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Abstract
Given a smooth function K (x) satisfying a polynomially cone conditionand x - VK <
0, we prove that there is no solution u € C*°(R?) of the equation

—Au = K(x)e* onR?

withu < C and fR2 |K (x) |ez"dx < 400. As a consequence, there is no such solution
if K(x) is a non-constant polynomial with x - VK < 0. The latter result already
includes a result of Struwe(JEMS 2020) as a particular case. Higher order cases are
set up with additional assumption on the behavior of Au near infinity.

Mathematics Subject Classification 35J20 - S8E30

1 Introduction

Recently, Borer, Galimberti and Struwe [3] studied the asymptotic behavior of the
metrics of a family of sign-changing prescribed Gaussian curvature on (M, g) with
x (M) < 0and then Galimberti [11] studied it with x (M) = 0. Their blow-up analysis
led possibly to either solutions of the standard Liouville equation —Au = ¢>* in R?
or solutions to

—Au = (1+ (Ax, x))e* in R?
with fRz (14+]A(x, x) |)e2“ dx < oo where A is a negative definite 2 x 2-matrix. Later,

Struwe [26] ruled out the possibility of the later case. In [26], Struwe established an
elegant result as follows.
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Theorem 1.1 (Theorem 1.3 in [26]) Suppose A is a negative definite and symmetric
2 x 2-matrix. Then there is no solution u € C*(R?) of the equation

—Au = (1+ (Ax, x))e* on R?

with u < C and such that the induced metric h = e*gg> has finite volume and
integrated curvature

/ e*dx < oo, / (1+ (Ax, x))e*dx € R.
R2 R2

Inspired by the above theorem, we establish our main theorem in current paper.

Theorem 1.2 Suppose p(x) is a non-constant polynomial with x -V p < 0. Then there
is no solution u € C*®(R?) of the equation

—Au = p(x)e* on R?

with u < C and such that the induced metric h = e* gg> has finite total curvature

/ |p(x)|e*dx < oo.
R2

Remark 1.3 In Theorem 1.1, Struwe assumed that the induced metric has the finite
volume and finite integrated curvature. Here, we assume the finite total curvature.
Actually, in some special cases including the case in Theorem 1.1, they are equivalent
(see Lemma A.2).

In conformal geometry, the following equation
— Au=K(x)e* inR? (1.1)

plays a very important role. In particular, when K (x) is a positive constant, the classifi-
cation theorem in [6] gives a very nice description of the solutions with finite volume.
When K (x) < 0 and K(x) > —C/|x|' with [ > 2, Ni [22] showed that the Eq.
(1.1) possesses infinitely many solutions. Later, Cheng and Ni [10] showed that the
Eq. (1.1) has no solution when K (x) < 0 and K(x) < —C|x|~2 near infinity. Not
long after that, Chen and Li [7] considered K (x) positive near infinity and gave a nice
description of the asymptotic behavior of the solutions to (1.1) as well as a general-
ized Pohozaev’s identity similar to Lemma 2.1. The property that K (x) is positive near
infinity is crucial in their proof. In [9], Cheng and Lin gave a more detailed discussion
about the asymptotic behavior of the solutions including both K (x) is positive and
negative at infinity with finite total curvature. McOwen [21] and Aviles [2] investigated
the situation where K (x) — 0 in some order as x| — oo. If we restrict the equation
on bounded domain, there are also many well-known results including [4, 15, 17] and
many others. Via stereographic projection, we can pull back the metric ¢ gr2 to the
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A Liouville-type theorem in conformally invariant equations 2501

sphere S? and then it becomes a well-known Nirenberg problem. Many distinguished
works are devoted to it such as [5, 25, 30] and many others.

As for higher order cases, Galimberti [12] and Ng6-Zhang [23] studied the related
problem about Q-curvature in dimension four. Recently, Struwe [27] established a
fourth order theorem like Theorem 1.1. In current paper, we will generalize it to all
higher order cases. Consider the higher order equation

(—A)"?u = K(x)e™ onR"

with even n > 4. Similar to the two-dimensional case, there are also famous classifi-
cation theorems when K is a positive constant, see [19, 28] and so on.

Actually, we will prove a more general theorem compared with Theorem 1.2. Now,
we define a polynomially cone condition(denoted as (PCC) for brevity) as follows:
For a given continuous function K (x) with x € R”, there exist R; > 0,6 >0,y >n
and ¢; > 0, ¢ > 0 such that

K ()] < calxl”
for |x| > Ry and
[K@)| = cilxl” in Cg\Bg, (0)
where Cy is a cone with angle 8 and vertex at the origin.
When p(x) is a non-constant polynomial in R? with x - Vp < 0, it is not hard to
see deg(p(x)) > 2 and then p(x) satisfies (PCC) with help of Lemma 2.6. Therefore,

Theorem 1.2 is a corollary of Theorem 1.4. Now, we state the general theorem as
follows.

Theorem 1.4 Suppose K (x) is a smooth function on R? satisfying (PCC) andx-VK <
0. Then there is no solution u € C*(R?) of the equation

— Au= K(x)e* onR? (1.2)

with u < C and such that the induced metric h = e* gr2 has finite total curvature

/ [K (x)]e*dx < oo.
RZ

For higher order cases, we can also get similar result with additional assumption
on the behavior of Au near infinity like that in [27]. Precisely, we state it as follows.

Theorem 1.5 Suppose K (x) is a smooth function on R" satisfying (PCC) andx-VK <
Owheren > 4 is an even integer. Then there is no solutionu € C*(R") of the equation

(—A)"?u = K(x)e"™ on R" (1.3)
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2502 M. Li

withu < C and
Au(x) > 0 as |x|] > o0 (1.4)

such that the induced metric h = e* ggn has finite total curvature

f |K (x)|e"™dx < oo.

Remark 1.6 In [27], Struwe considered K (x) = 1 + A(x, x, x, x) with A being a
negative definite and symmetric 4-linear map on R*. Based on the definition of A in
Struwe’s work, for any x € R*, we have

calx* = A, x, x, x)] = cp]x]*

for some ¢; > 0, ¢ > 0. Using this property, one has

C1

Euﬁ

1T+ AQx, x, x, %) > crlx[* = 1>

for some R| > 0 and any |x| > R; > 0 which shows that 1 + A(x, x, x, x) satisfies
(PCC). Therefore Theorem 1 in [27] is a special case of Theorem 1.5.

Since this paper is short, we need not mention the structure of the paper as it goes
naturally.

2 Crucial lemmas

The following lemma plays an important role in the proof of our main theorems. The
following generalized Pohozaev identity is also got in [9] and [7] with additional
assumptions but the proof in [29] is very different from others. Inspired by [29], we
give the following Pohozaev identity. Moreover, with help of the ideas from [16] and
[8] related to intergral equations and elliptic theory, we generalize Theorem 1.1 in [29]
with lower regularity assumption of the solution.

Lemma 2.1 Givenafunction K (x) € C'(R")wheren > 2isan even integer satisfying
(PCC) and x - VK < 0. Suppose w(x) € L} (R") bounded from above is a solution
of the integral equation

w(x):i/ <log b )K(y)e"w(y)dy 2.1

wp |x — ¥

such that K (x)e™¥) e LY(R") where w, is the volume of unit sphere in R"*'. Then

/ (x, VK (x))e"™Mdx = a(a — 2) (2.2)

nwy

where a = w% Jn K(n)e™ O dy.

@ Springer



A Liouville-type theorem in conformally invariant equations 2503

Proof Firstly, we will show that w € C'(R"). Here, we just assume that w € L% (R").

loc

Actually, with help of Lemma A.1, we can deduce that w € C 1 (R™) when K™ €
L'R"), K(x) € C'(R") and w € L (R"). By direct computation, one has

loc

2 —
vy = —— [ XTI e migy 2.3)
wp Jrr X — y|2

Multiplying by K (x)e"*™) and integrating over the ball B(0) for any R > 0, we
have

) _
/ K (x)e"™™ [__ / —(x, * =) K(y)e”w(y)dyi| dx
Br(0) "

Wy |X—y|2

= / K (x)e™™ (x, Vw(x))dx. (2.4)
BR(0)

Withx = % ((x +y) + (x — y)), for the left-hand side of (2.4), one has the following
identity

1 2 '
LHS :—/ K (x)e"™ ™ |:——/ K(y)e"w(")dy] dx
Bgr(0) "

Wy

1 2 —
+ = / K (x)e™™ |:——f MK(y)e"w(y)dy} dx.
2 JBg(0) wp Jrr X — Y|

Now, we deal with the last term of above equation by changing variables x and y.

2 X —
/ K (x)e" [_7 / Gy x -y >K(y)e"“’(y)dy] dx
Br(0) wp Jre X =Yl

2 X —
= / K (x)e"™) [——/ et yx =y 5 Y K(y)e”w(y)dy:| dx
Br(0) on JR\Br)  1X — Yl
_ / K (o)™ [_i / v x -y )K(y)e”“’@)dy} dx
Br/2(0) On JRm\Br) X — ¥l

2 X —
+/ K (x)e") [_7/ Gryx—y) y>K(y)e"w(”dy} dx
Br(O)\Bg/2(0) Wn JR\Byg0) X — Yl

2 X — :
. / K Goyem |2 / BV X =) e (yemdy | de
BR(O)\Bg/2(0) ©n JBog)\Br(®) X =Yl

=11+ 1+ I3

Notice that

2
I <3—= |K (x)]e" ™) dx / K (y)| ™ dy

Wy BR/z(O) Rn\BR )
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2504 M. Li

and

2
|| <3— |K (x)]e"™ ) dx / 1K (y)]e"™ D dy.
@n J BR(0)\Bg/2(0) R"\ B, (0)

Then both |7;| and | > tend to zero as R — oo due to Ke™ e L'(R").
Now, we focus on the term /3. With help of Lemma 2.2, foreachx € Bg(0)\Bg/2(0)
and K satisfying (PCC), one has |K|e"*™) < C|x|™" and then

+
/ Bk gyl ay
Bar0)\Br(0) lx — vl

1—-n 1
<CR dy
Bary\Br(0) X — VI

1
< CR“"/ —dy <C.
B3z (0) 1V

Here and thereafter, we denote by C a constant which may be different from line to
line.
Thus

|13 §C/ |K|e"dx — 0
Br(0)\Bg/2(0)

as R — oo.
Thus we have

1
LHS — —za/ K(y)e™Mdy.

n

As for the right-hand side of (2.4), by using divergence theorem, we have

1
RHS =—/ K (x)(x, Ve"™ ™) dx
Br(0)

n

—-_ / <K(x) + 1(x, VK(x))> "M dx
Bg(0) n

1
+ —/ K (x)e™™ Rdo.
. J3BR(0)

Since K (x)e"*™) e L1(R™), the last term of above equation tends to zero as R — oo
suitably. Precisely, there exist a sequence R; — oo such that

lim Ri/ Ke™do = 0.
i—00 8BRi(O)
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A Liouville-type theorem in conformally invariant equations 2505

Then

lim
i—00 nwy

f x-VKe"dx = a(a — 2).
Br, (0)

Duetox - VK <0, we have

/ x - VKe"dx = a(a — 2).

nwy
O
Inspired by the proof of Theorem 4.5 in [26], we give the estimate of « as follows.

Lemma 2.2 Under the same assumptions as that in Lemma 2.1, then we have

a>1+ z >2
n
and
w(x)
im = —
|x|—>o00 log |x|
Moreover,

w(x) < —aloglx|+C

for|x| >> 1.

Proof Choose |x| > ¢* such that |x| > 2 log |x|. We split R" into three pieces
Al = Bi(x), Az = Bigx(0), Az =R"\(A]UAy).

For y € A and |y| > 2, we have |log %| < log(2log |x|). Respectively, for

Iyl <2, log 2} < Jlog |y|| + C. Thus

/A log Lll(e”wdy—i—logm/A Ke’“”dy) < Cloglog|x|+C = o(1) log |x|.
2 2

lx—y
(2.5)
as |x| — oo. For y € A3, it is not hard to check
1
< bl <|x|+1.
x| +1 7 |x =yl
With help of this estimate, we control the integral over A3 as
/ log — 1 kemy| <log(x| + 1)/ 1K "™ O)dy. (2.6)
Ay lx =yl A3

@ Springer



2506 M. Li

For y € Bi(x),onehas 1 < |y| < |x| + 1 and then
‘f 1Oglleenwdy' < log(|x| + 1)[ [Kle""dy.
Ay Ay

It is not hard to see ngUAl |K|e"™¥dy — 0as |x| — oo. Thus we have

2 [ e Dl
&)

K(y)e™dy
Rr X — Y

K(y)e™Wdy.  (2.7)

n

2 1
= (—a +o(1))log |x| + —/ log
Al |)C —)’|

Due to Ke"™ e L'(R") and Fubini’s theorem, one has

/;31()«))

/ flog Bl Ke"™dy
Bi(xo) IJRn T [X — ¥l

which will be used in our proofs of main theorems later.

Since K satisfies (PCC), we could find 0 < rg < 1/2 fixed such that By :=
Byy|xo| (x0) lying in the cone where| K (x)| > c1|x|” as |xo| — oo suitably. With help
of Fubini’s theorem, direct computation yields that

1
f / log K™ dydx
By JIx—y|<1 Ix— |
f f |K|e""dydx
By Jx—yl<1 Ix—yl

1
< f |K|e™™ / dxdy
Brg \,\'0\+1(X0) | - y|

< Clxo["™".

dx < C.

1
/ log K(y)e”w(y)dy
[x — ¥l

Thus

dx < Clog(|xo| +2) 2.8)

Meanwhile, notice that 1 — rg < I_ol < 1+ rg for x € By. Thus

w(x)dx = (=a + o(1)) log |xo]
By

| Byl
where we use the fact w(x) = g, log o5 Ke"dy. With help of Jensen’s inequality,
we have ’
eﬁ Sy mw)dx < 1 "™ dx.
| Byl

@ Springer



A Liouville-type theorem in conformally invariant equations 2507

Recall |K| > ci|x|” in By and then one has

|x0|n+y—na+0(l) < C/ |K|€nwdx.
By

Notice that the right side of above inequality tends to zero as |xg| — oo based on
Ke™ e L'(R™). Thus we have

a>1+%>2. 2.9)

Since x - VK < 0, there holds

1 1,
K(x)—K(O):/ x-VK(tx)dt:/ VR 4
0

0 t

which yields that K (x) < C.For brevity, we utilize ¢ and ¢~ to represent the positive
and negative parts of the function g, respectively. Combing with w < C, we get the
bound

1
0< / log Kte"dy < C. (2.10)
A |~x - J’|

Then we rewrite (2.7) as

w(x) = (—a +o(1))log|x| — i/ log K~ e"dy. (2.11)
Aj

n

[x — ¥

Immediately, w(x) < (—a + o(1)) log|x|. Since « > 1 + % and |K| < Clx|” for
sufficiently large |x|, we have

IK|e"™ < C

and then

2 1
—/ log K~ e"dy| < C.
Wn J A, |x - y|

for sufficiently large |x|. Finally, we have

w(x) _

im = —a. (2.12)
|x]—00 log |x|

Now we are going to give a more precise upper bound of w as following
w(x) < —alog|x|+ C.
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2508 M. Li

Firstly, direct computation yields that

w(x) + o log |x|
2 . 1
C2 [ g D sy
Wn JR# lx — vl
2 . 1
PRERY R BT
wp JRr lx — yl
2
+ — log bl
wn Jre Iyl +1
=L+Lb+1

(=K)e"dy

Ke'™dy

For |x| > 1, it is easy to check
4D
lx =yl
and then

I <O0.

Based on our assumptions, one has I3 = Cq for some constant.
As for the term I, we need use again the fact K™ < C. By using (2.12) and (2.9),

we have .
MY < Cly|77 (2.13)

for |y| > 1. We split I as

. 1
I :/ log —|x| Iyl + )K+e”wdy
|x—y|§u7‘ lx — yl

. 1
ES Ix =yl

=:1L+11.

We deal with these terms one by one. Notice that |x|/2 < |y| < 3|x|/2 when |x —y| <
|x|/2. Then

Kte"dy

11 :/ 10g(|x|(|y|+l))K+e"wdy+/ log
x—yl<4 k—yizl =Yl

3
<Clog [ |x| ﬂ+1 |x|_3"/2f dy
2 lx—yl<lx|/2

1
+ C|x|—3n/2/
l—yl<lxl/2 X = ¥l

<ClogIx|*/2 + xDlx|™* + Clx|™/*t! < C
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A Liouville-type theorem in conformally invariant equations 2509

for |x| >> 1. As for the term 7 I,, we make use of |x|/|x — y| < 2 and (2.13) to get
I < / log(2ly| +2)Kte""dy < C.
[x—y|= 1l

Combining above estimates, we finally get the desired results
wx) +aloglx] <C
for |x| >> 1. O
Combining Lemma 2.1 and Lemma 2.2, it seems that we have got our desired result
based on the assumption x - VK < 0. Actually, if we just consider the solution of
the integral equation, we have gotten the non-existence theorem which generalizes a

result of Hyder and Martinazzi [14].

Theorem 2.3 (Proposition 2.8 in [14]) For K(x) = 1 — |x|?, x € R?*, p > 4, there is
no solution to the integral eqaution

1
u(x) = —2f log b K(y)e"Vdy + ¢
8< JRe [x =yl

for some ¢ € R with Ke* e L'(R%).

Actually, in this sepcial case K (x) = 1 — |x|? with p > 4, it is easy to check that
x - VK < 0and K (x) satisfies (PCC). As for the harmless constant ¢, we can just do
a scaling over K like the strategy taken in the proof of Theorem 1.4 such that ¢ = 0.
It is obvious that the conditions x - VK < 0 and (PCC) still hold after a scaling. With
help of Lemmas 2.1 and 2.2, we have the following corollary.

Corollary 2.4 Given a function K (x) € C'(R") satisfying PCC) and x - VK (x) < 0.
There is no solution to the integral Eq. (2.1) with K™ € L' (R"), u € L7 (R") and
u<~cC.

Remark 2.5 We should point out that we assume u < C in addition compared with
Theorem 2.3. Actually, if K has compact support, we can remove this assumption
by noticing that the estimate (2.10) is trivial in this case. With help of u < C, we could
deal with the degenerate cases such as K (x) = 1 — xJ.

However, as for the conformal equation itself, we still need to study the connection
between the integral equation and the conformal equation. Before we finish our proof of

main theorems, we establish the following two useful lemmas for readers’ convenience.

Lemma 2.6 Suppose p(x) is a polynomial on R" and deg(p(x)) > n, then p(x)
satisfies (PCC).
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2510 M. Li

Proof Denote k := deg(p(x)) > n and separate p(x) as

p(x) = pr(x) +1(x)

where py(x) is a homogeneous polynomial of degree k and deg(/(x)) < k — 1. We
choose the polar coordinate (7, 8) withr > 0 and 6 € S"~!. Then one has

pr(x) = rfor(0)

where @i (6) is a non-zero smooth function defined on S"~!. There exist ¢; > 0 and
a geodesic ball B, (6p) C S"=1 such that

lor ()] > 2¢1 > 0
for any 6 € B, (6p). Then
Ip(x)] = 2¢1lx[* — colx|F!

where ¢ > 0 is a constant depending only on the cofficients of /(x). We choose
R; = max{l, i—f} and then one has

k k-1 k
PO = crlx® + [x|"" (erlx] = c2) = erlx]® = cp|x[”

for any x € [Ry, +00) X B, (6p). O

For readers’ convenience, we slightly improve Theorem 5 in [20] to be used later
which is a generalization of Theorem 2.3 in [1] with help of Pizzetti’s formula [24].
Lemma 2.7 (Theorem 5 in [20]) Consider h : R" — R with A"™h = 0 and h(x) <
C(1+|x|"), forsomel > 0. Then h(x) is a polynomial of degree at most max{l, 2m—2)}.

Proof 1f I > 2m — 2, there is nothing to do because this is exactly the result in [20]
which concludes that /2 (x) is a polynomial of degree at most /. If [ < 2m — 2, then we
simply bound / from above by a multiple of 1 + |x|*"~2 which returns to the former
case. Thus h(x) is a polynomial of degree at most max{/, 2m — 2}. O

3 Proof of Theorems

Proof of Theorem 1.4 Following Chen-Li [6], we introduce
1
i(x) = —/ log ILll((y)ez“dy.
2w Jr2 [x — y|

Then the function v := u — u is harmonic. By using mean value property of harmonic
function, one has

v(xo) = (u(x) —u(x))dx < C + Clog(2 + |xol)

| B1(x0)| J B, (xo)
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A Liouville-type theorem in conformally invariant equations 2511

where we have used the estimate (2.8) and the assumption # < C. Therefore, v must be
a constant. This is a very classical result, which can be also obtained from Lemma 2.7
by choosing m = 1 and/ = 1. It is not hard to check v(x) < C(1 + |x|). Then v(x) is
a polynomial of degree at most one. However, the estimate v(x) < C 4 C log(2+ |x|)
rules out the case degree of one. Hence it = u + C; for C; € R. Then

1 _
log lK (y)e €1 dy

i=—
2r Jrz T x =yl

satisfying the integral Eq. (2.1). Then K (y)e 2 e* e LY (R?) and K (y)e %€ sat-
isfies (PCC) which shows that

1 1 -
— / (x, VK (x))e?Pdx = — / (x, V(K (x)e 21X Mdx = a(a — 2)
2 R2 2 R2

where o = % Jpe K(x)e™*C1e?idx = % Jg2 K (x)e*dx. Since x - VK < 0 and
K (x) satistying (PCC), we have

1
—/ (x, VK (x))e*Pdx < 0
27T R2

which concludes that 0 < o < 2 contradicting to Lemma 2.2. O
Now we imitate the proof of Theorem 1.4 to give the proof of higher order case.

Proof of Theorem 1.5 Following the argument in [27], we consider

= (log bl ) K (y)e™Mdy
Wy JRr [x — ¥l

where «,, is a positive constant such that
(—A)"ii = K (x)e™™).

Actually, u is also smooth based on the smoothness assumption of K (x) and u(x) as
well as Ke™ e L'(R"™). Following the argument of the proof of Theorem 1.2 in [16],
we consider B4 (xg) for any xg € R". Choose a smooth cut-off function 0 < n(x) <1
such that n(x) = 1 in By(xp) and vanishes outside B4(xg). For x € Bi(xp), we can
split u by

fi(x) = ﬂ/ log —/ n(y)K(y)e"“(y)dera—"f log —/
Wy n |x - y| (7] n |x - y|

(1= (K (y)e"dy
= [ (tog ) ke ay 4 2 (102 )

Wy JRe lx — yl ®n JRM\ By (x0) |x — yl
(1 — (K (y)e"™ P dy
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2512 M. Li

=I(x)+11(x)
Since n(x)K (x)e™ € C°(R"), with help of Theorem 10.3 in [18], we have I (x) €
C*®(Bi(xp)). Since (1 — n)Ke™ e L'(R"), we can differentiate 77(x) under the
integral sign for x € Bj(xg), so I1(x) € C*(Bi(xp)). Thus u € C*(R"). Set
v =u — i and then (—A)"/2v = 0.
If we show that v is a constant, combining Lemmas 2.1 and 2.2 will show the

contradiction as the proof of Theorem 1.4.
Direct computation yields that

1 ]
/ (—A)udx| = / (—A)x (IOg ) K ()" dydx
Bi(xo) Wn |J By (xo) JR" lx — y|
K nu(y)
<C/ f KONy 4
R JBi(xg) X = V]
enu(y)
=C / / 1K ()] Sdxdy
Biyy1/2(0) J By (x0) lx — yl
()
+C/ / K Sdxdy
R\ (B|xy)/2(0)UB2(x0)) ¥ Bi(x0) lx — y|
()
+C/ / [K()I sdxdy
B, (x0) J By (x0) |x
-2
(5 -1) +C/ Ky
R\ Bjyy)/2(0)

o))
+C/ / [K ()| sdxdy
Ba(x0) J Ba(y) [x — yl

-2
<C <@ — 1) + C/ K (y)e™Wdy
2 R\ By 1/2(0)

+ C/ IK ()€™ dy — 0 as |xg| — oo.
B> (xo)

Combing with the assumption (1.4), we have

/ Avdx
By (x0)

With help of (2.8), one has

— 0, as |xg| = o0. 3.1

/ vTdx < / (u+ + |lZ|) dx < C + Clog(2 + |xol). (3.2)
Bi(x0) Bi(x0)

If xq fixed and R >> |xg|, we could choose suitable Bj(x;) where x; € Byg(0) such
that Br(xg) C UlNle] (x;) and By 5(x;) are disjoint as well as UfVBl/5 (x;) C B3g(0).
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Then

{ N
e vH(y)dy <—— / vhdx
|BR(x0)| JBg(xo) |Br(x0)| = J/B1(x)

N
1
<C—=— / log(2R + 2)dx
| BR(x0)] ; Bi(x)

5"
—-C— dxlog(2R +2)
| BRr(x0)] U{VBI/S(X,')
<Clog(2R +2)

Following the argument of Theorem 5 in [20] and using Propostion 4 in [20], we have
for any x € R” fixed and R >> |x]|,

C 1
D" ()] < —/ (Idy
R"™V|Br()| JBpx)

c 1 1
( v(y)dy + v*(y)dy>

= - p P
Rn—1 [BR(X)| JBrx) [Br(X)| JBpx)
C n/2—1
- D i R¥ ATh(x) +10g(2R +2)
i=0
=0(R™)

where we use Pizzetti’s formula for polyhamonic function A”/?v = 0 (See Lemma 3
in [20]). Then by taking R — o0, one has D"~!v(x) = 0 which implies that v is a
polynomial of degree at most n — 2.

Then Av is a polynomial of degree at most n — 4. Applying the estimate (3.1) to
get that Av = 0. Then recall the estimate (3.2) to get that v must be a constant similar
to the argument in the proof of Theorem 1.4. In fact, using mean value property and
the estimate (3.2), one has

1 1
v(xg) = ——— vix)dx < — vT(x)dx < C + Clog(|xo| + 2).
|B1(x0)| J B, (x) [B1(x0)| J B, (x0)

Then Lemma 2.7 yields that v must be a constant. The remaining argument is the same
as that of Theorem 1.4. Finally, we complete our proof. O
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A Appendix

Lemma A.1 Suppose n is an even integer and K (x) € Clko’g(R"), with k > 0 and
0 < o < 1, each solution to the intergal equation

u(x):if <log bl )K(y)e””(y)dy (A1)

wp |x — ¥
withKe" € L'(R") andu € LS (R"), thenu belongs to Clnotk’a (R™). Inparticularly,
if K (x) is smooth, so is u(x).

Proof Given any B4(xg) C R”, choose R = 2|xp| 4+ 8 and split the right side of the
integral equation as

2
. (log 2 )K(y)e"“@)dy

wp JRr lx — Y|
2
= (log b ) K (y)e"™Mdy
wn JBR(0) |x — ¥
2
+ = <log bl ) K (y)e™dy
®p JRM\ BR(0) |x — ¥l

= 1(x)+ I1(x)

inspired by the proof of Theorem 1.2 in [16]. It is not hard to check | log %| <C
for x € Bi(xg) and y € R"\Bg(0). Thus, /1(x) is well-defined for x € B4(xp)
with help of Ke™ e L'(R™). Since we can can differentiate /7 (x) under the integral

sign for x € B4(xp), so I11(x) € C*°(B4(xp)). For some constant y,,, yln log I)lc_l isa
fundamental solution of the operator (—A)"/? in R” satisfying

1 1
(—A)? (— log —> =38y, inR". (A.2)
Yn | x|
Due to (A.2), it is easy to see
(—=AY'?11(x) =0, x € Ba(xg). (A.3)

Since K € CL%(R") and u e L{2.(R"), both log |y|K (y)e"™ ™) and log|x —
y|K (y)e™) are integrable over Bg(0) for any x € B4(xg). Then

1 nu(y)
I(x) = . log ] K(y)e XBr©)(Mdy + ¢

where ¢ is a constant. With help of Theorem 6.21 in [18] and the fundamental solution
(A.2), we have

(—A)"2I(x) = y,Ke™, x € Ba(xo)
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in the sense of distribution. Combing with (A.3), one has
(=2)"2u(x) = y, K™, x € Ba(x0)

in sense of distribution.
Now, following the argument of Corollary 8 in [20], we write u|p,(x,) = V1 + V2,
where

(—A)"2v) =y, Ke™ in B4(xo)
vVp=Avy == A”/2_lv1 = 0 on dB4(x0)

and A" 2y, = 0.1t is easy to see Ke™ € L°°(Bs(xp)) dueto K € Ck% andu e L

loc loc®

Hence, for any p > 0, one has v; € W™"?(B4(xp)). Then for sufficienty large p,
Sobolev embedding theorem yields that vy € C"*~#(B4(xg)) for some 0 < B <
1, while v, is smooth in By(xg). Thus u € C" 1A (By(xp)). Then with the same
procedure, we can bootsrap and make use of Schauder’s estimate to prove that u €
C"tk* (B (xg)) see Theorem 9.19 in [13]. O

LemmaA.2 When p(x) is a polynomial with deg(p) = k > 2 and p(x) = pr(x) +

1 (x) with pix(x) is a homogeneous polynomial of degree k and deg(l) < k— 1. Suppose
[px(x)| # O for any x # 0 and u < C, the following two conditions are equivalent:

(@) Jgn€™dx < 400 and [p, p(x)e™'dx € R
(b) [ Ip(X)]eMdx < +o.

Proof Firstly, we show that condition (@) implies (b). Without loss of generality,
suppose pi(x) > 0 for any x # 0. There exists a constant C such that

1
Ol = 5+ G
with help of the definitions of / and py as well as Holder’s inequality. Then

/ pk(x)e"”dx=/ p(x)e"“dx—/ I(x)e™dx
R7 R® R®

1
< / p(x)e™dx + 5/ pr(x)e™dx + Cq / e™dx
n Rll n

Thus
/ pr(x)e™dx < 2/ p(x)e™dx + 2C1/ e"™dx < 4o0.
n Rn n
Now, we have

/ |p(x)|e”“d)c§/R pke"”d)c—i—/]R [1(x)]e™dx

@ Springer
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3
= 5/ pr(x)e™dx + C1/ e"™dx < 4o00.
R~ n

Conversely, if [p. [p(x)le"dx < +oo0, it is obvious that [p, p(x)e™dx € R. For
some sufficiently large R, there exists a constant C> > 0 such that |p(x)| > C» over
Br(0)¢. Then we have

1
/ eMdx < — |p(x)]e™dx < +oo.
Br(0)¢ C2 oy

Due to the assumption # < C, one has

/ My < &"C|Bg(0)] < +oo.
Br(0)

Combing these two estimates, we conclude that

/ eMdx < 4o0.
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