´

S2(αf − K)2dμS2 .
This completes the proof of Lemma 4.3. �
The last ingredient for global existence is the local Hölder estimate which follows from the 

previous lemma.

Proposition 4.4 (Simon Brendle [5, Proposition 2.6]). Given any T > 0 and any 0 < μ < 1, 
there exists a constant C(T ) such that

|u(x1, t1) − u(x2, t2)| ≤ C(T )((t1 − t2)
μ
2 + d(x1, x2)

μ)

for all x1, x2 ∈ S2 and all t1, t2 ∈ [0, T ] satisfying 0 < t1 − t2 < 1.
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Proof. For all 0 ≤ t ≤ T , by Lemma 4.3 and Sobolev embedding, we have u ∈ Cμ(S2) for all 
0 ≤ μ < 1. Fix a number 0 < μ < 1,

|u(x1, t) − u(x2, t)| ≤ C(T )d(x1, x2)
μ

for all x1, x2 ∈ S2 and t ∈ [0, T ]. By Lemma 4.3 and (2.3), it is easy to show

ˆ

S2

(Ke2u)2dμS2 =
ˆ

S2

(−�S2u + 1)2dμS2 ≤ C(T ).

It follows from this that
ˆ

S2

K2dμS2 � C(T ),

as well as

|α| � (

ˆ

S2

f 2e2udμS2)
−1|

ˆ

S2

f (�S2u + 1)dμS2 | � C(T ),

whence
ˆ

S2

u2
t dμS2 =

ˆ

S2

(αf − K)2dμS2 ≤ C(T ).

With this at hand, it is standard to show

|u(x, t1) − u(x, t2)| ≤ C(t1 − t2)
−1

ˆ

B√
t1−t2

(x)

|u(x, t1) − u(x, t2)|dμS2(y)

≤ C(t1 − t2)
−1

ˆ

B√
t1−t2

(x)

|u(t1)(y) − u(t2)(y)|dμS2 + C(T )(t1 − t2)
μ
2

≤ C sup
t2≤t≤t1

ˆ

B√
t1−t2

(x)

|ut |dμS2 + C(T )(t1 − t2)
μ
2

≤ C(t1 − t2)
1
2 ( sup

t2≤t≤t1

ˆ

S2

u2
t dμS2)

1
2 + C(T )(t1 − t2)

μ
2

≤ C(T )(t1 − t2)
μ
2

for all x ∈ S2 and all t1, t2 ∈ [0, T ] satisfying 0 < t1 − t2 < 1. Notice that, in the last step, we 
have used the fact that 1 >

μ and 0 < t2 − t1 < 1. This proves the assertions. �
2 2
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With this Hölder estimate, the standard regularity theory for parabolic equations can be ap-
plied to bound all higher order derivatives of the function u on every finite time interval [0, T ], 
hence the flow globally exists in time.

5. Lp and H 1 convergences

Let us define two functions: Fp(t) := ´
S2 |αf − K|pdμg for any p ≥ 1 and G2(t) :=´

S2 |∇(αf − K)|2gdμg . The main purpose of this section is to show that both Fp and G2 tends to 
zero as the time t goes to ∞.

As a first step, one starts with F2.

Lemma 5.1. There holds limt→∞ F2(t) = 0.

Proof. We first need an evolution equation of the Gaussian curvature K . By computation, it can 
be easily achieved:

Kt = ∂

∂t
(e−2u(−�S2u + 1)) = 2K(K − αf ) + �g(K − αf ). (5.1)

Keep in mind, the choice of α gives

ˆ

S2

(K − αf )f dμg = 0.

This will be used to handle the term with αt in the following calculation

1

2

d

dt

ˆ

S2

(K − αf )2dμg =
ˆ

S2

(K − αf )(Kt − αtf ) − (K − αf )3dμg

=
ˆ

S2

Kt(K − αf )dμg −
ˆ

S2

(K − αf )3dμg

=
ˆ

S2

(2K(K − αf ) + �g(K − αf ))(K − αf )dμg −
ˆ

S2

(K − αf )3dμg

= −
ˆ

S2

[
|∇(K − αf )|2g − 2αf (αf − K)2

]
dμg +

ˆ

S2

(K − αf )3dμg.

Recall our normalization again 
ffl
S2 f e2udμS2 = 1 and topological invariant 

ffl
S2 Ke2udμS2 =

1, we have

α − 1 =
 

S2

(αf − K)e2udμS2,

which implies the estimate
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|α − 1|2 =
⎛
⎜⎝ 
S2

(αf − K)e2udμS2

⎞
⎟⎠

2

≤
 

S2

(αf − K)2dμg

 

S2

e2udμS2

≤eE[u0]
ˆ

S2

(αf − K)2dμg.

Refresh us the notations: h = e2vgS2 = ϕ∗g, Kh = Kg ◦ ϕ, and fϕ = f ◦ ϕ. By the estimate 
(2.8), for any 0 < ε0 < 1, there exists a large t0 such that

ˆ

S2

(K − αf )2dμg

∣∣∣∣∣∣∣
t=t0

< ε0.

Choose a maximal t1 > t0 such that

sup
t0≤t<t1

ˆ

S2

(K − αf )2dμg ≤ 2ε0.

It follows that, for any t0 < t < t1,

‖Kh‖L2(S2,h) = ‖K‖L2(S2,g) ≤ ‖K − αf ‖L2(S2,g) + |α| ‖f ‖L2(S2,g) ≤√2ε0 + C.

Our goal is to show that t1 must be +∞. To achieve this, first we recall, due to the conformal 
invariant property, the following equation for v holds true:

−�S2v + 1 = Khe
2v.

Thus, the boundedness on v in W 2,p(S2) with p = 4/3 was derived through the estimate

ˆ

S2

| − �S2v + 1|pdμS2 =
ˆ

S2

|Kh|pe2pvdμS2

=
ˆ

S2

|Kh|pe2(p−1)vdμh

≤
⎛
⎜⎝ˆ
S2

K2
hdμh

⎞
⎟⎠

p
2
⎛
⎜⎝ˆ
S2

e
2p

2−p
vdμS2

⎞
⎟⎠

1− p
2

≤C(ε0).
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As one has seen before that the average of v is bounded in its absolute values. The L∞(S2)

bound on v follows from this.
With this estimate at hand, one easily obtains

ˆ

S2

(−�S2v + 1)2dμS2 =
ˆ

S2

K2
he4vdμS2 ≤ e2‖v‖∞

ˆ

S2

K2
he2vdμS2 ≤ C1(ε0)),

which turns to imply that v(t) ∈ H 2(S2). By Hölder’s and Sobolev inequalities, the F3 can be 
controlled in terms G2 and F2:

ˆ

S2

|Kh − αfϕ |3dμh ≤C1
∥∥Kh − αfϕ

∥∥
L2(S2,h)

∥∥Kh − αfϕ

∥∥2
L4(S2)

(5.2)

≤C1
∥∥Kh − αfϕ

∥∥
L2(S2,h)

∥∥Kh − αfϕ

∥∥2
H 1(S2)

≤C0
∥∥Kh − αfϕ

∥∥
L2(S2,h)

[
ˆ

S2

|∇(Kh − αfϕ)|2h + (Kh − αfϕ)2dμh].

Notice that C(ε0) is a monotone increasing function of ε0 as is C1(ε0). Thus ε0 > 0 can be so 
small such that 

√
2ε0C0 ≤ 1/2. It follows that the next estimate can be achieved

1

2

d

dt

ˆ

S2

(Kh − αfϕ)2dμh +
ˆ

S2

|∇(Kh − αfϕ)|2hdμh

=2α

ˆ

S2

f (Kh − αfϕ)2dμh +
ˆ

S2

|Kh − αfϕ |3dμh (5.3)

≤2|α|(max |f |)
ˆ

S2

(Kh − αfϕ)2dμh +
ˆ

S2

(Kh − αfϕ)2dμh + 1

2

ˆ

S2

|∇(Kh − αfϕ)|2hdμh

≤C(f )

ˆ

S2

(Kh − αfϕ)2dμh + 1

2

ˆ

S2

|∇(Kh − αfϕ)|2hdμh.

Integrate the above inequality over [t0, t] for any t ∈ [t0, t1) to show

ˆ

S2

(K − αf )2dμg +
t1ˆ

t0

ˆ

S2

|∇(Kh − αfϕ)|2hdμhdτ

≤
ˆ

S2

(K − αf )2dμg

∣∣∣∣∣∣∣
t=t0

+ 2C

∞̂

t1

ˆ

S2

(K − αf )2dμgdt.
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If t0 is chosen large enough such that

4C(f )

∞̂

t0

ˆ

S2

(K − αf )2dμgdt ≤ ε0,

then one obtains, for any t ∈ [t0, t1),
ˆ

S2

(K − αf )2dμg ≤ 3

2
ε0.

This forces that t1 = +∞ and hence our claim: limt→∞ F2(t) = 0. �
As a byproduct, we also conclude that

∞̂

0

ˆ

S2

|∇(Kh − αfϕ)|2hdμhdτ ≤ C < ∞. (5.4)

Next, with the help of the estimate (5.4), we prove the following fact.

Lemma 5.2. There holds limt→∞ G2(t) = 0.

Proof. Let us start with a calculation

dG2(t)

dt
=2

ˆ

S2

〈∇Kt − αt∇f,∇(K − αf )〉S2 dμS2 (5.5)

= − 4
ˆ

S2

(K − αf )2�S2(K − αf )dμS2 + 4α

ˆ

S2

f (αf − K)�S2(K − αf )dμS2

− 2
ˆ

S2

e−2u(�S2(K − αf ))2dμS2 − 2αt

ˆ

S2

〈∇f,∇(K − αf )〉S2 dμS2,

where of course we have used the flow equation (5.1) for the Gaussian curvature.
Now we need to estimate every term on the right hand side of Eq. (5.5). First, by Hölder’s and 

Young’s inequalities, one has

∣∣∣∣∣∣∣
ˆ

S2

(K − αf )2�S2(K − αf )dμS2

∣∣∣∣∣∣∣≤ 2
ˆ

S2

(K − αf )4dμg + 1

8

ˆ

S2

e−2u(�S2(K − αf ))2dμS2 .

Notice that, as we have seen before, Lemma 5.1 implies that there exists a uniform constant C
which may depend only on f and u0 such that the normalized conformal factor v is bounded by 
C in its absolute values. Thus we can do change of variables to get
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ˆ

S2

(K − αf )4dμg =
ˆ

S2

(Kh − αfϕ)4dμh

≤e2C

ˆ

S2

(Kh − αfϕ)4dμS2

≤e2C[K(2,1)

ˆ

S2

|∇(Kh − αfϕ)|2S2 dμS2 +
ˆ

S2

(Kh − αfϕ)2dμS2]2

≤(2K(2,1) + 1)2e2C(

ˆ

S2

(Kh − αfϕ)2dμS2)[(
ˆ

S2

|∇(Kh − αfϕ)|2S2 dμS2)
1
2

+ (

ˆ

S2

(Kh − αfϕ)2dμS2)
1
2 ]2

≤C1(G2(t) + F2(t)),

where we have used the following facts

ˆ

S2

(Kh − αfϕ)2dμS2 ≤ e2C

ˆ

S2

(Kh − αfϕ)2e2vdμS2 = e2CF2,

and

ˆ

S2

|∇(Kh − αfϕ)|2S2 dμS2 = G2

by conformal invariance of Dirichlet integral.
The second estimate is rather easy

∣∣∣∣∣∣∣4α

ˆ

S2

f (αf − K)�S2(K − αf )dμS2

∣∣∣∣∣∣∣
≤8|α|2(max |f |)2

ˆ

S2

(K − αf )2e2udμS2 + 1

2

ˆ

S2

e−2u(�S2(K − αf ))2dμS2 .

The last term is quite involved. One needs to compute α′(t) first: by definition of α,

αt

ˆ

2

f 2dμg + 2α

ˆ

2

f 2(αf − K)dμg =
ˆ

2

f �S2(K − αf )dμS2 .
S S S
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Notice that, the boundedness on 
´
S2 e2udμS2 implies

∣∣∣∣∣∣∣
ˆ

S2

f 2(αf − K)dμg

∣∣∣∣∣∣∣≤ C(f )
√

F2,

and ∣∣∣∣∣∣∣
ˆ

S2

f �S2(K − αf )dμS2

∣∣∣∣∣∣∣≤ (

ˆ

S2

f 2dμg)
1
2 (

ˆ

S2

e−2u(�S2(K − αf ))2dμS2)
1
2 .

Combine these calculations to obtain the control on the last term∣∣∣∣∣∣∣2αt

ˆ

S2

〈∇f,∇(K − αf )〉S2 dμS2

∣∣∣∣∣∣∣
≤C(

√
F2 + (

ˆ

S2

e−2u(�S2(K − αf ))2dμS2)
1
2 )(

ˆ

S2

|∇f |2S2 dμS2)
1
2 (

ˆ

S2

|∇(K − αf )|2S2 dμS2)
1
2

≤C1

√
F2

√
G2 + C2G2 +

ˆ

S2

e−2u(�S2(K − αf ))2dμS2 .

Collect those three estimates to get

d

dt
(G2(t)) ≤ C(F2 + G2),

with some positive constant C independent of t .
Finally for any 0 < ε < 1, by estimate (5.4) and the integrability of the function F2, there 

exists a t0 > 0 such that G2(t0) < ε as well as

C

∞̂

t0

(F2 + G2)dt ≤ 1

2
ε.

Thus, up to an integration, for any t > t0, one has

G2(t) ≤ G2(t0) + C

∞̂

t0

(G2 + F2)dt ≤ 2ε.

This yields limt→∞ G2 = 0 as desired. �
Lemmas 5.1 and 5.2 make us easy to conclude that
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Lemma 5.3. For all p > 1 there holds limt→∞ Fp(t) = 0.

Proof. Let k ≥ 2 be an integer. First if k = 2, we have

[
ˆ

S2

(K − αf )2kdμg] 1
2 = [

ˆ

S2

(Kh − αfϕ)4dμh] 1
2

≤eC[
ˆ

S2

(Kh − αfϕ)4dμS2 ] 1
2

≤eC[K(2,1)

ˆ

S2

|∇(Kh − αfϕ)2|S2 dμS2 +
ˆ

S2

(Kh − αfϕ)2dμS2]

≤(2K(2,1) + 1)eC(

ˆ

S2

(Kh − αfϕ)2dμS2)
1
2

× [(
ˆ

S2

|∇(Kh − αfϕ)|2S2 dμS2)
1
2 + (

ˆ

S2

(Kh − αfϕ)2dμS2)
1
2 ]

≤C1(G2(t) + F2(t)).

Since the right hand side has its limit 0 as t → ∞, we have limt→∞ F2k(t) = 0 for k = 2. 
Now for any integer k > 2,

[
ˆ

S2

(K − αf )2kdμg] 1
2 = [

ˆ

S2

(Kh − αfϕ)2kdμh] 1
2

≤eC[
ˆ

S2

(Kh − αfϕ)2kdμS2 ] 1
2

≤eC[K(2,1)

ˆ

S2

|∇(Kh − αfϕ)k|S2 dμS2 +
ˆ

S2

(Kh − αfϕ)kdμS2 ]

≤(kK(2,1) + 1)e2C(

ˆ

S2

(Kh − αfϕ)2(k−1)dμS2)
1
2

× [(
ˆ

S2

|∇(Kh − αfϕ)|2S2 dμS2)
1
2 + (

ˆ

S2

(Kh − αfϕ)2dμS2)
1
2 ]2

≤C1(G2(t) + F2(t) + F2(k−1)(t)).

Thus mathematical induction on k implies that for all k ≥ 2, we have limt→∞ F2k(t) = 0. The 
rest of argument follows from the Hölder’s inequality. �
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6. Blow-up analysis

From now on, we should always assume that our function f on S2 cannot be realized as 
Gaussian curvature for some conformal metric. Under this assumption, along the flow, we must 
have

Lemma 6.1. If f cannot be realized as Gaussian curvature for some conformal metric, then we 
must have

(a) limt→∞ ‖u‖H 2(S2) = +∞;
(b) limt→∞

ffl
S2 udμS2 = −∞;

(c) limt→∞ maxS2 u = +∞.

Proof. In fact, if there exists a sequence {tk} of the time t such that one of three cases does not 
hold, then we can easily see that f can be realized as a Gaussian curvature, as the corresponding 
sequence {u(tk)} converges to a limit function u∞ which solves Eq. (2.3) with Gaussian curvature 
equal to f . �

Thus now we consider the normalized conformal factor v = u ◦ ϕ + 1
2 log(det dϕ) where, as 

we have seen before, 
´
S2 xe2vdμS2 = 0 with ϕ(x) = ϕP(t),λ(t)(x). Observe that |P(t)| = 1 and 

λ(t) ≥ 1. Lemma 6.1 implies that limt→∞ λ(t) = ∞.
Then, with existed estimates we have set up in previous section, we summary it in the follow-

ing lemma.

Lemma 6.2. For any 0 < γ < 1, we have

v ∈ C1,γ (S2).

Proof. By using Lemmas 5.1 and 5.2, we have

Kh − αfϕ ∈ H 1(S2).

Making use of Sobolev inequality, for any p > 2,

Kh − αfϕ ∈ Lp(S2).

Thus Kh ∈ Lp(S2). Recall

−�S2v + 1 = Khe
2v

Then �S2v ∈ Lp(S2). Since v ∈ L∞(S2), we have

v ∈ W 2,p(S2)

Let 1 + γ < 2 − 2
p

and use Sobolev embedding theorem to show

v ∈ C1,γ (S2).
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This completes the proof. �
Notice that our Lemma 6.1 precisely implies the following claim.

Lemma 6.3. There exists at least one point P1 ∈ S2 such that, for any R > 0,

lim inf
t→∞

ˆ

BR(P1)

|Kg(t)|dμg(t) ≥ 2π,

where BR(P1) is a geodesic ball with center P1 and radius R.

Proof. We prove it by contradiction. Suppose that, for any x0 ∈ S2, there exists some R > 0 such 
that

lim sup
t→∞

ˆ

BR(x0)

|K(t)|dμg(t) ≤ a < 2π.

Let ω(t) = u(t) ◦ π−1 + log 2
1+|z|2 . It is well-known that ω(t) satisfies

−�R2ω(t) = (Kg(t) ◦ π−1)e2ω(t) := f (t).

Up to some scaling, we assume that the image of BR(x0) under the stereographic projection 
π is the unit disk B ⊂ R2. Thus, we have

‖f (t)‖L1(B) =
ˆ

BR(x0)

|Kg(t)|dμg(t) ≤ a < 2π.

Splitting ω(t) = ω0(t) + ω̂(t), where ω0(t) is harmonic in B and ω̂(t) = 0 on ∂B . By using 
[4, Theorem 1] we obtain a uniform bound of

ˆ

B

ep|ω̂(t)|dx ≤ C(p,a)

for any p < 4π/a. Since a < 2π , we may fix some such number p > 2. We remark here that the 
choice of p is independent of x0, rather only depending on a.

On the other hand, by the mean value property of harmonic functions, for any y ∈ B1/2(0) ⊂
R2 we may estimate

ω0(t)(y) =
 

B 1
2
(y)

ω0(t)dx ≤
 

B 1
2
(y)

ω(t)dx +
 

B 1
2
(y)

|ω̂(t)|dx.

By Jensen’s inequality and the boundedness of area, two terms on the right hand side can be 
controlled as:
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2
 

B 1
2
(y)

ω(t)dx ≤ log
 

B 1
2
(y)

e2ω(t)dx) ≤ C

and
 

B 1
2
(y)

|ω̂(t)|dx ≤ log
 

B 1
2
(y)

e|ω̂(t)|dx ≤ C,

uniformly for y ∈ B 1
2
(0). Thus eω(t) ≤ Ceω̂(t) is bounded in Lp(B 1

2
(0)). By Hölder’s inequality, 

we have ∥∥∥Kg(t) ◦ π−1eω(t)
∥∥∥2

L2(B)
=

ˆ

BR(x0)

|K(t)|2dμg(t) ≤ C.

Therefore we find that

−�R2ω(t) = Kg(t) ◦ π−1eω(t) · eω(t)

is bounded in Lq(B1/2(0)) for some q > 1. Upon covering S2 with finitely many geodesic balls 
BRi

(xi) corresponding to the ball B1/2(0), under the stereo-graphic projection, we obtain that 
�S2u(t) is bounded in Lq(S2) for some q > 1. Hence u(t) ∈ W 2,q(S2). By Sobolev embedding 
theorem and the boundedness of area, we have

‖u(t)‖L∞(S2) ≤ C.

Go back to Eq. (2.3), then u(t) is bounded in H 2(S2), which contradicts Lemma 6.1. �
We should point out that an alternative proof of Lemma 6.3 for the sequence of solutions is 

also available in [27, Theorem 3.2].
By Lemma 5.1 and a simple observation that

α(t) − 1 =
 

S2

(α(t)f − K)e2udμS2,

we easily reach

lim
t→∞α(t) = 1. (6.1)

With this at hand, we can do the estimation

‖K − f ‖L2(S2,g) ≤ ‖K − αf ‖L2(S2,g) + |α − 1| ‖f ‖L2(S2,g)

≤‖K − αf ‖L2(S2,g) + C|α − 1| → 0, as t → ∞.
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Define

S(t) =
´
S2 xdμg(t)´
S2 dμg(t)

to be the center of the metric g(t) and denote its radial image by Q(t) = S(t)/|S(t)| whenever 
S(t) �= 0.

Theorem 6.4. If f can not be realized as the Gaussian curvature of a conformal metric of gS2 , 
then, as t → ∞, we have that the flow metric g(t) concentrates at a single point Q ∈ S2, and 
the normalized conformal factor v(t) → v∞, as well as the metric h(t) → e2v∞gS2 in H 2(S2), 
where f (Q) > 0 and v∞ ≡ −[logf (Q)]/2. Moreover, ‖ϕ(t) − Q(t)‖L2(S2) → 0 as t → ∞, and 
also ‖f ◦ ϕ(t) − f (Q(t))‖L2(S2) → 0 and f (Q(t)) → e−2v∞ as t → ∞.

Proof. Let us refresh ourselves the definition of the conformal transformation ϕ: (with λ(t) ≥ 1)

u ◦ ϕ = v + log
λ2(1 + P(t) · x) + 1 − P(t) · x

2λ
.

Notice that

v(P (t)) + logλ ≤ max
S2

u ◦ ϕ ≤ ‖v‖L∞(S2) + logλ

and

−‖v‖L∞(S2) − logλ ≤ min
S2

u ◦ ϕ ≤ v(−P(t)) − logλ.

We remark that the above two inequalities also can give an alternative proof of Lemma 6.1.
As λ(t) → +∞ as t → ∞, we claim that there is only one concentration point. Assume on 

the contrary, assume u(t) concentrates at more than one point. Thus we can freely choose two 
different points {P1, P2}. For l = 1, 2, this implies that

lim inf
t→∞

ˆ

BR(Pl)

|K(t)|dμg(t) ≥ 2π,

where R < distS2(P1, P2)/2.
Then

lim inf
t→∞

ˆ

BR(Pl)

|f |dμg(t) ≥ lim inf
t→∞

ˆ

BR(Pl)

|K(t)|dμg(t) − lim sup
t→∞

ˆ

S2

|K(t) − f |dμg(t) ≥ 2π. (6.2)

Keep in mind that each Pl must be the accumulated point of {P(t)}. Thus we may choose a 
subsequence such that P(tn) → P1. Then, for any y ∈ BR(P2), we should have 2 ≥ 1 − P(tn) ·
y ≥ c1 > 0 for all n ∈N .
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Now by direct computation, for each y ∈ BR(P2),

utn(y) = v(ϕ−1(y)) + log
2λ

λ2(1 − P(tn) · y) + (1 + P(tn) · y)
→ −∞.

Clearly this implies

lim
n→∞

ˆ

BR(P2)

|f |e2utn dμS2 = 0

which contradicts (6.2) with l = 2. Thus our claim follows. Denote the unique concentration 
point by Q ∈ S2. By Lemma 6.2, there exists a function v∞ such that v(t) → v∞ in C1,γ /2(S2).

Recall that the normalized conformal factor v satisfies

−�S2v + 1 = Khe
2v.

Since P(t) → Q and λ(t) → ∞, we have, in the sense of L2(S2), when t → ∞,

Kh = Kh − fϕ + fϕ − f (Q) + f (Q) → f (Q),

hence v∞ weakly solves

−�S2v∞ + 1 = f (Q)e2v∞ . (6.3)

This implies that f (Q) > 0 which can be seen by integrating Eq. (6.3) over S2 to get 4π =
f (Q) ́ S2 e2v∞dμS2 . By the uniqueness theorem in [14] of solutions of (6.3) for solutions which 
are normalized, we conclude that v∞ ≡ − 1

2 logf (Q). This proves the first claim in the statement. 
With this ready for use, we have no difficulty to see that as a metric, h → e2v∞gS2 in H 2(S2). 
Furthermore, let us refresh ourselves first,

S(t) =
ˆ

S2

ϕe2ṽdμS2

and Q(t) = S(t)/|S(t)|, where ṽ = v − 1
2 log

ffl
S2 e2vdμS2 . Thus ṽ → 0 in C1,γ (S2).

Next we observe that, by direct checking, |S(t) −Q| → 0 as t → ∞. Since |Q| = 1, hence if t
is large enough, then |S| �= 0. Therefore it follows that 1 −|S(t)|2 = (Q +S(t)) · (Q −S(t)) → 0
as t → ∞. Thus,

‖ϕ − Q(t)‖L2(S2) ≤ ‖ϕ − S(t)‖L2(S2) + C(1 − |S(t)|) → 0,

as t → ∞.
Finally the boundedness of C1 norm of f clearly implies that ‖fϕ − f (Q(t))‖L2(S2) → 0 as 

t → ∞, so is true for f (Q(t)) − f (Q). Now the proof of Theorem 6.4 is completed. �
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7. Finite-dimensional dynamics

Let {ϕg
i } be the set of eigen-functions for −�g , that is,

−�gϕ
g
i = λ

g
i ϕ

g
i , i ∈N

with eigenvalues λg
0 = 0 < λ

g
1 ≤ λ

g
2 ≤ · · · . It is well-known that it can be selected such that it is 

an L2(S2, V −1dμg) - orthonormal set, where V is the area of the S2 with respect to the measure 
dμg . Set ϕh

i = ϕ
g
i ◦ϕ. Then {ϕh

i } is an L2(S2, V −1dμh)-orthonormal set. Of course, they are the 
eigen-functions for −�h with eigenvalues λh

i = λ
g
i , ∀ i ∈ N . For comparison, we also list the 

eigen-functions {ϕi = ϕS2

i } for −�S2 with eigenvalues λi = λS
2

i which will be labeled as

λ0 = 0 < λ1 = λ2 = λ3 = 2 < λ4 = 6 ≤ · · · .

Surely it will also be an L2(S2, (4π)−1dμS2)-orthonormal set.
By Theorem 6.4, we have λg

i = λh
i → λif (Q) due to area factor e−2v∞ = f (Q); moreover, 

we may arrange the order of the eigenfunctions so that ϕh
i → ϕi smoothly as t → ∞.

Expand

αf − K =
∑
i≥0

βiϕ
g
i , αfϕ − Kh =

∑
i≥0

γ iϕh
i , and f =

∑
i≥0

f iϕ
g
i

with coefficients

βi = V −1
ˆ

S2

(αf − K)ϕ
g
i dμg = V −1

ˆ

S2

(αfϕ − Kh)ϕ
h
i dμh = γ i

and

f i = V −1
ˆ

S2

f ϕ
g
i dμg.

In particular, V −1
´
S2(ϕ

g

0 )2dμg = 1, together with the fact that ϕg

0 is a constant, implies that

ϕ
g

0 = 1.

Our normalization 
´
S2(αf − K)f dμg = 0 provides an equation on those coefficients:

0 =
∑
i≥0

βif i = β0f 0 +
∑
i≥1

βif i .

Then, by Cauchy-Schwarz inequality,

(f 0β0)2 =(
∑

βif i)2
i≥1
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≤ (
∑
i≥1

(βi)2)(
∑
i≥1

(f i)2)

≤ V −1
ˆ

S2

(αf − K)2dμg)(V
−1

ˆ

S2

f 2dμg − (f 0)2).

By Theorem 6.4 and f 0 = ´
S2 f ϕ

g

0 V −1dμg = 4πV −1, we have, as t → ∞,

ˆ

S2

f 2V −1dμg − (f 0)2 = V −1[
ˆ

S2

f 2dμg − (4π)2

V
] → f (Q)[f (Q) − f (Q)] = 0,

since V → 4π
f (Q)

as t → ∞. This, together with (2.6) and the fact that f (Q) > 0, gives

(β0)2 = o(1)V −1
ˆ

S2

(αf − K)2dμg. (7.1)

Recall that

F2(t) =
ˆ

S2

(αf − K)2dμg =
ˆ

S2

(αfϕ − Kh)
2dμh,

G2(t) =
ˆ

S2

|∇(αf − K)|2gdμg =
ˆ

S2

|∇(αfϕ − Kh)|2hdμh.

Lemma 7.1. With error o(1) → 0 as t → ∞, there holds

d

dt
F2(t) = −(2 + o(1))G2(t) + (4f (Q) + o(1))F2(t).

Proof. By the formula (5.3), we have

dF2

dt
= −2G2 + 4α

ˆ

S2

fϕ(αfϕ − Kh)
2dμh + 2

ˆ

S2

(Kh − αfϕ)3dμh

= −2G2 + 4αf (Q(t))F2 + 4α

ˆ

S2

(fϕ − f (Q(t)))(αfϕ − Kh)
2dμh + 2

ˆ

S2

(Kh − αfϕ)3dμh.

By Theorem 6.4 we have, as t → ∞,

∣∣∣∣∣∣∣
ˆ

S2

(fϕ − f (Q(t)))(αfϕ − Kh)
2dμh

∣∣∣∣∣∣∣≤C
∥∥fϕ − f (Q(t))

∥∥
L2(S2,h)

∥∥αfϕ − Kh

∥∥2
L4(S2,h)

=o(1)(F2 + G2),
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and ∣∣∣∣∣∣∣
ˆ

S2

(Kh − αfϕ)3dμh

∣∣∣∣∣∣∣≤ C
∥∥Kh − αfϕ

∥∥
L2(S2,h)

‖K − αf ‖2
L4(S2,h)

= o(1)(F2 + G2),

where we have used F2(t) = o(1) and |f (Q(t)) − f (Q)| = o(1). We just reminder the reader 
that the estimate on the L4(S2) norm of K − αf has been treated in our Lemma 5.3. We should 
not repeat it here again. Thus this lemma follows. �

By the estimate (7.1), we have

G2 = V
∑
i≥1

λ
g
i |βi |2 ≥ λ

g
1

∑
i≥1

V |βi |2 = (λ
g
1 + o(1))F2 = (2f (Q) + o(1))F2.

Let x be the position vector of S2 in R3. Let {e1, e2, e3} be an orthonormal basis of R3. Then 
we may choose ϕi = √

3x · ei as L2(S2, (4π)−1gS2)-orthonormal basis for the corresponding 
eigen-space of −�S2 with eigenvalue 2. Notice that the ei for i = 1, 2, 3 is chosen so that ϕh

i →
ϕi as t → ∞.

Define

b = V −1
ˆ

S2

x(αfϕ − Kh)dμh

and write b = (b · e1, b · e2, b · e3).

Lemma 7.2. With error o(1) → 0 as t → ∞,

db

dt
= o(1)[F2(t)

1
2 + G2(t)

1
2 ].

Proof. By Eq. (2.1), we have

α

ˆ

S2

f 2dμg =
ˆ

S2

f KdμS2 =
ˆ

S2

f (−�S2u + 1)dμS2 = −
ˆ

S2

u�S2f dμS2 +
ˆ

S2

f dμS2 .

Differentiate both sides of the above equation with respect to t to show

αt

ˆ

S2

f 2dμg =
ˆ

S2

〈∇f,∇(αf − K)〉gdμg + 2α

ˆ

S2

f 2(K − αf )dμg.

Notice that, with the observation that in dimension two, Dirichlet energy is conformally invariant,

∣∣∣∣∣∣∣
ˆ

2

〈∇f,∇(αf − K)〉gdμg

∣∣∣∣∣∣∣≤ G
1
2
2 ‖∇f ‖L2(S2) ≤ CG

1
2
2 .
S
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These, together with (2.7), give

|αt | ≤ C(G
1/2
2 + F

1/2
2 ).

By Theorem 6.4 and (6.1) we have

lim
t→∞

ˆ

S2

(αfϕ − e−2v)2dμh

= lim
t→∞[α2

ˆ

S2

f 2
ϕ dμh − 2α

ˆ

S2

fϕdμS2 +
ˆ

S2

e−2vdμS2]

=4π[f (Q) − 2f (Q) + e−2v∞] = 0. (7.2)

Recall Eq. (4.8) and the estimate (4.9), we have

∣∣∣∣(dϕ−1

dt
) ◦ ϕ

∣∣∣∣≤
∣∣∣∣λt

λ

∣∣∣∣+ λ2 − 1

λ

∣∣∣∣dP

dt

∣∣∣∣≤ CF2(t)
1
2 ,

where we have observed that (λ − 1)2 = λ2 − 1 − 2(λ − 1) ≤ λ2 − 1 due to the fact that λ ≥ 1. 
This observation has been used in the estimate of the second term in the estimate (4.9).

With the above inequality, Eq. (5.1) and the fact that 
ffl
S2 ϕ−1e2udμS2 = 0, it is straightforward 

to show

V
db

dt
+ dV

dt
b

=
ˆ

S2

∂ϕ−1

∂t
(αf − K)e2udμS2 +

ˆ

S2

ϕ−1(αtf − Kt)e
2udμS2 + 2

ˆ

S2

ϕ−1(αf − K)2e2udμS2

=
ˆ

S2

(
∂ϕ−1

∂t
) ◦ ϕ(αfϕ − Kh)dμh + αt

ˆ

S2

ϕ−1(f − f (Q(t))dμg

+ 2
ˆ

S2

ϕ−1αf (αf − K)dμg +
ˆ

S2

ϕ−1�S2(K − αf )dμS2

=o(1)(F2(t)
1
2 + G2(t)

1
2 ) + 2

ˆ

S2

xαfϕ(αfϕ − Kh)e
2vdμS2 +

ˆ

S2

x�S2(Kh − αfϕ)dμS2

=o(1)(F2(t)
1
2 + G2(t)

1
2 ) + 2

ˆ

S2

x(αfϕ − e−2v)(αfϕ − Kh)e
2vdμS2

=o(1)(F2(t)
1
2 + G2(t)

1
2 ),

where the last identity follows from (7.2). This together with a simple observation that | dV
dt

b| =
O(1)F2 yields the desired estimate. �
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We try to avoid the trouble cost by the normalization and set

B = √
3b.

It follows that, for 1 ≤ i ≤ 3, there holds

|βi − Bi |2 =

∣∣∣∣∣∣∣V
−1

ˆ

S2

(αfϕ − Kh)ϕ
h
i dμh − V −1

ˆ

S2

ϕi(αfϕ − Kh)dμh

∣∣∣∣∣∣∣
2

≤[V −1
ˆ

S2

(ϕh
i − ϕi)

2dμh] · [V −1
ˆ

S2

(αfϕ − Kh)
2dμh]

=o(1)V −1F2. (7.3)

Our next task is to estimate F2 in terms of B , namely, we have the following lemma.

Lemma 7.3. With error o(1) → 0 as t → ∞, we have F2 = (1 + o(1))V |B|2.

Proof. By the estimates (7.1) and (7.3), we have

F2 = V
∑
i≥0

|βi |2 = V |B|2 + V
∑
i≥4

|βi |2 + o(1)F2.

Let F̂2 = V
∑

i≥4 |βi |2. Let us first assume that V |B(t1)|2 ≥ F̂2(t1) for some large t1 ≥ 0. For t
near t1, we may expand F2 as

F2 = (1 + δ(t))V |B|2 =⇒ F̂2 = δ(t)V |B|2 + o(1)F2 = (δ(t) + o(1))V |B|2,

by assuming that −1/2 < δ(t) ≤ 2 if t1 is sufficiently large. Then

d

dt
F2 = dδ

dt
V |B|2 + 2(1 + δ)V B · dB

dt
+ (1 + δ(t))

dV

dt
|B|2. (7.4)

By Lemma 7.2 and the observation that V −1 dV
dt

= o(1), we estimate

|(1 + δ(t))
dV

dt
|B|2| + 2(1 + δ(t))V

∣∣∣∣B · dB

dt

∣∣∣∣≤ o(1)(G2 + F2).

Inserting the above inequality into (7.4), by Lemma 7.1 we obtain

V
dδ

dt
|B|2 = − (2 + o(1))G2 + (4f (Q) + o(1))F2

≤ − 2V
∑

(f (Q)λi − 2f (Q) + o(1))|βi |2

i≥0
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≤ − 8f (Q)V
∑
i≥4

|βi |2 + o(1)F2

= − 8f (Q)F̂2 + o(1)F2

= − (8f (Q)δ + o(1))V |B|2.

Dividing both sides by the (non-vanishing) term V |B|2 to show

dδ

dt
≤ −(8f (Q)δ + o(1)).

It follows from this that

δ(t) ≤ δ(t1)e
−8f (Q)t + e−8f (Q)t

tˆ

t1

o(1)e8f (Q)τ dτ,

which implies that δ(t) → 0 as t → ∞ by applying the L’Hospital’s rule on the second term on 
the right hand side. This in turn implies that

F2 = (1 + o(1))V |B|2

as required.
It remains to show that for any given T > 0, there always exists a time t1 > T such that 

V (t1)|B(t1)|2 ≥ F̂2(t1).
However, assuming that V |B|2 ≤ F̂2 for all sufficiently large t , we have

d

dt
F2 ≤ −8f (Q)F̂2 + o(1)F2 ≤ (−8f (Q) + o(1))F2.

Therefore, we conclude that

d

dt
F2 ≤ −4f (Q)F2.

Then, it follows that

F2(t) ≤ Ce−4f (Q)t

for some constant C > 0 and all t ≥ 0.
But then for any r0 > 0 and any x ∈ S2, we can estimate

∣∣∣∣ d

dt
Vol(Br0(x), g)

∣∣∣∣= 2

∣∣∣∣∣∣∣
ˆ

S2

utdμg

∣∣∣∣∣∣∣≤ C‖ut‖L2(S2,g) ≤ C(V )e−2f (Q)t ,

where Br (x) = Br (x, gS2), and we find that, since f (Q) > 0 and is independent of t ,
0 0
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Vol(Br0(x), g) ≤ Vol(Br0(x), g(t1)) + Ce−C1t <
π

f (Q)

uniformly for t ≥ t1 if we first choose sufficiently large t1 ≥ 0 and the r0 > 0 sufficiently small. 
However, from Theorem 6.4 we infer that for the accumulation point Q of Q(t) and any r0 > 0,

Vol(Br0(Q),g) → 4π

f (Q)

as t → ∞. This contradiction proves the claim, and hence one completes the proof of 
Lemma. �

Recall that

S(t) =
´
S2 xdμg´
S2 dμg

=
´
S2 ϕdμh´
S2 dμh

.

Then it follows from Theorem 6.4 that h(t) → e2v∞gS2 in H 2(S2) and |S(t)| → 1 in L2(S2) as 
t → ∞. This implies that the shadow flow of S, defined by

�(t) :=
 

S2

ϕ(t)dμS2

approximates to Q(t) in L2(S2) sense.
For convenience in later argument, we extend f (sx) = f (x) for 0 < s < 1, x ∈ S2.

Lemma 7.4. With a uniform constant C > 0, there holds

‖v − ṽ∞(t)‖H 2(S2) ≤ C(F
1
2

2 + ∥∥fϕ − f (�)
∥∥

L2(S2)
),

where ṽ∞(t) = log
ffl
S2 e2udμS2/2.

Proof. First notice that as t → ∞,

‖v − ṽ∞(t)‖H 2(S2) ≤ ‖v − v∞‖H 2(S2) + ‖v∞ − ṽ∞(t)‖H 2(S2) → 0

by virtue of Theorem 6.4. Expanding

e2(v−ṽ∞(t)) − 1 =
∞∑
i=0

V iϕi and v − ṽ∞(t) =
∞∑
i=0

viϕi .

By (2.4) we have

V 0 =
 

2

(e2(v−ṽ∞(t)) − 1)dμS2 = 0,
S
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as well as V i = 0, 1 ≤ i ≤ 3 by the normalization (4.1). Moreover, by Taylor expansion,

V i =
 

S2

(e2(v−ṽ∞(t) − 1)ϕidμS2

=2
 

S2

(v − ṽ∞(t))ϕidμS2 + O(‖v − ṽ∞(t)‖2
L∞(S2)

)

=2vi + o(1)‖v − ṽ∞(t)‖H 2(S2).

Thus V i = 0 implies that

|vi | = o(1)‖v − ṽ∞(t)‖H 2(S2) , 0 ≤ i ≤ 3. (7.5)

Rewrite the Gaussian curvature equation as

−�S2v = Khe
2v − 1 = (Kh − αfϕ)e2v + α(fϕ − f (�))e2v + (α − 1)f (�)e2v + f (�)e2v − 1.

This, together with the fact that |α − 1| ≤ CF
1/2
2 , implies that

∥∥�S2v
∥∥2

L2(S2)
≤ C(

∥∥Kh − αfϕ

∥∥2
L2(S2,h)

+ ∥∥fϕ − f (�)
∥∥2

L2(S2)
) + 2

ˆ

S2

(f (�)e2v − 1)2dμS2 .

On the one hand, we notice that

f (�)e2v − 1

=f (�)e2ṽ∞(t)(e2(v−ṽ∞(t)) − 1) + f (�)e2ṽ∞(t) −
 

S2

fϕe2vdμS2

=f (�)e2ṽ∞(t)(e2(v−ṽ∞(t)) − 1) +
 

S2

f (�)(e2ṽ∞(t) − e2v)dμS2 +
 

S2

(f (�) − fϕ)e2vdμS2 .

It follows from this, with the help of Hölder’s inequality, the following estimate holds true

 

S2

(f (�)e2v − 1)2dμS2

≤3f (�)2e4ṽ∞(t)

 

S2

(e2(v−ṽ∞(t)) − 1)2dμS2 + 3f 2(�)e4ṽ∞(t)

⎛
⎜⎝ 
S2

(1 − e2(v−ṽ∞(t)))dμS2

⎞
⎟⎠

2

+ 3

⎛
⎜⎝ 

2

(f (�) − fϕ)e2vdμS2

⎞
⎟⎠

2

S
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≤6f (�)2e4ṽ∞(t)

 

S2

(e2(v−ṽ∞(t)) − 1)2dμS2 + C
∥∥f (�) − fϕ

∥∥2
L2(S2)

.

Next the inequality

∥∥∥e2(v−ṽ∞(t)) − 1
∥∥∥2

L2(S2)
≤ (4 + o(1))‖v − ṽ∞(t)‖2

L2(S2)

can be used to bound

∥∥�S2v
∥∥2

L2(S2)
≤ C(

∥∥αfϕ−Kh

∥∥2
L2(S2,h)

+∥∥fϕ −f (�)
∥∥2

L2(S2)
)+ (24+o(1))‖v − ṽ∞(t)‖2

L2(S2)
.

(7.6)
On the other hand, by the estimate (7.5), noticing that the zero eigenvalue λ0 = 0, we have

∥∥�S2v
∥∥2

L2(S2)
=

∞∑
i=1

λ2
i |vi |2 ≥ λ2

4‖v − ṽ∞(t)‖2
L2(S2)

+ o(1)‖v − ṽ∞(t)‖2
H 2(S2)

.

Since 24 < λ2
4 = 36, for sufficiently large t > 0 we can absorb the last term on the right hand 

side of Eq. (7.6) into the left hand side, and thus obtain

‖v − ṽ∞(t)‖H 2(S2) ≤C(
∥∥�S2v

∥∥
L2(S2)

+ ‖v − ṽ∞(t)‖L2(S2))

≤C(
∥∥αfϕ − Kh

∥∥
L2(S2)

+ ∥∥fϕ − f (�)
∥∥

L2(S2)
)

as precisely we claimed. �
Now we expand the vector b in terms of the order of λ. In fact, we have the following lemma.

Lemma 7.5. With error o(1) → 0 as t → ∞, for some uniform constants A1, A2 > 0, there hold

b−(b · P)P = A1
α

V

1

λ
∇f (P ) + O(

logλ

λ2 ),

b · P = − A2
α

V

logλ

λ2 (�S2f (P ) + O(|∇f (P )|2S2) + o(1)).

Proof. Using Eq. −�S2x = 2x and an integration by parts, we rewrite

2b = 2V −1
ˆ

S2

x(αfϕ − Kh)dμh = −V −1
ˆ

S2

�S2x(αfϕ − Kh)dμh

= V −1
ˆ

S2

〈∇x,∇(αfϕ − Kh)〉S2 dμh + R1

with error
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R1 = 2V −1
ˆ

S2

〈∇x,∇(v − ṽ∞(t))〉S2 (αfϕ − Kh)e
2vdμS2

bounded by

|R1| ≤ C ‖v − ṽ∞(t)‖H 1(S2)

∥∥αfϕ − Kh

∥∥
L2(S2,h)

.

Apply the Kazdan-Warner condition to obtain

2b = αV −1
ˆ

S2

〈∇x,∇fϕ〉S2 dμS2 + R1 + R2,

where

R2 =αV −1
ˆ

S2

〈∇x,∇fϕ

〉
S2 (e2v − e2ṽ∞(t))dμS2

=2αV −1
ˆ

S2

x(fϕ − f (�))(e2v − e2ṽ∞(t))dμS2

− 2αV −1
ˆ

S2

〈∇x,∇v〉S2 (fϕ − f (�))dμh,

which can be controlled as follows

|R2| ≤ C(‖v − ṽ∞(t)‖L∞(S2) + ‖v − ṽ∞(t)‖H 1(S2))
∥∥fϕ − f (�)

∥∥
L2(S2)

≤ C ‖v − ṽ∞(t)‖H 2(S2)

∥∥fϕ − f (�)
∥∥

L2(S2)
.

Thus, with R(b) = (R1 + R2)/2, we have

b = αV −1
ˆ

S2

x(fϕ(x) − f (P ))dμS2 + R(b). (7.7)

By Lemmas 7.3 and 7.4, we obtain

|R(b)| ≤ C(F2 + ∥∥fϕ − f (�)
∥∥2

L2(S2)
).

For computation, we have to choose the local parametrization of S2. To do so, we take e3 = P

and e1, e2 are two orthogonal unit vectors in R3 which are both perpendicular to the e3 and write 
x = x1e1 +x2e2 +x3e3. Clearly x3 = x ·P . Let (y1, y2) be the local coordinates of R2. Through 
stereographic projection π : S2 → R2, we have the natural parametrization of S2:

x1 = 2y1

2 , x2 = 2y2

2 , x3 = 1 − |y|2
2 .
1 + |y| 1 + |y| 1 + |y|
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Let D := {y ∈ R2; |y| ≤ C1} for some small constant C1 > 0. We take the Taylor expansion 
of f around P in this coordinate system

f (y) = f (y1, y2) = f (P ) +
2∑

i=1

∂f

∂yi
(P )yi + 1

2

2∑
i,j=1

∂2f

∂yi∂yj
(P )yiyj + o(

2∑
i=1

|yi |2).

Denote the plane set {y ∈ R2; |y| ≤ λC1} by Dλ. Then it follows that π ◦ φP,λ ◦ π−1(Dλ) =
D. Therefore, observing that, in this coordinate system, the area element is given by dA(y) =

4
(1+|y|2)2 dy, we have

ˆ

Dc
λ

4

(1 + |y|2)2 dy = 8π

∞̂

λC1

r

(1 + r2)2 dr = 4πC2
1

1 + λ2C2
1

= O(
1

λ2 )

as t → ∞.
Notice that, again in terms of the coordinates (y1, y2), ϕP,λ can be written as

ϕP,λ(π
−1(y)) =

(
2λy1

λ2 + |y|2 ,
2λy2

λ2 + |y|2 ,
λ2 − |y|2
λ2 + |y|2

)
.

By π(x1, x2, x3) = ( x1

1+x3 , x2

1+x3 ), one also has

f ◦ ϕP,λ(π
−1(y)) = f (

y1

λ
,
y2

λ
).

A direct computation yields that, by definition of �,

�(t) =
(

1 − 4λ2

(1 − λ2)2 logλ + 2

λ2 − 1

)
P = (1 − 4 logλ

λ2 + O(
1

λ2 ))P . (7.8)

Thus, by our convention, we have f (�) = f (P ).
Now in local coordinates, we can write the key part in the expression b as

ˆ

S2

(f (ϕP,λ(x)) − f (P ))xdμS2

=
ˆ

Dλ

(f (ϕP,λ(π
−1(y)) − f (P ))x(y)dA(y) + O(

1

λ2 )

=
ˆ

Dλ

⎡
⎣ 2∑

j=1

∂f

∂yj
(P )

yj

λ
+ 1

2

2∑
i,j=1

∂2f

∂yi∂yj
(P )

yi

λ

yj

λ

⎤
⎦x(y)dA(y) + Eλ + O(

1

λ2 ),

where, by smoothness of the function f ,
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|Eλ| = O(

ˆ

Dλ

∣∣∣y
λ

∣∣∣3 dA(y)) = O(
1

λ2 ).

By rotational symmetry, if 1 ≤ i �= j ≤ 3,

ˆ

Dλ

yixj (y)dA(y) = 0.

It follows from this, for i = 1, 2

1

λ

ˆ

Dλ

2(yi)2

1 + |y|2 dA(y) = 2π

λ
+ O(

1

λ2 ).

Moreover, by rotational symmetry and direct computation we have

1

λ2

ˆ

Dλ

yjylxi(y)dA(y) =
⎧⎨
⎩

0, 1 ≤ i, j, l ≤ 2,

0, i = 3, j �= l,

− 4π logλ

λ2 + O( 1
λ2 ), i = 3,1 ≤ j = l ≤ 2,

where we only need to check

ˆ

Dλ

x3(y)(yj )2dA(y)

=
ˆ

Dλ

(1 − |y|2)(yj )2

(1 + |y|2) dA(y)

=2π

C2
1λ2ˆ

0

r(1 − r)

(1 + r)3 dr

= − 4π logλ + O(1).

Therefore, we have obtained

b = αV −1[2π

λ
∇f (P ) − π

2
(�S2f )(P )

logλ

λ2 P ] + CR(b) + O(
1

λ2 ). (7.9)

With A1 = 2π and A2 = π/2, the leading terms in our claim hold true. Now we have to deal 
with the error terms. To see this, observe that

∥∥fϕ − f (�)
∥∥2

L2(S2)
= C

λ2 |∇f |2S2(P )

ˆ

R2

2∑
i=1

(yi)2dA(y) + C|∇f |2S2(P )|� − P |2 + O(
1

λ2 )

= C|∇f |2S2(P )
logλ

2 + O(
1
2 ) (7.10)
λ λ
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where we have used the estimate (7.8), and notice that F2 = 3(1 +o(1))V |b|2, thus, by Eq. (7.7),

|b|2 =|b − (b · P)P |2 + (b · P)2

=C|R(b)|2 + C|∇f |2S2(P )
1

λ2 +
(πα

2V

)2
(�S2f (P ))2(

(logλ)2

λ4 + O(
1

λ4 ))

=C|b|4 +
(πα

2V

)2 [(�S2f (P ))2 + O(1)|∇f |2S2(P ) + o(1)]( (logλ)2

λ4 + O(
1

λ4 )).

Now since |b|2 → 0 as t → ∞, if t is large enough, then we have C|b|2 ≤ 1
2 . Thus we con-

clude that

|b|2 = 1

2

(πα

V

)2 [(�S2f (P ))2 + O(1)(|∇f |2S2(P ))2]( (logλ)2

λ4 + O(
1

λ4 )).

This implies that |R(b)| = O(λ−2 logλ). Thus our claim holds. This completes the proof. �
The more precise estimate on the shadow flow is needed.

Lemma 7.6. With o(1) → 0 as t → ∞, we have

(1 − |�|2) = 2(4 + o(1))
logλ

λ2 ,

and ∣∣∣∣ d

dt
(1 − |�|2)

∣∣∣∣≤ C(
logλ

λ2 )2.

Proof. First equation is easy: in fact, by Eq. (7.8), we have

1 − |�|2 = 2(4 + o(1))
logλ

λ2 .

To get the second estimate, remember P · dP
dt

= 0. Thus it easily follows from the estimate 
(7.8) that

d

dt
(1 − |�|2) = −2� · d�

dt
= −16

λt

λ
(
logλ

λ2 + O(
1

λ2 )) (7.11)

Then we recall the equation just before the estimate (4.9):

λt

λ
P + λ2 − 1

2λ

dP

dt
= 2

⎛
⎜⎝I − (

ˆ

S2

xixjV −1e2vdμS2)

⎞
⎟⎠

−1

b.

As we have noticed before, the inverse matrix 
(
V I − (

´
S2 xixj e2vdμS2)

)−1
is uniformly 

bounded.
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Therefore, using 0 = 〈P, dP
dt

〉 and the estimates in Lemma 7.5, we have

∣∣∣∣λt

λ

∣∣∣∣≤ 2|
⎛
⎜⎝I − (

ˆ

S2

xixjV −1e2vdμS2)

⎞
⎟⎠

−1

b|

≤C
logλ

λ2 (|�S2f (�)| + O(1)|∇f (�)|2S2 + o(1)).

Inserting it into the identity (7.11), the second estimate follows easily. This completes the 
proof. �

The main purpose of the current section is to show the following lemma which will be useful 
in the next section for Moser theory argument.

Lemma 7.7. The metric g(t) concentrates at one of the critical points Q of f with �S2f (Q) ≤ 0
as t → ∞. Furthermore, the energy converges to a constant − logf (Q), that is, we have, as 
t → ∞,

Ef [u(t)] → − logf (Q).

Proof. By Lemma 7.6, we have

∣∣∣∣ d

dt
(1 − |�|2)

∣∣∣∣≤ C(1 − |�|2)2

Then for t > t0 with t0 sufficiently large,

1 − |�(t)|2 ≥ C0

1 + t

with some uniform constant C0 > 0.
By the first identity on Lemma 7.6, above estimate also implies

logλ

λ2 ≥ C0

1 + t
.

This implies that

1

λ2 ≤ C1

t log t
. (7.12)

Recall that Eq. (7.8) implies that the radial projection of � on S2 is just P . Thus we have

df (�(t))

dt
=df (P (t))

dt

= 1 〈∇f (P (t)),
d� 〉
|�| dt
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=〈∇f (P (t)),
dP

dt
〉.

Take a look again at the equation just before the estimate (4.9). We simply rewrite it as the 
following:

λ2 − 1

2λ

dP

dt
= 2(I − 	1)

−1b − 2([(I − 	1)
−1b] · P)P, (7.13)

where, on the right hand side, 	1 = V −1	. Let us define 	2 = 3
2

´
S2 x · x�(V −1e2v −

(4π)−1)dμS2 , where x has been considered as a column vector so that x · xT is a 3 by 3 matrix. 
Then we have the relation 2

3(I − 	2) = I − 	1.
Notice that (I − 	1)

−1 = 3
2 (I + (I − 	2)

−1	2), we obtain

λ2 − 1

2λ

dP

dt
= 3(b − (b · P)P ) + 3(I − 	2)

−1	2b − 3([(I − 	2)
−1	2b] · P)P.

Now apply Lemma 7.5 to get

df (�(t))

dt
= 6A1α

f (P )V (λ2 − 1)
|∇f (P )|2S2 + o(

1

λ2 ).

In this estimate, we have observed that first error term in b − (b · P)P is o(1) since the error 
term is of order λ−2 logλ while the order of dP

dt
is 1

λ
. For reminder terms, we simply notice that 

|	2b| ≤ C‖v − ṽ∞‖H 2(S2)|b|. Now |b| has order λ−2 logλ while ‖v − ṽ∞‖H 2(S2) has the same 
order, hence above equation follows.

Since the integral of (t log t)−1 is divergent, the flow {�(t); t ≥ 0} accumulates at a critical 
point Q of f .

Once we have known that Q is a critical point of f , then Eq. (7.10) implies that ‖fϕ −
f (�)‖2

L2(S2)
= o(1)λ−2 logλ. Note that |b|2 = o(1)λ−2 logλ. Thus we conclude that the re-

mainder term in Eq. (7.9) is o(1)λ−2 logλ. This implies that

b · P = −A2
α logλ

V λ2 (�S2f (Q) + o(1)).

Thus, with the help of equation just before the estimate (4.9), we have

λt

λ
=λt

λ
P · P

=[2
⎛
⎜⎝I − (

ˆ

S2

xixjV −1e2vdμS2)

⎞
⎟⎠

−1

b] · P

=2[(I − 	1))
−1 b] · P

=3[(I − 	2))
−1 b] · P

=3[b + (I − 	2))
−1 	2b] · P.
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As before the last term here is o(1)λ−2 logλ, put into Eq. (7.11) to get

d

dt
(1 − |�|2) = − 16

λt

λ
(
logλ

λ2 + o(1)
1

λ2 )

=48A2
α

V
(
logλ

λ2 )2[(�S2f )(Q) + o(1)][1 + o(1)].

It follows from this, if �S2f (Q) > 0, then for t sufficiently large, we have

d

dt

(
1 − |�|2

)
> 0

for sufficiently large t , contradicting the fact that |�(t)| → 1 as t → ∞. This implies that 
�S2f (Q) ≤ 0. Moreover, by Theorem 6.4 and conformal invariance of E[u], as t → ∞ we 
obtain

E[u(t)] = E[v(t)] → 2v∞ = − logf (Q)

as desired. �
8. Existence of conformal metrics

Given u0 ∈ C∞∗ := {u ∈ C∞(S2); fflS2 f e2udμS2 = 1}, let u(t, u0) be the solution of the flow 
(2.2) with an initial datum u(0) = u0, where t ≥ 0. For P ∈ S2, 1 < λ < ∞, we denote by ϕP,λ

the conformal transformation on S2. As we have seen before that ϕP,λ converges weakly in 
H 1(S2) to P as λ → ∞. Define a map

S2 × (0,∞) � (P,λ) �→ uP,λ = 1

2
log det(dϕP,λ).

If we set gP,λ = ϕ∗
P,λ(gS2) = e2uP,λgS2 , then

dμgP,λ
= e2uP,λdμS2 ⇀ 4πδ−P ,

in the sense of measures as λ → ∞. For convenience, we define

Ef [u] := E[u] − log
 

S2

f e2udμS2 .

Remark 8.1. We give a way to construct the set C∞∗ of initial data. To this end, let P be a 
maximum point of f with f (P ) > 0 and

u−P,λ = 1

2
log det dϕ−P,λ for all λ � 1.

Then we select aP,λ ∈R such that
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e2aP,λ

ˆ

S2

f ◦ ϕ−P,λdμS2 = 4π.

Now we choose

u0 = u−P,λ + aP,λ,

then it is not hard to show that u0 ∈ C∞∗ .

For β ∈R, denote by

Lβ = {u ∈ C∞∗ ;Ef [u] ≤ β}
the sublevel sets of Ef [u]. We label critical points Q1, Q2, · · · , Qn of f with positive criti-
cal values f (Qi) > 0 in the way that f (Qi) ≤ f (Qj ) for 1 ≤ i ≤ j ≤ n. For each 1 ≤ i ≤ n, 
there holds βi = − logf (Qi) = limλ→∞ Ef [u−Qi,λ]. For the notational convenience only, in 
the followings, we assume that all critical values f (Qi), 1 ≤ i ≤ n are distinct, then there exists 
a positive constant ν0 such that βi − ν0 > βi+1 for all 1 ≤ i ≤ n − 1.

Proposition 8.2. Let ind(f, Qi) denote the Morse index of f at Qi , then

(i.) For any β0 > β1 the set Lβ0 is contractible.
(ii.) For any 0 < ν ≤ ν0 the set Lβi−ν is homotopy equivalent to the set Lβi+1+ν .

(iii.) For each critical point Qi of f with �S2f (Qi) > 0 the set Lβi+ν0 is homotopy equivalent 
to the set Lβi−ν0 .

(iv.) For each point Qi of f with �S2f (Qi) < 0 the set Lβi+ν0 is homotopy equivalent to the 
set Lβi−ν0 with a sphere of dimension 2 − ind(f, Qi) attached.

Assuming Proposition 8.2 holds true, we are now in a position to establish our main theorem.

Proof of Theorem 1.1. Suppose f cannot be realized as the Gaussian curvature of a conformal 
metric of gS2 . As we shall explain, the flow (2.2) then may be useful to show that for suitably 
large β0, the set Lβ0 is contractible. Moreover, the flow defines a homotopy equivalence of a set 
N0 with N∞ whose homotopy type is that of a point {Q0} with cells of dimension 2 − ind(f, Q)

attached for every critical point Q of f on S2 such that �S2f (Q) < 0 and f (Q) > 0. We then, 
by standard Moser theory (see [7, Theorem 4.3 on p.36]), obtain the identity

2∑
i=0

t imi = 1 + (1 + t)

2∑
i=0

t iki ,

where

mi = �{Q ∈ S2;f (Q) > 0,∇f (Q) = 0,�S2f (Q) < 0, ind(f,Q) = 2 − i}.
Equating the coefficients in the polynomial on the left and right hand side we obtain a contradic-
tion with condition (c) by observation that m0 = p, m1 = q . This finishes the proof of our main 
theorem. �
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Due to the length of the proof of Proposition 8.2, we divide the proof into several lemmas. 
First lemma settles the case (i.) in the Proposition 8.2..

Lemma 8.3. For any β0 > β1, the sub-level set Lβ0 is contractible.

Proof. Fix β0 > β1 = − logf (Q1), u0 ∈ Lβ0 , let

H(s,u0) = 1

2
log

(
(1 − s)e2u0 + sffl

S2 f dμS2

)
, s ∈ [0,1],

which implies that 
ffl
S2 f e2H(s,u0)dμS2 = 1, then H(s, u0) ∈ C∞∗ , that is, the map H de-

fines a contraction of Lβ0 within C∞∗ . Notice that u(t, H(s, u0)) ∈ C∞∗ for any t ≥ 0 and 
Ef [u(t, H(s, u0))] → − logf (Qi) as t → ∞ by virtue of Lemma 7.7, then there exists a mini-
mal T (s, u0) ≥ 0 such that

Ef [u(T (s, u0),H(s,u0))] ≤ β0.

By Lemma 2.1 we conclude that T (s, u0) continuously depends on u0 and s. Hence, the follow-
ing map

(s, u0) �→ u(T (s, u0),H(s,u0))

yields the desired contradiction within Lβ0 . This completes the argument. �
Next lemma deals with the second part of Proposition 8.2.

Lemma 8.4. For any 0 < ν ≤ ν0 the set Lβi−ν is homotopy equivalent to the set Lβi+1+ν .

Proof. Given 0 < ν ≤ ν0, we claim that there exists T > 0 such that u(T , Lβi−ν) ⊂ Lβi+1+ν . By 
negation, there exist Tl → ∞ and ul ∈ Lβi−ν such that

Ef [u(Tl, ul)] > βi+1 + ν for all l ∈ N.

By Lemma 5.1, there exist tl ∈ [Tl/2, Tl] such that

ˆ

S2

(α(tl)f − Kl)
2dμgl

→ 0 as l → ∞,

where gl = e2u(tl ,ul )gS2 and Kl is the Gaussian curvature of gl . For l � 1 the metric gl will 
concentrate at the points Q(tl, ul) ∈ S2 and

Ef [u(tl, ul)] + logf (Q(tl, ul) → 0 as l → ∞.

Up to a subsequence, we may assume Q = liml→∞ Q(tl, ul) with f (Q) > 0 and conclude that

Ef [u(tl, ul)] → − logf (Q) as l → ∞.
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Since Ef [ul] ≤ βi − ν and Lemma 2.1, we have Q = Qi0 for some i0 > i

Ef [u(Tl, ul)] ≤ Ef [u(tl, ul)] ≤ βi+1 + ν

for large l. This yields a contradiction.
For u0 ∈ Lβi−ν , let

T (u0) = inf{t ≥ 0;Ef [u(t, u0)] ≤ βi+1 + ν} ≤ T .

As in Lemma 8.3, T (u0) continuously depends on u0. The map

(t, u0) �→ u(min{t, T (u0)}, u0)

yields the desired homotopy equivalence. �
In order to handle third and fourth parts, we have to do some technical preparation.

Lemma 8.5. With a uniform constant C > 0, there holds

∥∥v̂∥∥2
H 1(S2)

≤ CE[v̂]

for all v̂ ∈ H 2(S2) satisfying

 

S2

e2v̂dμS2 = 1 and
 

S2

xe2v̂dμS2 = 0,

provided that ‖v̂‖H 1(S2) is sufficiently small.

Proof. By spectrum decomposition for e2v̂ − 1 and v, one has

e2v̂ − 1 =
∞∑
i=0

V iϕi , v̂ =
∞∑
i=0

viϕi .

Take the Taylor expansion on e2v̂ − 1 to get the relation between V i and vi as follows:

V i = 2vi + O(
∥∥v̂∥∥2

H 1(S2)
) for all i ∈ N.

It follows that |vi |2 = o(
∥∥v̂∥∥2

H 1(S2)
) for 0 ≤ i ≤ 3. Thus, we obtain

E[v̂] =
 

S2

(|∇v̂|2S2 + 2v̂)dμS2

=
 

2

[|∇v̂|2S2 + e2v̂ − 1 − 2v̂2 + O(|v̂|3)]dμS2
S
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=
∞∑
i=0

(λi − 2)|vi |2 + o(
∥∥v̂∥∥2

H 1(S2)
)

≥λ4 − 2

λ4 + 1

∑
i≥0

(λi + 1)|vi |2 + o(
∥∥v̂∥∥2

H 1(S2)
)

≥C
∥∥v̂∥∥2

H 1(S2)
,

where we have used the estimateˆ

S2

|v̂|3dμS2 ≤ ‖v̂‖2
L4(S2)

‖v̂‖L2(S2) ≤ C‖v̂‖2
H 1(S2)

‖v̂‖2
L2(S2)

= o(1)‖v̂‖2
H 1(S2)

by Hölder’s inequality and Sobolev inequality (A.1). �
Before we state the next Lemma, we set some notations first.
For simplicity, we set v̂ = v − ṽ∞ with ṽ∞ = (log

ffl
S2 e2vdμS2)/2, θ = s

√| log s| for any 
s ∈R+, and we define

Br0(Qi) :=
{
u ∈ C∞∗ ; g = e2ugS2 induces a normalized metric

h = ϕ∗−P,sg = e2vgS2 for some P ∈ S2 and 0 < s ≤ e−1

such that ‖v̂‖2
H 1(S2)

+ |P − Qi |2 + θ2 < r2
0

}

for r0 ∈R+, 1 ≤ i ≤ n and s = λ−1.
For convenience, we use (θ, P, v̂) as coordinates for u ∈ Br0(Qi). Since all critical points of 

f by assumption are non-degenerate, the Morse lemma shows that there exist local coordinates 
such that P = P + + P − on TP (S2) near Qi = 0, and, by Morse coordinates, near Qi ,

f (P ) = f (Qi) + |P +|2 − |P −|2.
Now we state our next technical lemma which mainly concerns with the expansions of in-

volved quantities in terms of the coordinates (θ, P, v̂).

Lemma 8.6. Let u = (θ, P, v̂) ∈ Br0(Qi) for some 1 ≤ i ≤ n and sufficiently small r0 > 0, then

(a)

A :=
 

S2

f ◦ ϕ−P,se
2v̂dμS2 = f (P ) + 2θ2�S2f (P ) + o(1)(θ2 + θ

∥∥v̂∥∥
H 1(S2)

).

(b) ∣∣∣∂θEf [u] + 4A−1θ�S2f (P )

∣∣∣= o(1)(θ + ∥∥v̂∥∥
H 1(S2)

).

(c) For any q ∈ TPS2, there holds∣∣∣∂P Ef [u] · q + A−1df (P ) · q
∣∣∣≤ Cθ(θ + ‖v̂‖H 1(S2))|q|.
226



X. Chen, M. Li, Z. Li et al. Journal of Differential Equations 294 (2021) 178–250
(d) Denoting by 〈·, ·〉 the duality pairing of H 1(S2) with its dual space H−1(S2). Then there 
exists a uniform constant c0 > 0 such that

〈∂v̂Ef [u], v̂〉 ≥ c0
∥∥v̂∥∥2

H 1(S2)
− o(1)θ

∥∥v̂∥∥
H 1(S2)

,

with o(1) → 0 as r0 → 0.

Proof. Step (a): Since 
ffl
S2 e2v̂dμS2 = 1, we have

A = f (P ) +
 

S2

(f ◦ ϕ−P,s − f (P ))dμS2 + I,

where

I =
 

S2

(f ◦ ϕ−P,s − f (P ))(e2v̂ − 1)dμS2 .

In Bs−1(0), the Taylor expansion in local coordinates around P gives

f ◦ ϕ−P,s − f (P ) = sdf (P )z + s2

2
∇df (P )(z, z) + O(s3|z3|). (8.1)

With the above expansion, we estimate

 

S2

(f ◦ ϕ−P,s − f (P ))dμS2 = −s2| log s|�S2f (P ) + O(s2) = θ2�S2f (P ) + o(1)θ2

and the error term

|I | ≤ ∥∥f ◦ ϕ−P,s − f (P )
∥∥

L2(S2)

∥∥∥e2v̂ − 1
∥∥∥

L2(S2)

≤ C(s
√| log s||∇f (P )|S2 + s)

∥∥v̂∥∥
H 1(S2)

≤ C

(
|P − Qi | + 1√| log s|

)
θ
∥∥v̂∥∥

H 1(S2)

= o(1)θ
∥∥v̂∥∥

H 1(S2)
,

where the second inequality follows from

 

S2

(e2v̂ − 1)2dμS2 =
 

S2

(e4v̂ − 1)dμS2 ≤ exp

⎧⎪⎨
⎪⎩4

 

S2

(|∇v̂|2S2 + v̂)dμS2

⎫⎪⎬
⎪⎭− 1

≤e
c1
∥∥v̂∥∥2

H1(S2) − 1 ≤ C
∥∥v̂∥∥2

H 1(S2)
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by virtue of Onofri-Moser-Trudinger’s inequality. Therefore, the first assertion follows by col-
lecting the above estimates together.

Step (b): Using

Ef [u] = E[v̂] − log
 

S2

f ◦ ϕ−P,se
2v̂dμS2 ,

we compute

∂θEf [u] = − 1

A

∂A

∂θ

and

∂A

∂θ
= ds

dθ

⎡
⎢⎣ 
S2

∂s(f ◦ ϕ−P,s)dμS2 +
 

S2

∂s(f ◦ ϕ−P,s)(e
2v̂ − 1)dμS2

⎤
⎥⎦

:= ds

dθ
(II1 + II2).

By relation θ2 = −s2 log s, we have

ds

dθ
= 2θ

−2s log s − s
= 2

√| log s|
2| log s| − 1

.

Eq. (8.1) yields

II1 =
 

S2

∂s(f ◦ ϕ−P,s)dμS2

= 1

4π

ˆ

B 1
s
(0)

[df (P )z + s∇df (P )(z, z) + O(s2|z|3)] 4dz

(1 + |z|2)2

+ O(1)

ˆ

Bc
1/s (0)

|z| dz

(1 + |z|2)2

=(�S2f )(P )s

1
sˆ

0

r3

(1 + r2)2 dr + O(s)

=s| log s|�S2f (P ) + O(s),

with the observation that, on the outside region Bc
1 (0), |∂sf (sz)| ≤ |z||∇f |(sz)| ≤ C|z|.

s
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Then, we have

ds

dθ
II1 = 2θ

2s| log s| − s
· s| log s|�S2f (P ) + O(1)

θ

2| log s| − 1

=θ�S2f (P ) + o(1)θ.

Notice that

|II2| ≤ C
∥∥∂s(f ◦ ϕ−P,s)

∥∥
L2(S2)

∥∥∥e2v̂ − 1
∥∥∥

L2(S2)
.

First with similar argument as in II1, we have

‖∂s(f ◦ ϕ−P,s)‖L2(S2) ≤ C(|P − Qi |
√| log s| + 1),

where we have used the fact that ∇f (Qi) = 0.
Thus, with the help of the estimate on v̂, we obtain

∣∣∣∣ ds

dθ

∣∣∣∣ · |II2| ≤ C(|P − Qi | + 1√| log s| )
∥∥v̂∥∥

H 1(S2)
= o(1)

∥∥v̂∥∥
H 1(S2)

.

Consequently, putting these facts together we obtain∣∣∣∂θEf [u] + 4A−1θ�S2f (P )

∣∣∣= o(1)(θ + ∥∥v̂∥∥
H 1(S2)

).

Step (c): For any q ∈ TPS2, we have

A ∂P Ef [u] · q + df (P ) · q

=
 

S2

(df (P ) − ∂P (f ◦ ϕ−P,s)) · qe2v̂dμS2

=
 

S2

(df (P ) − ∂P (f ◦ ϕ−P,s)) · qdμS2

+
 

S2

(df (P ) − ∂P (f ◦ ϕ−P,s)) · q(e2v̂ − 1)dμS2

:=III1 + III2.

By the expansion for f , i.e., Eq. (8.1) and rotational symmetry, we estimate

|III1| ≤ C

⎡
⎢⎢⎣

ˆ

B 1
s
(0)

s2|z|2 + O(s3|z|3)
(1 + |z|2)2 dz +

ˆ

Bc
1/s (0)

dz

(1 + |z|2)2

⎤
⎥⎥⎦ |q| ≤ Cs2| log s||q| ≤ Cθ2|q|
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and

|III2| ≤ C|q|∥∥df (P ) − ∂P (f ◦ ϕ−P,s)
∥∥

L2(S2)

∥∥∥e2v̂ − 1
∥∥∥

L2(S2)
≤ Cθ

∥∥v̂∥∥
H 1(S2)

|q|.

Hence the desired assertion follows from the above estimates.

Step (d): We decompose

〈∂v̂Ef [u], v̂〉 = 〈∂v̂E[v̂], v̂〉 − 2A−1
 

S2

f ◦ ϕ−P,s v̂e2v̂dμS2

= 2
 

S2

|∇v̂|2S2 dμS2 + 2
 

S2

v̂(1 − e2v̂)dμS2 − IV1 − IV2,

where

IV1 = 2A−1
 

S2

(f ◦ ϕ−P,s − f (P ))v̂e2v̂dμS2

and

IV2 = 2(A−1f (P ) − 1)

 

S2

v̂e2v̂dμS2 .

As in the proof of Lemma 7.4 we have

2
 

S2

|∇v̂|2S2 dμS2 + 2
 

S2

v̂(1 − e2v̂)dμS2

=2
 

S2

(|∇v̂|2S2 − 2v̂2)dμS2 + o(1)‖v̂‖2
H 1(S2)

≥2
λ4 − 2

λ4 + 1

∞∑
i=4

(λi + 1)|vi |2 + o(1)‖v̂‖2
H 1(S2)

=
(

8

7
+ o(1)

)
‖v̂‖2

H 1(S2)
.

By the expansion (8.1) and our Step (a), we can bound

|IV1| ≤ C
∥∥f ◦ ϕ−P,s − f (P )

∥∥
L2(S2)

‖v̂(e2v̂ − 1)‖L2(S2) ≤ Cθ
∥∥v̂∥∥2

H 1(S2)

and

|IV2| ≤ C|A − f (P )|
ˆ

2

|v̂|e2v̂dμS2 ≤ Cθ2
∥∥v̂∥∥

H 1(S2)
.

S
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Hence, we combine all above estimates to conclude the desired assertion. �
Before we start with the proof of Proposition 8.2 (iii.), we have to prepare some notations 

and formulas.
In the following we choose small enough r0, ν > 0 such that Br0(Qi) ⊂ Lβi+ν0 \ Lβi−ν0

and ν ≤ r3
0 < ν0. For any 1 ≤ i ≤ n and sufficiently large T > 0, it follows from ii. that 

u(T , Lβi+ν0) ⊂ Lβi+ν . Moreover, choosing a larger number T , if necessary, given any u0 ∈
Lβi+ν0 we have either u(T , u0) ∈ Lβi−ν or u(t, u0) ∈ Br0/2(Qi) for some t ∈ [0, T ].

Notice that

Ef [u] = Ef [u + c], c ∈R. (8.2)

For each u = (θ, P, v̂) ∈ Br0(Qi), by definition of Br0(Qi), (8.2) and conformal invariance of 
E[u] we have

Ef [u] = Ef ◦ϕ−P,s
[v̂] = E[v̂] + βi − J, (8.3)

where

J = log

(
1 + A − f (Qi)

f (Qi)

)
= A − f (Qi)

f (Qi)
+ O(|A − f (Qi)|2).

By Lemma 8.6 (a), we have

A − f (Qi) = A − f (P ) + f (P ) − f (Qi)

= 2θ2�S2f (P ) + |P +|2 − |P −|2 + o(1)(θ2 + θ
∥∥v̂∥∥

H 1(S2)
),

which implies that

J · f (Qi) = 2θ2�S2f (P ) + |P +|2 − |P −|2 + o(1)(θ2 + |P − Qi |2 + ∥∥v̂∥∥2
H 1(S2)

). (8.4)

With a uniform constant c1 > 0, Eq. (8.4), together with Lemma 8.5, yields

Ef [u] ≥ βi + c1
∥∥v̂∥∥2

H 1(S2)
− C(θ2 + |P − Qi |2).

Thus, for u ∈ Lβi+ν ∩ Br0(Qi) we have

‖v̂‖2
H 1(S2)

≤ C(θ2 + |P − Qi |2 + r3
0 ). (8.5)

On the other hand, with uniform constants c2, c3 > 0, Lemma 2.1, together with Lemma 7.5, 
yields

d

dt
Ef [u(t, u0)] ≤ − c2s

2(|∇f (P (t))|2S2 + s2| log s|2|�S2f (P )|2)
≤ − c3s

2(|P(t) − Qi |2 + θ2). (8.6)
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Hence, for u0 ∈ Br0(Qi) \ Br0/2(Qi), with a uniform constant c4 > 0 and Eq. (8.5), we have

|P − Qi |2 + θ2 ≥ c4r
2
0 . (8.7)

We now rescale time t by solving

dτ

dt
= min{1/2, s(t, u0)

2}, τ (0) = 0.

Keep in mind that s2 ≥ C1(t log t)−1 by virtue of the estimate (7.12), for t sufficiently large. This 
implies that τ(t) → ∞ as t → ∞. We denote by U(τ, u0) the flow u(t (τ ), u0) with an initial 
datum u0 ∈ C∞∗ . Then it follows from estimates (8.6) and (8.7) that with a uniform constant 
c5 > 0

d

dτ
Ef [U(τ,u0)] ≤ −c5r

2
0 for any u0 ∈ Br0(Qi) \ Br0/2(Qi). (8.8)

Therefore, we conclude that for any fixed r0, the length of time τ needed for the flow U(τ, u0) to 
travel out transversely the annular region Lβi+ν ∩ (Br0(Qi) \ Br0/2(Qi)) is uniformly positive. 
For sufficiently large T > 0 and sufficiently small ν > 0 we have

U(T ,Lβi+ν0) ⊂ Lβi−ν ∪ (B r0
2
(Qi) ∩ Lβi+ν).

We define

Tν(u0) := min{T , inf{τ ≥ 0;Ef [U(τ,u0)] ≤ βi − ν}}

which continuously depends on u0 as can be seen easily. Then the map (t, u0) �→ U(min{t,
Tν(u0)}, u0) defines a homotopy equivalence of Lβi+ν0 with a subset of Lβi−ν ∪ (Br0/2(Qi) ∩
Lβi+ν).

A simple but vital observation is that if u = (θ, P, v̂) ∈ Br0(Qi) with 
ffl
S2 f e2udμS2 > 0, and 

we define

‖u‖2 := θ2 + |P − Qi |2 + ‖v̂‖2
H 1(S2)

,

then ũ := u + c(u) ∈ C∞∗ satisfies ‖ũ‖ = ‖u‖, where c(u) = −(
ffl
S2 f e2udμS2)/2. To that end, it 

suffices to show that

v = u ◦ ϕ−P,s + 1

2
log det dϕ−P,s and v1 = v + c(v),

where v1 is the normalized conformal factor corresponding to ũ, then, together with the fact that 
the area of metric is also conformally invariant,
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v̂1 = v1 − 1

2
log

 

S2

e2v1 dμS2

= v + c(v) − 1

2
log

 

S2

e2(v+c(v))dμS2

= v − 1

2
log

 

S2

e2vdμS2 = v̂.

Indeed, ‖ · ‖ is invariant under any constant translation.
According to the sign of �S2f (Qi) we can proceed as follows.

Lemma 8.7. For each critical point Qi of f with �S2f (Qi) > 0 the set Lβi+ν0 is homotopy 
equivalent to the set Lβi−ν0 .

Proof. Suppose �S2f (Qi) > 0. For each u = (θ, P, v̂) ∈ Br0(Qi), we can choose r0 > 0 suffi-
ciently small such that

A = V −1
 

S2

f e2udμS2 =
 

S2

f ◦ ϕ−P,se
2v̂dμS2 > 0.

Let X(u) be a vector field defined as

X(u) = (1,0,0)

and G(u, r) solve the flow equation

d

dr
G(u, r) = X(G(u, r)), 0 ≤ r ≤ r0; G(u,0) = u.

Notice that G̃(u, r) = G(u, r) + c(G) ∈ C∞∗ and X is transversal to ∂Br0(Qi) such that 
G̃(u, r0) /∈ Br0(Qi), then there exists a first time 0 ≤ r = r(u) ≤ r0 such that G̃(u, r) /∈ Br0(Qi)

and the map u �→ r(u) is continuous. Defining H(u, r) := G̃(u, min{r, r(u)}) we obtain a homo-
topy

H : Br0(Qi) × [0, r0] → Br0(Qi)

such that

H(Br0(Qi), r0) ⊂ ∂Br0(Qi); H(·, r)|∂Br (Qi) = id, 0 ≤ r ≤ r0.

For brevity, we set ur = G(u, min{r, r(u)}) for 0 ≤ r ≤ r(u). Then by Eq. (8.2), Lemmas 8.3
and 8.4, we have
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d

dr
Ef [H(u, r)] = d

dr
Ef [ur ]

=dEf [ur ] · X(ur)

=∂θEf [ur ]
≤ − 4A−1θ�S2f (P ) + o(r0)

≤ − 4θf (P )−1�S2f (P ) + o(r0).

This implies that there exists a uniform constant c1 > 0 such that

Ef [H(u, r0)] ≤ Ef [u] − c1r
2
0 < βi − ν

for all u ∈ Br0
2
(Qi) ∩ Lβi+ν , provided that r0 > 0 is sufficiently small.

Composing H with the flow (t, u0) �→ U(min{t, Tν(u0)}, u0) we obtain a homotopy

K : Lβi+ν0 × [0,1] → Lβi+ν0

such that K(Lβi+ν0, 1) ⊂ Lβi−ν . Moreover, by our choice of r0 > 0, then for 0 ≤ r ≤ 1, the 
map K(·, r) will be the identity map on Lβi−ν0 . For each u0 ∈ Lβi−ν , set T0(u0) = inf{t ≥
0; Ef [u(t, u0)] ≤ βi − ν0}. Then T0(u0) are uniformly bounded and continuously depend on u0. 
This defines a desired homotopy equivalence. �

Then we just have one more claim left and restate it here.

Lemma 8.8. For each point Qi of f with �S2f (Qi) < 0 the set Lβi+ν0 is homotopy equivalent 
to the set Lβi−ν0 with a sphere of dimension 2 − ind(f, Qi) attached.

Proof. By Eqs. (8.3) and (8.4), we obtain

Ef [u] − βi ≥c1‖v̂‖2
H 1(S2)

− 2θ2f (Qi)
−1�S2f (P ) + f (Qi)

−1(|P −|2 − |P +|2)
+ o(1)(θ2 + |P − Qi |2 + ∥∥v̂∥∥2

H 1(S2)
),

where o(1) → 0 as r0 → 0.
Suppose �S2f (Qi) < 0. Then there exists a real number δ > 0 such that

θ2 + |P −|2 + ∥∥v̂∥∥2
H 1(S2)

<
r2

0

4
(8.9)

for any u = (θ, P, v̂) ∈ Br0(Qi) ∩ Lβi+ν with |P +| < 2δr0, provided that r0 > 0 and ν ≤ r3
0 are 

sufficiently small. Let η be a cut-off function given by

η(P ) =
(

1 − (|P +| − δr0)+
δr0

)
+

,

where a+ = max{a, 0} for a ∈R. For convenience, we fix some θ0 ∈ (0, r3) and define
0
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B+
ρ := {u ∈ Br0(Qi); θ = θ0,P

− = 0, |P +| < ρ, v̂ = 0}

for 0 < ρ < r0. For 0 ≤ r ≤ 1, u ∈ Br0(Qi), we define H0(u, r) := ũr = ur + c(ur) ∈ C∞∗ with

ur = (θr ,Pr , v̂r ) = (rηθ0 + (1 − rη)θ,P + + (1 − rη)P −, (1 − rη)v̂).

We claim that, with suitably small constants r0, δ > 0, H0 maps Br0(Qi) to itself. To that end, 
we have

‖ũr‖2 =‖ur‖2 = θ2
r + |Pr |2 + ∥∥v̂r

∥∥2
H 1(S2)

=r2η2θ2
0 + (1 − rη)2(θ2 + |P −|2 + ∥∥v̂∥∥2

H 1(S2)
) + |P +|2 + 2rηθ0(1 − rη)θ. (8.10)

If |P +| ≥ 2δr0, then η = 0 and Eq. (8.10) becomes

‖ũr‖2 = θ2 + |P −|2 + |P +|2 + ∥∥v̂∥∥2
H 1(S2)

< r2
0 .

If |P +| < 2δr0 and let s := rη ∈ [0, 1] for brevity, then by the inequality (8.9)

RHS of Eq. (8.10) <
r2

0

4
(1 − s)2 + s2θ2

0 + 4δ2r2
0 + 2s(1 − s)θθ0 := F(s).

We rewrite

F(s) =
(

r2
0

4
+ θ2

0 − 2θθ0

)
s2 +

(
2θθ0 − r2

0

2

)
s + r2

0

4
+ 4δ2r2

0

and again by the inequality (8.9)

r2
0

4
+ θ2

0 − 2θθ0 > θ2 + θ2
0 − 2θθ0 ≥ 0.

This implies that F(s) ≤ max{F(0), F(1)} with

F(0) = r2
0

4
+ 4δ2r2

0 < r2
0 ,

F (1) =θ2
0 + 4δ2r2

0 < r6
0 + 3

4
r2

0 < r2
0

by choosing r4
0 < 1/4 and δ2 < 3/16. Thus, the above claim follows.

Furthermore, H0 gives a homotopy

H0 : Br0(Qi) ∩ Lβi+ν × [0,1] → Br0(Qi),

where H0(·, 1) maps the set {u ∈ Br0(Qi) ∩Lβi+ν; |P +| < δr0} to the set B+
δr0

. Note that set B+
δr0

is diffeomorphic to a unit ball of dimension 2 − ind(f, Qi).
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By Eq. (8.2), we have

d

dr
Ef [H0(u, r)] = d

dr
Ef [ur ]

=η
(
∂θEf [ur ](θ0 − θ) − ∂P Ef [ur ] · P − − 〈∂v̂Ef [ur ], v̂〉) := ηD.

The estimates in Lemma 8.6 provide the following control on D:

D ≤Cθ0θ + 4f (P )−1θ2�S2f (P ) − 2f (P )−1|P −|2 − c0
∥∥v̂∥∥2

H 1(S2)

+ o(1)(θ2 + ∥∥v̂∥∥2
H 1(S2)

+ |P −|2 + θ2
0 ).

If r0 is sufficiently small, then the term D is negative whenever θ2 + ∥∥v̂∥∥2
H 1(S2)

+ |P −|2 ≥ r4
0 ; 

otherwise Ef [ur ] ≤ βi + Cr4
0 < βi + ν by virtue of Eqs. (8.3) and (8.4). Thus, for all r , H0(·, r)

maps the set Br0(Qi) ∩ Lβi+ν into itself. Finally, by (8.9) we have

H0(·, r)|∂Br0 (Qi)∩Lβi+ν
= id.

Now let X1(u) be a vector field defined as

X1(u) = (0,P +,0)

and G1(u, r) solve the flow equation

d

dr
G1(u, r) = X1(G1(u, r)), 0 ≤ r ≤ δ−1; G1(u,0) = u.

We set G̃1(u, r) = G1(u, r) + c(G1) ∈ C∞∗ . Notice that X1 is transversal to ∂Br0(Qi) within 
Lβi+ν . Moreover, for any u ∈ Br0(Qi) ∩ Lβi+ν with |P +| ≥ δr0 there holds G̃1(u, δ−1) /∈
Br0(Qi); hence there exists a first time 0 ≤ r = r1(u) ≤ δ−1 such that G̃1(u, r) /∈ Br0(Qi), 
and the map u �→ r1(u) is continuous. We extend this map continuously to the whole set 
Br0(Qi) ∩ Lβi+ν by letting r1(u) = δ−1 whenever G̃1(u, r) ∈ Br0(Qi) for all r ∈ [0, δ−1]. Let 
H1(u, r) = G̃1(u, min{r, r1(u)}) and ur = G1(u, min{r, r1(u)}), then with a uniform constant 
C6 > 0, Lemma 8.6 (c) shows

d

dr
Ef [H1(u, r)] = d

dr
Ef [ur ] = ∂P Ef [ur ] · P + ≤ −2|P +|2f (Qi)

−1 + Cr3
0 ≤ −c3r

2
0 ,

if |P +| > δr0. Hence we choose H to be the composition of H0 with H1, and for sufficiently 
small r0 > 0 obtain a homotopy H : Br0(Qi) ∩ Lβi+ν × [0, 1] → Br0(Qi) ∩ Lβi+ν such that

H(Br0(Qi) ∩ Lβi+ν,1) ⊂ B+
δr0

∪ (∂Br0(Qi) ∩ Lβi+ν)

and

H(·, r)|∂Br (P )∩Lβ +ν
= id, 0 ≤ r ≤ 1.
0 i i
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We compose H with U(T , ·) where T = T (u0) is defined in (ii.). Again by the estimate (8.8) we 
know that the length of time τ needed for the flow U(t, ·) to travel the annular region Lβi+ν ∩
Br0(Qi) \ Br0/2(Qi) is uniformly positive. Therefore, we conclude that for sufficiently small 
ν > 0 we have U(T , ∂Br0(Qi) ∩ Lβi+ν) ⊂ Lβi−ν . The remaining proof can be proceeded as in 
Lemma 8.7. �

Finally, our Proposition 8.2 follows from Lemmas 8.3, 8.4, 8.7 and 8.8. All in all, we have 
finished the whole program.

Appendix A. Short time existence

As a first step to this goal, for a given initial datum u0 and any constant κ > ‖u0‖H 2(S2) we 
define a set, for any T > 0, as follows

H :=
{
u(t, ·) ∈ L∞([0, T ],H 2(S2));u(0, ·) = u0(·) and ‖u‖L∞([0,T ],H 2(S2)) < κ

}
.

Now for any function u ∈ H , we also define two functions:

α(t) =
⎛
⎜⎝ˆ
S2

f 2e2udμS2

⎞
⎟⎠

−1 ˆ

S2

f (−�S2u + 1)dμS2

and

F = αf − e−2u.

Lemma A.1. F ∈ L∞([0, T ] , H 2(S2)).

Proof. As the first preparation, we check the boundedness of the function α(t) for any 0 < t < T .
On one hand, a simple Hölder’s inequality implies

⎛
⎜⎝ˆ
S2

f (−�S2u + 1)dμS2

⎞
⎟⎠

2

≤ 2

⎛
⎜⎝ˆ
S2

f �S2udμS2

⎞
⎟⎠

2

+ 2

⎛
⎜⎝ˆ
S2

f dμS2

⎞
⎟⎠

2

≤ 2

⎛
⎜⎝ˆ
S2

f 2dμS2

⎞
⎟⎠ [‖u‖2

H 2(S2)
+ 4π]

≤ C,

with C depending only on ‖f ‖L2(S2) and κ .
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On the other hand, due to the dimension restriction, u ∈ H forces the existence of a positive 
constant S0 such that ‖u‖L∞(S2) ≤ S0κ . Thus we clearly have

e2u ≥ e
−2‖u‖

L∞(S2) ≥ e−2S0κ

which makes us easily conclude that

ˆ

S2

f 2e2udμS2 ≥ e−2S0κ

ˆ

S2

f 2dμS2 .

The above two estimates, together with definition of α, yield

|α| ≤ C := C(‖f ‖L2(S2), κ)

Now, with f a given smooth function on S2, it is not hard to see that F ∈ L2(S2). With 
the same observation as above, namely, there exists a constant S0 > 0 such that, if u ∈ H , then 
max[0,T ]×S2 |u| ≤ S0κ .

Next, again due to the smoothness of f , α(t)�S2f ∈ L2(S2). Notice that �S2(e−2u) =
e−2u[−2�S2u + 4|∇u|2]. Since u ∈ H , the first term is in L2(S2). Now standard Sobolev in-
equality, note that n = 2, implies

[
ˆ

S2

(|∇u|2S2)
2dμS2] 1

2 ≤ K(n,1)

ˆ

S2

|∇|∇u|2|S2 dμS2 +
ˆ

S2

|∇u|2S2 dμS2

≤2K(n,1)

ˆ

S2

|∇u|S2 |∇|∇u||S2 dμS2 +
ˆ

S2

|∇u|2S2 dμS2

≤(2K(n,1) + 1)[
ˆ

S2

|∇u|2S2 dμS2 ] 1
2 ‖u‖H 2(S2).

Clearly this implies the second term in �S2(e−2u) is also in L2(S2) so is itself. Thus the proof 
of Lemma is complete. �
Remark A.2. In general, by [1, Theorem 2.14], we should have the following inequality which 
will be freely used without proof: if ψ ∈ H 1(Sn) with 

´
S2 ψdμS2 = 0 and n ≥ 2, then

⎛
⎝ˆ
Sn

ψ
2n

n−1 dμSn

⎞
⎠

n−1
n

≤ 2K(n,1)‖ψ‖L2(Sn)‖∇ψ‖L2(Sn), (A.1)

where

K(n,1) = 1
(

n
) 1

n

, ωn−1 = Vol(Sn−1).

n ωn−1
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Next for each u ∈ H , consider the Cauchy problem of the following parabolic equation:

{
vt − �gv = αf − e−2u := F,

v(0) = u0,
(A.2)

where g = e2ugS2 and �g = e−2u�S2 .

Lemma A.3. v ∈ H if the time T is chosen sufficiently small.

Proof. As the first step to our goal, multiplying Eq. (A.2) by −�gv and integrating it over S2

with measure dμg , we can display the identity:

−
ˆ

S2

vt�S2vdμS2 +
ˆ

S2

(�gv)2dμg = −
ˆ

S2

�gvFdμg.

Up to an integration by parts, together with Young’s inequality, this identity implies the following 
inequality

1

2

d

dt

ˆ

S2

|∇v|2S2 dμS2 +
ˆ

S2

(�gv)2dμg ≤ 1

4

ˆ

S2

F 2dμg +
ˆ

S2

(�gv)2dμg.

Observe that 
´
S2 F 2dμg ≤ e2S0κ

´
S2 F 2dμS2 . Thus we conclude that

ˆ

S2

|∇v(t)|2S2 dμS2(t) ≤ e2S0κ

2

tˆ

0

ˆ

S2

F 2dμS2 dτ +
ˆ

S2

|∇v(0)|2S2 dμS2 . (A.3)

Now Lemma A.1 implies that

e2S0κ

2

tˆ

0

ˆ

S2

F 2dμS2dτ ≤
[
e2S0κ

2
max

0≤t≤T
‖F‖2

L2(S2)

]
t.

Secondly, multiply Eq. (A.2) by v and integrate it over S2 with measure dμS2 , with the help 
of the integration by parts, to display the identity

1

2

d

dt

ˆ

S2

v2dμS2 +
ˆ

S2

e−2u|∇v|2S2 dμS2 =
ˆ

S2

FvdμS2 + 2
ˆ

S2

ve−2u〈∇u,∇v〉S2 dμS2 . (A.4)

We estimate the first term on the right hand side of Eq. (A.4) through Hölder’s inequality:

ˆ

2

FvdμS2 ≤ 1

2

ˆ

2

F 2dμS2 + 1

2

ˆ

2

v2dμS2
S S S
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and use the inequality (A.1) and to bound the second term

∣∣∣∣∣∣∣−
1

2

ˆ

S2

〈∇e−2u,∇v2〉S2 dμS2

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
ˆ

S2

(�S2e
−2u)(v − v̄)2dμS2 + 2v̄

ˆ

S2

〈e−2u,∇v〉dμS2

∣∣∣∣∣∣∣

≤
⎛
⎜⎝ˆ
S2

(�S2e
−2u)2dμS2

⎞
⎟⎠

1
2
⎛
⎜⎝ˆ
S2

(v − v̄)4dμS2

⎞
⎟⎠

1
2

+ 2|v̄|
⎛
⎜⎝ˆ
S2

|∇e−2u|2dμS2

⎞
⎟⎠

1
2
⎛
⎜⎝ˆ
S2

|∇v|2dμS2

⎞
⎟⎠

1
2

≤eS0κ
(

2K(2,1)‖�S2e
−2u‖L2(S2) + 2‖∇e−2u‖L2(S2)

)
‖v‖L2(S2)‖e−u∇v‖L2(S2),

where v̄ = ffl
S2 vdμS2 . Here in the last step, we have used the boundedness of ‖u‖∞ and the W 1,1

version of Sobolev embedding, i.e. (A.1).
Now as we have shown in the proof of Lemma A.1, we have

2K(2,1)‖�S2e
−2u‖L2(S2) + 2‖∇e−2u‖L2(S2) ≤ C

for some constant C depending only on κ .
Thus, by Eq. (A.4) we obtain

1

2

d

dt

ˆ

S2

v2dμS2 +
ˆ

S2

e−2u|∇v|2S2 dμS2

≤1

2

ˆ

S2

F 2dμS2 + 1

2

ˆ

S2

v2dμS2 + C ‖v‖L2(S2)

∥∥e−u∇v
∥∥

L2(S2)

≤1

2

ˆ

S2

F 2dμS2 + C2 + 1

2

ˆ

S2

v2dμS2 + 1

2

ˆ

S2

e−2u|∇v|2S2 dμS2,

which implies, with some positive constant κ1 = 1 + C2, that

d

dt

ˆ

S2

v2dμS2 +
ˆ

S2

e−2u|∇v|2S2 dμS2 ≤
ˆ

S2

F 2dμS2 + κ1

ˆ

S2

v2dμS2 .

Then the above inequality becomes
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d

dt

⎛
⎜⎝e−κ1t

ˆ

S2

v2dμS2

⎞
⎟⎠+ e−κ1

ˆ

S2

e−2u|∇v|2S2 dμS2 ≤
ˆ

S2

F 2dμS2e
−κ1t .

Integrating the above inequality over (0, t) to show

ˆ

S2

v(t)2dμS2 +
tˆ

0

eκ1(t−τ)

ˆ

S2

e−2u|∇v|2S2 dμS2 dτ

≤eκ1t

tˆ

0

ˆ

S2

F 2e−κ1τ dμS2 dτ + eκ1t

ˆ

S2

v(0)2dμS2 . (A.5)

Finally we set w = �S2v. Then a direct computation shows

wt − �gw = �S2F + (�S2e
−2u)w + 2∇e−2u · ∇w. (A.6)

Notice that, by Lemma A.1, �S2F ∈ L2(S2). Therefore Eq. (A.6) is similar to Eq. (A.2)
except for the extra term (�S2e−2u)w + 2〈∇e−2u, ∇w〉S2 . This term looks unfavorable to us 
since it might not be in L2(S2). Since we only need to get the L2 norm bound on w, as was 
concerned on this issue, this extra term indeed does not cost any trouble for us. Namely we 
simply observe that

ˆ

S2

[(�S2e
−2u)w + 2∇e−2u · ∇w]wdμS2 = 0.

Thus we have no further difficulty to repeat the above L2(S2) estimate for v to get the similar 
L2(S2) estimate for w:

ˆ

S2

w(t)2dμS2 +
tˆ

0

eκ1(t−τ)

ˆ

S2

e−2u|∇w|2S2 dμS2dτ

≤eκ1t

tˆ

0

ˆ

S2

(�S2F)2e−κ1τ dμS2 dτ + eκ1t

ˆ

S2

w(0)2dμS2 . (A.7)

At last, combine Eqs. (A.3), (A.5) and (A.7) to obtain

max
0≤t≤T

‖v‖H 2(S2) ≤ eκ1T T max
0≤t≤T

‖F‖H 2(S2) + eκ1T ‖v(0)‖H 2(S2).

This shows that we can select T sufficiently small such that max0≤t≤T ‖v‖H 2(S2) < κ . Notice 
that v(0) = u0, hence v ∈ H . The proof of Lemma A.3 is complete. �

As a byproduct of Eq. (A.6), we also obtain the following useful estimate.
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Lemma A.4. If u0 ∈ H 3(S2), then there exists κ2 > 0, for all 0 ≤ t ≤ T ,

ˆ

S2

|∇w|2S2 dμS2 ≤ 2es0κeκ2t

tˆ

0

ˆ

S2

(�S2F)2e−κ2τ dμS2 dτ + eκ2t

ˆ

S2

|∇w(0)|2S2 dμS2 , (A.8)

where w = �S2v.

Proof. Multiply (A.6) by (−�S2w) to obtain, through an integration by parts,

1

2

d

dt

ˆ

S2

|∇w|2S2 dμS2 +
ˆ

S2

e−2u(�S2w)2dμS2

=
ˆ

S2

(�S2F) · (−�S2w)dμS2 +
ˆ

S2

(�S2e
−2u)w(−�S2w)dμS2

− 2
ˆ

S2

〈∇e−2u,∇w〉S2(�S2w)dμS2 (A.9)

:=I + II + III.

Of course, our aim is to control all three terms by controlled information. For the first term, 
Hölder’s inequality provides

|I | ≤ 4
ˆ

S2

(�S2F)2e2udμS2 + 1

4

ˆ

S2

e−2u(�S2w)2dμS2 .

The fact that 
ffl
S2 wdμS2 = 0, together with Green’s representation, gives the L∞(S2) control on 

w

‖w‖L∞(S2) ≤ ρ0

⎛
⎜⎝ 
S2

|∇w|4S2 dμS2

⎞
⎟⎠

1
4

,

where ρ0 = (
ffl
S2 |∇G|4/3

S2 dμS2)3/4 with G the Green’s function for −�S2 . The well-known fact 
is that ρ0 < +∞. Therefore, the second term can be estimated as follows

|II | ≤ 4
ˆ

S2

e2u(�S2e
−2u)2w2dμS2 + 1

4

ˆ

S2

e−2u(�S2w)2dμS2

≤ 4ρ2
0

ˆ

S2

e2u(�S2e
−2u)2dμS2(

 

S2

|∇w|4S2dμS2)
1
2 + 1

4

ˆ

S2

e−2u(�S2w)2dμS2 .

While for III , the routine estimate goes to provide
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|III | ≤ 4
ˆ

S2

〈∇e−2u,∇w〉2
S2e

2udμS2 + 1

4

ˆ

S2

e−2u(�S2w)2dμS2

≤ 4(

ˆ

S2

|∇e−2u|4S2e
4udμS2)

1
2 (

ˆ

S2

|∇w|4S2 dμS2)
1
2 + 1

4

ˆ

S2

e−2u(�S2w)2dμS2

For simple notation, set β0 = 4ρ2
0

´
S2 e2u(�S2e−2u)2dμS2 +4(

´
S2 |∇e−2u|4

S2e
4udμS2)1/2 to ob-

tain

|II | + |III |

≤β0(

ˆ

S2

|∇w|4S2dμS2)
1
2 + 1

2

ˆ

S2

e−2u(�S2w)2dμS2

≤β0(

ˆ

S2

(|∇w|S2 − |∇w|S2)
4dμS2)

1
2 + 3β0‖∇w‖2

L2(S2)
+ 1

2

ˆ

S2

e−2u(�S2w)2dμS2

≤2β0K(2,1)‖∇2w‖L2(S2)‖∇w‖L2(S2) + 3β0‖∇w‖2
L2(S2)

+ 1

2

ˆ

S2

e−2u(�S2w)2dμS2

≤2β0K(2,1)(

ˆ

S2

(�S2w)2dμS2)
1
2 (

ˆ

S2

|∇w|2S2 dμS2)
1
2 + 3β0

ˆ

S2

|∇w|2S2 dμS2

+ 1

2

ˆ

S2

e−2u(�S2w)2dμS2

≤(16K2(2,1)es0κβ2
0 + 3β0)

ˆ

S2

|∇w|2S2dμS2 + 1

4

ˆ

S2

e−2s0κ (�S2w)2dμS2

+ 1

2

ˆ

S2

e−2u(�S2w)2dμS2

≤κ2

2

ˆ

S2

|∇w|2S2 dμS2 + 3

4

ˆ

S2

e−2u(�S2w)2dμS2 ,

where |∇w|S2 = ffl
S2 |∇w|S2 dμS2 and κ2

2 = 16K2(2, 1)es0κβ2
0 + 3β0 and also we observe the 

fact that, for standard metric on S2,

ˆ

S2

|∇2w|2S2 dμS2 =
ˆ

S2

(�S2w)2dμS2 −
ˆ

S2

|∇w|2S2 dμS2

by Bochner identity. Then put (|I | + |II | + |III |) into Eq. (A.9) to show
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1

2

d

dt

ˆ

S2

|∇w|2S2dμS2 +
ˆ

S2

e−2u(�S2w)2dμS2

≤
ˆ

S2

(�S2F)2e2udμS2 +
ˆ

S2

e−2u(�S2w)2dμS2 + κ2

2

ˆ

S2

|∇w|2S2 dμS2 .

Cancel the term 
´
S2 e−2u(�S2w)2dμS2 on both sides and multiply the number 2 to have:

d

dt
(e−κ2t

ˆ

S2

|∇w|2S2 dμS2) ≤ 2
ˆ

S2

(�S2F)2dμS2e
2s0κe−κ2t .

Upon the integration, one concludes the inequality (A.8). �
From the above discussion, we define a map v := �(u) for each u ∈ H . Our purpose is to 

show that � is a contraction map on H .

Lemma A.5. The map � defined above is a contraction with contraction coefficient 1/2 if T is 
suitably small.

Proof. For u1, u2 ∈ H , let vi = �(ui) for 1 ≤ i ≤ 2, then

(vi)t − �gi
vi = Fi and vi(0) = u0,

where gi = e2ui gS2 , dμi = dμgi
, and

Fi = αif − e−2ui , αi =
´
S2 f (−�S2ui + 1)dμS2´

S2 f 2dμi

for i = 1,2.

Thus, we obtain the parabolic equation:

{
(v2 − v1)t − �g2v2 + �S2v1 = (α2 − α1)f + e−2u1 − e−2u2 := F̃ ,

(v2 − v1)(0) = 0.
(A.10)

Step 1. We show that max0≤t≤T ‖F̃‖H 2(S2) ≤ C‖u2 − u1‖H 2(S2).
As a first approach, due to ui, vi ∈ H for i = 1, 2, we have

α2 − α1 =
´
S2 f 2dμ1

´
S2 f (−�S2u2 + 1)dμS2 − ´

S2 f 2dμ2
´
S2 f (−�S2u1 + 1)dμS2´

S2 f 2dμ1
´
S2 f 2dμ2

=
(´
S2 f dμS2 − ´

S2 f �S2u1dμS2
)´

S2 f 2(e2u1 − e2u2)dμS2 + ´
S2 f 2dμ1

´
S2 f �S2 (u1 − u2)dμS2´

S2 f 2dμ1
´
S2 f 2dμ2

and
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∣∣∣∣∣∣∣
ˆ

S2

f 2(e2u1 − e2u2)dμS2

∣∣∣∣∣∣∣=
∣∣∣∣∣∣∣
ˆ

S2

f 2e2u2(e2(u1−u2) − 1)dμS2

∣∣∣∣∣∣∣
≤C ‖u1 − u2‖L∞(S2) ≤ C ‖u1 − u2‖H 2(S2) .

Then

(α1 − α2)
2 ≤ C ‖u1 − u2‖2

H 2(S2)
.

Similarly,

ˆ

S2

(e2(u1−u2) − 1)2(�g1v1)
2dμS2 ≤C ‖u1 − u2‖2

L∞(S2)
‖v1‖2

H 2(S2)
≤ C ‖u1 − u2‖2

H 2(S2)
,

ˆ

S2

|e−2u1 − e−2u2 |2dμS2 ≤C ‖u1 − u2‖2
H 2(S2)

.

Thus, we conclude that

ˆ

S2

F̃ 2dμS2 ≤ C ‖u1 − u2‖2
H 2(S2)

,

with C depending on f and κ .
Now with direct calculation, it should have no difficulty seeing that

max
0≤t≤T

‖F̃‖2
H 2(S2)

≤ C ‖u1 − u2‖2
H 2(S2)

. (A.11)

Eq. For simplicity, we set h = v2 − v1. Basically the rest of the argument here is just to repeat 
the proof of Lemma A.3. We do it in several steps:

Step 2. As before, now multiply Eq. (A.10) by −�S2h and integrate it over S2 with measure 
dμS2 to show

−
ˆ

S2

ht�S2hdμS2 +
ˆ

S2

(�g2h)2dμg2 +
ˆ

S2

(e−2u2 − e−2u1)(�S2v1)�S2hdμS2

= −
ˆ

S2

�g2hF̃dμg2 .

An integration by parts, together with Young’s inequality, shows

1

2

d

dt

ˆ

S2

|∇h|2S2 dμS2 +
ˆ

S2

(�g2h)2dμg2 ≤ 1

2

ˆ

S2

F̃ 2dμg2 +
ˆ

S2

(�g2h)2dμg2 +C ‖u1 − u2‖2
H 2(S2)

,

with C depending only on κ .
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Thus we conclude that, with the help of h(0) = 0 and (A.11),

ˆ

S2

|∇h(t)|2S2 dμS2(t) ≤ CT ‖u1 − u2‖2
H 2(S2)

.

Step 3. Next, multiply Eq. (A.10) by h and then integrate it over S2 with measure dμS2 to 
display the identity

1

2

d

dt

ˆ

S2

h2dμS2 +
ˆ

S2

e−2u2 |∇h|2S2 dμS2

=
ˆ

S2

F̃ hdμS2 + 2
ˆ

S2

(�S2e
−2u2)h2dμS2

+
ˆ

S2

(e−2u2 − e−2u1)(�S2v1)hdμS2 . (A.12)

We estimate the first term on the right hand side of Eq. (A.12) through Hölder’s inequality:

∣∣∣∣∣∣∣
ˆ

S2

F̃ hdμS2

∣∣∣∣∣∣∣≤
1

2

ˆ

S2

F̃ 2dμS2 + 1

2

ˆ

S2

h2dμS2

and use the well-known inequality (A.1) to bound the second term

∣∣∣∣∣∣∣
ˆ

S2

(�S2e
−2u2)h2dμS2

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
ˆ

S2

(�S2e
−2u2)(h − h̄)2dμS2 + 2h̄

ˆ

S2

〈∇e−2u2,∇h〉dμS2

∣∣∣∣∣∣∣

≤
⎛
⎜⎝ˆ
S2

(�S2e
−2u2)2dμS2

⎞
⎟⎠

1
2
⎛
⎜⎝ˆ
S2

(h − h̄)4dμS2

⎞
⎟⎠

1
2

+ 2‖h‖L2(S2)‖∇e−2u2‖L2(S2)‖∇h‖L2(S2)

≤C‖h‖L2(S2)‖e−u∇h‖L2(S2).

where h̄ = ffl
S2 hdμS2 and we have used the W 1,1 version of Sobolev embedding, i.e. (A.1), and 

the estimate from Lemma A.1,

2K(2,1)eS0κ‖�S2e
−2u2‖L2(S2) + 2eS0κ‖∇e−2u2‖L2(S2) ≤ C

for some constant C depending only on κ .
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Comparing with previous case just for v, here we have an extra term need to be settled: the 
last term in equation (A.12). However it is not hard to check that, in fact, we have

∣∣∣∣∣∣∣
ˆ

S2

(e−2u2 − e−2u1)(�S2v1)hdμS2

∣∣∣∣∣∣∣≤ C1‖u2 − u1‖2
H 2(S2)

+ 1

2
‖h‖2

L2(S2)
,

by Hölder’s and Young’s inequalities, together with the observation that �S2v1 ∈ L2(S2).
Thus, by Eq. (A.12) we obtain

1

2

d

dt

ˆ

S2

h2dμS2 +
ˆ

S2

e−2u2 |∇h|2S2 dμS2

≤1

2

ˆ

S2

F̃ 2dμS2 +
ˆ

S2

h2dμS2 + C ‖h‖L2(S2)

∥∥e−u2∇h
∥∥

L2(S2)

+ C

ˆ

S2

h2dμS2 + C1‖u2 − u1‖2
H 2(S2)

≤C2

2
‖u2 − u1‖2

H 2(S2)
+ κ3

2

ˆ

S2

h2dμS2 +
ˆ

S2

e−2u2 |∇h|2S2 dμS2,

with κ3 = 2(1 + C)2 and C2 = 2(C1 + C), this last constant C arising from the estimate on F̃ .
Thus the following estimate surely holds true

d

dt

ˆ

S2

h2dμS2 ≤ C2‖u2 − u1‖2
H 2(S2)

+ κ3

ˆ

S2

v2dμS2 .

Then the above inequality becomes

d

dt

⎛
⎜⎝e−κ3t

ˆ

S2

h2dμS2

⎞
⎟⎠≤ C2‖u2 − u1‖2

H 2(S2)
e−κ3t .

Integrate the above inequality over (0, t) to show

ˆ

S2

h2dμS2 ≤ C2e
κ3t

tˆ

0

‖u2 − u1‖2
H 2(S2)

e−κ3τ dμS2dτ.

To get the expected estimate, we only need to observe that κ3 > 0 and ‖u2 − u1‖2
H 2(S2)

(τ ) ≤
max0≤t≤T ‖u2 − u1‖2

2 2 . Therefore, we have

H (S )
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ˆ

S2

h2dμS2 ≤ C2e
κ3T T max

0≤t≤T
‖u2 − u1‖2

H 2(S2)
.

Step 4. Finally we set w = �S2h. Then a direct computation shows:

wt − �S2(e
−2u2�S2v2 − e−2u1�S2v1) = �S2 F̃ .

From this, it follows that

1

2

d

dt

ˆ

S2

w2dμS2

= −
ˆ

S2

〈∇w,∇[e−2u2w + (e−2u2 − e−2u1)(�S2v1)]〉S2 dμS2 +
ˆ

S2

(�S2 F̃ )wdμS2

= −
ˆ

S2

e−2u2 |∇w|2S2 dμS2 + 1

2

ˆ

S2

(�S2e
−2u2)w2dμS2

+
ˆ

S2

(�S2 F̃ )wdμS2 −
ˆ

S2

〈∇w,∇[(e−2u2 − e−2u1)(�S2v1)]〉S2 dμS2

:=I + II + III + IV .

The term I is favorable which will be used to settle two bad terms later. The trick for term II

is the same as before∣∣∣∣∣∣∣
1

2

ˆ

S2

(�S2e
−2u2)w2dμS2

∣∣∣∣∣∣∣=
∣∣∣∣∣∣∣
1

2

ˆ

S2

(�S2e
−2u2)w2dμS2

∣∣∣∣∣∣∣
≤ C‖w‖L2(S2)‖∇w‖L2(S2) + C‖w‖2

L2(S2)
.

Third term can be treated just using Hölder’s and Young’s inequalities, together with the 
estimate (A.11).

A little bit difficult one is the term IV . First we use the integration by parts to transfer it to 
the now form as follows∣∣∣∣∣∣∣

ˆ

S2

〈∇w,∇[(e−2u2 − e−2u1)(�S2v1)]〉S2 dμS2

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣
ˆ

S2

(e−2u2 − e−2u1)〈∇w,∇�v1〉S2 dμS2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
ˆ

S2

〈∇w,∇(e−2u2 − e−2u1)〉S2(�S2v1)dμS2

∣∣∣∣∣∣∣
:=IV1 + IV2.
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To treat term IV1, we simply use Hölder’s and Young’s inequalities, together with (A.8), to get

IV1 :=

∣∣∣∣∣∣∣
ˆ

S2

(e−2u2 − e−2u1)〈∇w,∇�v1〉S2 dμS2

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣
ˆ

S2

(1 − e2(u2−u1))〈e−u2∇w,e−u2∇�v1〉S2 dμS2

∣∣∣∣∣∣∣

≤
⎛
⎜⎝ˆ
S2

e−2u2 |∇w|2S2 dμS2

⎞
⎟⎠

1
2
⎡
⎢⎣ˆ
S2

(1 − e2(u2−u1))2e−2u2 |∇�v1|2S2 dμS2

⎤
⎥⎦

1
2

≤1

4

ˆ

S2

e−2u2 |∇w|2S2 dμS2 + C3‖u2 − u1‖2
H 2(S2)

.

For the last term IV2, with the similar reasons, we can proceed the estimate as follows

IV2 :=

∣∣∣∣∣∣∣
ˆ

S2

e−u2〈∇w,∇(1 − e2(u2−u1)e−2u2)〉S2e
u2(�S2v1)dμS2

∣∣∣∣∣∣∣
≤1

4

ˆ

S2

e−2u2 |∇w|2S2 dμS2 + C4‖u2 − u1‖2
H 2(S2)

.

Put all those estimates for terms I to IV together to conclude that

d

dt

ˆ

S2

w2dμS2 ≤ C5‖u2 − u1‖2
H 2(S2)

+ κ4

ˆ

S2

w2dμS2,

with suitable positive constants C5 and κ4. Details will be left to readers to check.
Recall that w(0) = 0, hence integrate it to get

max
0≤t≤T

ˆ

S2

w2dμS2 ≤ C5e
κ4T T max

0≤t≤T
‖u2 − u1‖2

H 2(S2)
.

Combine above all steps to conclude that, with suitable positive constants κ5 and C6,

max
0≤t≤T

‖h‖H 2(S2) ≤ C6e
κ5T T max

0≤t≤T
‖u2 − u1‖2

H 2(S2)
.

This completes the proof. �
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Theorem A.6. The flow equation ut = αf − K defined as (2.2) is solvable on [0, T ] where T is 
sufficiently small depending on the choice of initial data u0 and f .

Proof. Finally, we select T small such that C6e
κ5T T ≤ 1/2 to conclude that

max
0≤t≤T

‖�(u1) − �(u2)‖L∞([0,T ],H 2(S2)
) ≤ 1

2
max

0≤t≤T
‖u1 − u2‖L∞([0,T ],H 2(S2)) .

So, � is a contraction map within H . The contraction map theorem shows that there exists a 
unique u ∈ H such that �(u) = u. This is enough to claim above theorem. �
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