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Abstract

We describe the asymptotic behavior of conformal metrics related to the GIMS oper-
ator in the null case, as the prescribed Q-curvature fo(x) + A gradually changes. We
show that if one of the maximum points of fj is flat up to order n — 1, the normalized
conformal metrics in the lowest energy level will form exactly one spherical bubble as
A approaches zero using higher order Bol’s inequality. This generalizes the result of
Struwe (J Eur Math Soc 22:3223-3262, 2020) in the two-dimensional case to higher
dimensions and helps rule out the slow bubble case discussed by Ngd and Zhang
(Bubbling of the prescribed Q-curvature equation on 4-manifolds in the null case.
arXiv:1903.12054) to some degree.
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1 Introduction

Given a compact Riemann surface (M?, g), the prescribed Gaussian curvature problem
in conformal geometry attracts a lot of interest. It is equivalent to solve the following
conformal equation

— Agu+ Ky = fe* (1.1)

where A is the Laplace-Beltrami operator, K ; is Gaussian curvature of (M 2 g)and f
is the prescribed smooth function defined on M?. The special case where the function
f is a constant has been extensively studied due to the uniformization theorem. In the
more general case, the problem becomes more complex and has been the subject of
ongoing research in the field.
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The seminal work of Kazdan and Warner [17] has played a crucial role in the
development of the prescribed curvature problem and we highly recommend referring
to it for further details. The Eq. (1.1) is well known as the Nirenberg problem when
(M2, g) is a standard sphere. In their seminal work [17], Kazdan and Warner provided
an obstruction, known as Kazdan-Warner’s identity, to the existence of solutions to
(1.1), which significantly increases the difficulty of the Nirenberg problem. Many
important contributions have been made towards the solution of this problem, and we
refer the interested reader to [6, 7], and references therein.

In the case of a compact four-dimensional manifold (M 4 g), Paneitz [28] intro-
duced a conformal operator defined by

4 2 L 2 i
Py = A, —div, gRgg — 2Ricg ) d

where R, and Ric, denote the scalar curvature and Ricci curvature tensor of (M*, g),
respectively. Later, Branson [4] introduced the Q-curvature defined by

1 ,
Qp = — 35 (AR — R} + 3|Ricg[*).

Interestingly, similar to the Eq. (1.1), the prescribed Q-curvature problem in the con-
formal class of (M*, g) is equivalent to solving the following equation

Pgu+ Qy = fe (1.2)

for the conformal metric § = e?*g where Qg = 20, . For higher order cases, Graham,
Jenne, Mason and Sparling [15] introduced an operator known as GIMS operator P;
for (M", g) satisfying
n n __ n _nu
Piu+ Qp = Qe (1.3)
where g = e2”g where n > 4 is an even integer. We refer the interested reader to [8,
11, 23, 25], and the references therein for more details.
In the current paper, our focus is on the null case, i.e., QZ = 0, and we aim to
describe the asymptotic behavior of a family of conformal metrics. To facilitate better
understanding, we begin with the two-dimensional case. When the background Gaus-

sian curvature vanishes, Kazdan and Warner [17] provided a sufficient and necessary
condition for the existence of solutions to (1.1):

sup f > Oand/ fdug <0 or f=0. (1.4)
M M

It is natural to ask what will happen to the conformal metrics if this condition is
gradually violated? Let us explain it more precisely. Consider a non-constant smooth
function_ fo < 0 on M that vanishes at some points. Given a constant A € (0, — fp)
where fo := W /, v Jodpg, it is easy to check that this new function f, = fo +
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A satisfies Kazdan-Warner’s condition (1.4). With help of the method in [17], the
solutions to (1.1) exist by choosing the minimizer denoted by u,,_of the Dirichlet energy
fus |Veu|*dpg under the constraint that u € H'(M, g) and [, fre**dug = 0. For
brevity, we denote the Dirichlet energy of the minimizer u; as follows

B0y i= [ 1V P,
M

When A tends to 0 or — fo, we find that f; gradually violates the Kazdan-Warner’s
condition (1.4). Galimberti’s study in [12] focused on the asymptotic behavior of
u) where he found that as A approaches zero, S(A) tends to infinity monotonically
and the metrics blow up at finite points. Additionally, he provided several possible
characterizations of the bubbles (see Theorem 1.1 in [12]). Moreover, Galimberti
presented a complete description of the case where A — _WIM) / y Jodug and he
demonstrated that 8 () tends to zero while the metrics collapse. Subsequently, Struwe
[29] provided a more detailed characterization of the former case by ruling out the
possibility of the "slow bubble" scenario:

— Au = (14 A(x, x))e*, x € R? (1.5)

where A is a negative 2 x 2 matrix with (1 + |A(x, x)|)e?* € L'(R?) which is
a possible case in Galimberti’s theorem (see Theorem 1.1 in [12]). In fact, Struwe
established a Liouville-type result (refer to Theorem 1.3 in [29]) that proved the
nonexistence of a solution to (1.5). With help of this result, he then demonstrated
that when fp is non-degenerate at each maximum point, the metrics can only form at
most two spherical bubbles. This result was further improved by the author in [21],
in collaboration with Xu, where we showed that the metrics will shape exactly one
spherical bubble even in more general cases based on a global version of Alexandrov-
Bol’s inequality. Meanwhile, for the general Liouville-type theorem related to the Eq.
(1.5) was established in [18]. For a similar phenomenon in compact surfaces of higher
genus, there have been several studies in the literature, such as [3, 10], and [9], among
others.

In the case of four-dimensional manifolds, Ng6 and Zhang [26] studied a simi-
lar phenomenon related to Q-curvature based on an existence result for (1.2) (see
Theorem 1.1 in [14]) in the null case. They gave a possible characterization in the
fourth dimension similar to that in [12] and [13] when the maximum points of fj are
non-degenerate. Different from the two dimensional case, Hyder and Martinazzi [16]
showed that the following equation

Au(x) =1 — [x|He*™, x e R (1.6)
with (1 + |x|)e*™ e L'(R*) does have solutions for 0 < [ < 4. When [ > 4, a
Liouville-type theorem is established by [30] and [16] which shows that there is no
solutions to (1.6) if we additionally assume that Au(x) — 0 as |x| — oo. Therefore,

we cannot exclude the possibility of a ’slow bubble’ using a Liouville-type theorem
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similar to the one discussed by Struwe in [29], which addresses the two-dimensional
case.

It seems like that the ’slow bubble’ does exist if the function has non-degenerated
maximum points due to the work of Hyder and Martinazzi [16]. However, we tend
to believe that there are no ’slow bubble’. In fact, we will show that the metrics will
shape exactly one spherical bubble in the higher order cases if one of the maximum
points of fy is flat up to n — 1 order. This means "slow bubble" doesn’t exist in this
case. It is worth noting that we allow some maximum points to be non-degenerate.
Here, the flatness condition is only used to construct a test function to obtain the sharp
upper bound of energy in Lemma 2.4. With help of such sharp bound and the higher
order Bol’s inequality developed in [20], we are able to rule out the ’slow bubble’.

For convenience, we give some definitions before stating our main theorem.

Definition 1.1 We say a maximum point Py of f € C*>°(M) is of [—type if in a small
neighborhood of Py, considering the exponential map expp, : Bs(0) C R" — M,
J oexpp,(2) has the expansion

foexpp,(2) = f(Po) + pi(2) + O(lz"*1)
where p;(z) < 0 is a homogeneous polynomial of degree / and p;(z) # 0if z # 0.

Definition 1.2 We say f € C°°(M) only has isolated maximum points if each maxi-
mum point is / —type for some integer / and there are only finitely many such maximum
points.

Definition 1.3 We say a sequence {u;} C H 3 (M, g) forms a spherical bubble at Py
if there exists a subsequence as well as r; — 0 and x; = exp Po (zx) — Po such that

2
ur oexpp(rez + zk) + logry — log (m) ,

up to a translation, a scaling or adding some constants, in H, l’:)/cz R™).

For the sake of convenience, we use the notation Bg(p) to refer to an Euclidean
ball in R” centered at p € R" with a radius of R. Also, |Bg(p)| refers to the volume
of Br(p) in terms of the Euclidean metric. For a function ¢(x), the positive part
of ¢(x) is denoted as ¢(x)T and the negative part of ¢(x) is denoted as ¢(x)~. Set
fE px)dx = % f £ ¢(x)dx for any measurable set £. We denote by C a constant
which may be different from line to line. [s] denotes the largest integer not greater
than s.

Suppose that (M, g) is a compact manifold of even dimension n > 4 and GIMS
operator (denoted as P, for simplicity) is positive with kernel consisting of constants
and Q-curvature vanishes. Consider a class of smooth functions on M defined as

Fi={feC®M)|f<0and f £0,3x0€ M, f(xo) = 0}
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Given fy € F,let f,(x) = fo + A where the constant A € (0, — fo) where fo =
W Sy fodug. We define the energy functional

E(u) = / uPeudpg,
M
under the constraint
M@ = {u < H%<M,g)|/ fre"dug = 0},
M

M) = {u € M(A)|/ e"du, = 1}
M

where H 72 (M, g) denotes the Hilbert space. Based on Theorem 2.1 below and the
property E(u + ¢) = E(u) for any constant ¢, a minimizer u; of E(u) in M*()) is
achieved satisfying

Pgl,t)L = Ol)hf)te‘nu}‘ (17)
where «; > 0 and set the same notation as before

B() == E(uy).

Now, we state our theorem in the current paper as follows.

Theorem 1.4 Consider a compact manifold (M, g) of even dimension n > 4. Suppose
that the GIMS operator of (M, g) is positive with kernel consisting of constants and
the Q-curvature vanishes. Given a smooth function fy € F which only has isolated
maximum points. If one of the maximum points of fo is [-type with | > n, there exists a
sequence ki |, 0 such that {u,, } shapes only one spherical bubble at some maximum
point po of the prescribed function fy. Moreover, uy, (x) — —oo forany x € M\{po}
and the following equality holds

BOk)

— lim =(n— DYS"|
2 k—oo log(1/1k)

lim Agay, =
k— 00

where |S"| denotes the volume of unit sphere in R"*1,

Remark 1.5 If the maximum points of fj are all non-degenerate, we still do not know
how to eliminate the possibility of slow bubbles. We tend to believe that there are no
slow bubbles.

In [21], the Alexandrov-Bol’s inequality was used to rule out the "slow bubble"
in the two-dimensional case. For brevity, Alexandrov-Bol’s inequality on R? shows
that if the Gaussian curvature has an upper bound, the volume has a sharp lower
bound. More details can be found in [2, 20], and the references therein. In the context
of higher-order cases, a natural inquiry arises concerning the existence of analogous
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Bol’s inequalities. In [20], the author and J. Wei provide a partial response to this
question. Leveraging the findings established in [20], we can effectively eliminate the
presence of slow bubbles.

Now, we will briefly outline the structure of this paper. In Sect. 2, we provide another
proof of the existence result for null Q-curvature related to GJMS operator. Addition-
ally, we demonstrate the monotonicity of the minimizing energy and its growth control
with respect to A. In Sect. 3, we carry out a blow-up analysis for a sequence of nor-
malized minimizers of energy. Finally, in Sect.4, we present a proof of our main
Theorem 1.4 with help of higher order Bol’s inequality.

2 Existence of Minimizer and Monotonicity of Energy

Firstly, given a sign-changing smooth function f(x) on (M, g), we give a proof of the
existence of the minimizer of energy E (1) under the constraint

M = {u € H%(M)|/ fedu, = 0} .
M

Actually, it has been proved by Ge and Xu in [14] firstly. Besides, Ngd and Zhang gave
another proof in their appendix of [27]. Here, our proof has its own interest since the
continuity trick during the proof of monotonicity of energy will play a very important
role. Meanwhile, compared with Corollary 2.4 in [1], we remove the restriction

/ |Agu|2dug < o,
M

for some positive constant o depending on (M, g).

Theorem 2.1 Given a smooth compact manifold (M", g) with unit volume wheren > 4
is an even integer. Suppose that Py is a positive GIMS operator with kernel consisting
of constant functions. For any smooth and sign-changing function f (x), the minimizers
of E(u) with u € M exist. If we choose a minimizer denoted as u, up to a constant,
uo satisfies

Pgug = sgn(—f) fe" 2.1)
where f = fM fdug and sgn is the sign function.

Proof The case f = 0 is trivial since all constant functions are the minimizers lying
in M as well as the assumption on the kernel of P;.

As for f # 0, we just need to consider the case f < 0 since we can do the same
following program by considering — /. Suppose f(xo) = maxy f(x) > 0 and then
there exists § > 0 such that f(x) > % f(xp) for any x € Bs(xp). We could choose a
non-negative cut-off function n(x) such that n(x) equals to ¢ in Bs;2(x() to be chosen
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later and vanishes outside Bj(x¢). Then direct computation yields that

/ fem;dl"g = / fe" — Ddpug +/ Sfdug
M M M

= [ ren=ndug+ [ ron
Bs (x0) M

> [ T o vau [ rau =0
Bs2(x0) M

if we choose sufficiently large c. Set a family of functions

p(t) = / fe"dug
M

where ¢+ € [0, 1] and then immediately ¢(1) > 0 and ¢(0) < 0. It is not hard to
check that ¢(¢) is continuous with respect to ¢. Then there exists 7o € (0, 1) such that
¢(tp) = 0 which concludes that fon € M . Thus we show that M ; is not empty.
Due to positive Pg, for u € My, E(u) is bounded from below by zero. Noticing
that the fact that for any constant c, there holds
E(u+c) = E(u).

Thus we can normalize M s as

M = {u er|/ eMdp, = 1}.
M
Thus we have

A:= inf E(w)= inf E(u). 2.2
v () ueh () (2.2)

Choose a sequence {u;} C M’} satisfying E(u;) < Cp minimizing E (1) where Cy is
a constant independent of i. Jensen’s inequality implies that

_ 1 s
;= [ uidug < —log [ e"dug=0.
M n M

Applying Adams-Fontana inequality (see [8, 25]) and the fact that E'(u;) < Cy, there
holds

—nu; = log/ e"(“"_["')dug < C/ ui Pouidpg +C < C.
M M
Combing with above two estimates, one has
li;] < C.
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Based on the positivity assumption on P, as well as interpolation inequality, we have
luill gne oy = CE(ui) + Clu;| < C.

Then there exists a subsequnce of {u; } weakly converges to 1, in H 2 (M) and strongly
in LP(M) for any 1 < p < 4o00. Then Adams-Fontana’s inequality yields that for
any g > 1

/ e?">du, < Cexp(C(q)|lucol )-
M

H3 (M)

Following the argument in Sect. 3 in [17] and the fact |¢’ — 1| < |t|(e" + e ), there
holds

i 00)2
/(enu _enu )d/ng
M
— / eZnuoo(en(u,-—uw) _ l)zdﬂg
M
2
S/ e2nuoo (en(u,-fuoo) _i_efn(u,'fuoo)) n2|u,- _uoo|2d/1«g
M

1/4 g 1/4
< n2 (/ egnu”dpbg> </ (en(u,-—uoo) +e—n(ui—lloo)) dﬂg)
M M

2
”Mi - MOO||L4(M)

< Cllui — tooljapy) = 0

which concludes that uo, € /\/l")i Using the theory of Lagrange multiplier, uo, weakly
solves the following equation -

Poltoo = Ay fe"" 4 hpe"'>. 2.3)

Integrating (2.3) over M ,we get Ao = 0. Obviously, A1 # 0 otherwise u is a constant
which contradicts to f < 0. Moreover, there holds A = E (us) > 0.
Now, we claim A1 > 0 and argue by contradiction. Supposing A; < 0, consider

v() = / fete
M
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where 7 € [0, 1]. Taking the same strategy as before and using the fact [¢' — 1 — 1| <
12(e' + e, for fixed 7y and |e| < 1, we have

[¥(to + €) — ¥ (to) —en /M fentouoouoodliﬂ

= '/ feote ("M — 1 — neuse)dpg
M

< / |f|entouoo€2n2ugo(eneuoo + efnfuoc)2dug
M

< C(fonato. lucoll g )€

Hence, there holds ¥ (f) € C!. Meanwhile, ¥ (1) = 0 due to us € M? Direct
computation yields that

Y(l) = n/ Uoo fE" > dy = Al/ Uoo Poltoodiig < 0.
M M

Then there exists #; € (0, 1) such that ¥ (z;) > 0. Recall ¥ (0) = fM fdug < 0and
immediately there exists 1, € (0, #1) such that ¥ () = 0 which means Hus, € My .
Although fyu~ doesn’t belong to M., the property (2.2) shows that

A< E(hux) =63A< A
which is impossible. Hence A1 > 0. Then fiqo = o + % log A1 satisfies
Pgylice = sgn(—f) feies.
O

Now, we are going to use the above continuity trick to show the monotonicity of
energy with respect to A.

Lemma 2.2 B(}) is strictly decreasing in (0, — fp).

Proof Given 0 < A; < Ay < — fo, by Theorem 2.1, we know that B; is achieved by
some u; € M™*(1) for any A € [Aq, Az]. Set

g([) — / f)\zen(l—f)ull dl‘Lg
M

Notice that
£(0) = / (fogx + 22— Ape"dpgy =2y — A1 > 0,
M
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and £(1) < 0. Making use of the continuity of £(¢), there exists #; € (0, 1) such that
&(t;) = 0. Hence

B0 < /Mu iz, Po(l — i)z, dptg = (1 — 1)>B0u1) < BGp).

O

Applying Lebesgue’s Theorem, we observe that (1) is almost everywhere differ-
entiable.

Lemma 2.3 B(X) is Lipschitz continuous on compact subset of (0, — fo) and p' (L) =
2(:!)L
a.e.

Proof Multiply f; to both sides of the Eq. (1.7) and integrate it over M to get

fM MAngAdMg _ fM(uk - ﬁA)ngOdMg

0[)\ = =
Sy Fremdpg Sy e dig

Using Holder’s inequality, one has

0< il < (/ szemudug>/ e dpg.
M M

lus — w21l foll pn o
C 5 e M dug.
(WA M

As mentioned before, o) > 0 by using Theorem 2.1.
With help of Adams-Fontana’s inequality and u; € M*()), we have

/ e_nu)‘dug =/ e—n(ux—ﬁx)d'ug/ en(ul_ﬁk)dﬂg Secl Jag ur Pgupdpg+C
M M M

Then

where C1 and C are both positive constants just depending on (M, g). The positivity
of P, shows that

”u)» - ﬁklliZ(M) S C/ u)\Pgu)Ldlng.
M

We could combine these estimates to get

. < ||f0||H \/m Clﬁ(k)
IIfAII

If A € [a, b] C (0, — fo), we just need to construct a function u such fM Sae™dpg >0
to control the upper bound B, with help of the trick in Lemma 2.2 since

| perane = [ g
M M
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The construction of such function is easy and we omit Ehe details. Thus «;, and B, are
both uniformly bounded on compact subsets of (0, — fp).
Consider § close to 0 and w close to A with u, A € [a, b]

/ fue" T dpg = / (fut (= 1)e" T dprg
M M
— / f)\enuk(enéu)\ _ l)dMg
M
Fu=n) [ e Dy -
M

= ms/ fre™ uzdiig 4+ 0(8%) + (1t — 1) O(B) + ju — A
M
_ B

o

S+ 0B+ (L—21)0@) +u— A

where we have used u; € M™*(1) and the Eq. (1.7). Hence we can choose

o), 2
8= —nﬂm(u—/\)+ O((n—A))
such that
‘/]W fMen(]+5)u)LdMgb =0.
Then

2 20{)L 2
PG = A +8)°p() = () — —= (= 2) + O((u = 1)7).

Similarly, we have

20y, 2
BA) < B(n) — T()» — )+ O —A)%).

Hence
2 2
— %(u — )+ 0 — 1)) < B — BR) < —%(u — )+ O — 2)?).
2.4)

Due to the estimate (2.4), we show that (%) is Lipschitz continuous on compact subset
of (0, — fo). Moreover, we have

dg 25 dB 20,
— )< —— —(O)=—-——
dk( +) = n dk( ) n

Since B(1) is differentiable almost everywhere, one has

20[)\
,3/()») = —T a.e. m]

@ Springer



145  Page 12 of 31

Lemma 2.4 There hold

PO - DS B)

lim inf > im sup <
210 log(1/A) n 210 log(1/X)

< (n— DS

Moreover, if there exists a maximum point of fo(x) is flat up to n — 1 order, one has

i B()
imsup ——— <
140 log(1/x) — n

2
< Zm - 1S, lkiir(}inf)»a,\ < - DS

Proof Firstly, following the argument of Lemma 4.1 in [26], Holder’s inequality
together with Adams-Fontana inequality (see Proposition 2.2 in [25]) shows that

0 < 1 foll21 ) < / | fole ™" dpg / | fole™dyug
M M

:/ |f0|e*”’“dug/ re"rdpg
M M

< CA/ e_"”*dp,g/ " dpg
M M

:C)\./ en(—MA-HZA)dMg/ en(ux—ﬁx)dug
M M

= crew (G i)

Then

(n—DYs"| | 1

B() — og > C.

Immediately, there holds

— 11§57
liminf @) . (n — DYS"|
Ao logl/A n

Of course, we also have

B(A) — o0, as A — 0.

(2.5)

2.6)

As for the upper bound for B(A), consider a test function introduced in [11] (see
Sect. 4 of [11]). For § > 0 small to be chosen later, consider a non-decreasing smooth
cut-off function y;(¢) such that x5(¢) = ¢ forz € [0, §] and xs(¢) = 26 forany r > 24.

For s > 0 to be chosen later, define the test function ¢y 5 as

2s
1+ 52 x5(dg (x, x0))?

©s,8 (x) = 10g

@ Springer

2.7)



Asymptotic Behavior of Conformal Metrics... Page130f31 145

where x( is a maximum point of fj and d,(x, y) is the distance function on (M, g).
Letting s — 0o, Lemma 4.2 in [11] and Lemma 4.5 in [25] show that

/ @5.6 Pggs sdg < (2(n — D!|S"| + 0s(1)) log s + Cs. (2.8)
M
Due to fo(xg) = maxys fo = 0, we could find ¢; > 0 and small § > 0 such that

fo(x) > —cidg(x, x0)*

for any x € Bss(xp). Thus for such small § > 0 fixed

/ fke"(ﬂxﬁdug
M
/ (fo+2) ( 2 ) a
Bas (x0) 1+ 52 x5(dg (x, x0))? &
+/ (i +>»)>( 28 )nd
M\ Bas (x0) 0 1 4 45252 He
- / N ( 2s )" q
= —_—— e — C]
B (x0) 1+ Szdg (x, x0)? 8
2 2S n
d (x. x0) (—) du
/Ba(m) ¢ 1+ Szdg (x, xo)2 &

c / d ( X )2 ( 2s )n d/L + O(S_")
— ¢ X, X0 -
Bas5(x0)\ Bs (x0) ¢ 1+ 5252 8

n nyy12
> CIA/ S S— P Cz/ de +0G™")
| |

<5 (a1 + s2|x|?)" <5 (a2 + s2|x|?)"

where C1, C3, aj and a; are all positive constants independent of s by considering the
exponential map in the small neighborhood. Now using polar coordinates, we have

/ fkenw‘r'5dﬂg
M
58 t"_l ) 58 l‘"+1
> C3A —————dt — Cys™ ———dr+ O(s™"
’ /0 (ap 4 12)" ! /o (ay 4 12)" ¢

00 tnfl ) oo tn+1
= C3A —————dt — Cys~ ———dr+ 0.
’ /0 (a1 4 12)" . /0 (ar +12)" G

We choose
sT2=cA (2.9)
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where c is a positive constant such that
/M(fo + e ddpg > Cs™2 + 0(s™).
Hence if A is small enough, we have
/M(fo + Me"ddp, > 0.

Due to f_k < 0, the same trick in Lemma 2.2 implies that there exists #; € (0, 1) such
that t1¢; 5 € M(X). Thus with help of (2.9) and (2.8), there holds

1
B < E(t1s5,5) < ((n — DYS"| + 0s(1)) log X + C(3).
Immediately, one has

li <@m-D|s" 1).
fim su logl/k_(n ST 4 0s(1)

Then by letting § — 0, we obtain the desired result.
Now, if a maximum point xq of fy is flat up to n — 1 order, we have

fo(x) = —=Cd,(x, xp)"

in the neighborhood Bys(x(). Similarly, a direct computation yields that
/ (fo +1)e"#2dpug
M

s8 tn—l sé t2n—l
> CA ——dt — Cs_"/ ——dt+0@G™"). 2.10
/0 (a1 +12)" o (ay+1?)n ) @10

Now for any small € > 0, we choose

s =)

such that
/ (fo+1)e"?odug > Cs™ " 4+ 0(s " logs).
M

Hence if A small enough, we have

/M(fo + A)e"ddp, > 0.
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Samely as before, one concludes that

. BR) 2
im sup <
210 logl/A — n

n— D!S"| +os(1).

Letting 6 — 0 and then € — 0, one has

A 2
lim sup @) < —( — DS (2.11)
210 log 1/A

Meanwhile, with help of Lemma 2.3 and the above estimate (2.11), we have

A
liminf Aa), < —11m1nfk|£| l sup @) <m-DIS". (2.12)
210 2 210 da 23 log 1/X

Indeed, suppose A1 > 0 and ¢p > lim;, o sup logl /A for almost 0 < A < A such that
|B;| = S then for any sufficiently small A we obtain

M M ds
Br— By = / Bl1ds > Co/ = = qlog1/1) + €
A A

which contradicts to our choice cq by letting A | 0. Finally, we complete our proof. O

3 Blow-Up Analysis

The following lemma modifies Proposition 3.1 of [23] by Malchiodi for future appli-
cation.

Lemma3.1 Let (M, g) be a compact closed manifold with even dimension n > 4
and ker P, = {constants}. Given a sequence {uy} satisfying Pouy = hy with hy €
LY (M) and fM h,‘("dug < C where C is a constant independent of k. Set u; =
m / w Wkding. Then one of the following is true:

(a) There exists a constant gy > n such that

/ eqo(uk*’;k)dug <C.
M

Moreover, lfhk+ < Ceé"Uk, there holds

Il — )T ooy < C.

(b) There exist finite points p; with 1 <1i < io such that for any s > 0

k— 00

1
lim inf/ hidpg > —(n — DYS"|. 3.1)
Bs (pi 2
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Moreover, lfh,j' < Ce"*, on any B, (x) CC M\{p1,---, iy}, there holds
=t
(g — i)™ Nl Lo (B, (x)) < C.

Proof Due to ker P, = {constants}, there exists a Green’s function (see [8, 23, 25])
satisfying
P,G(x,y) =08,(x) -1

with
1

lo <C
= DS gy | =

'G(x,y) -

near the diagonal of M x M. Since M is compact and P,;(u + C) = Pgu for any
constant C, we could choose a positive Green’s function. From now on, we assume
that G(x, y) > 0. Based on our assumptions, there holds

/ hidu, < C. (3.2)
M

For any xo € M, suppose that there exists ryp > 0 and ap > 0 such that
+ 1 | n
hydug < 5(n—1).|S | —ag (3.3)
B3y (x0)
for sufficiently large k. Then, for any x € B,,(xo), we have

up(x) — ug =/ G(x, Y)hidpg
M

< | Genntang
M

= /B G(x, Y)hf (n)dpg ()

2 (x0)

- / G(x, My () dpe ()
M\ By (x0)

< / G(x, y)hfdpg, (y) +C
B

2r(xp)

since |G(x, y)| < C on B,,(x9) x (M\ B2, (x0)) and the estimate (3.2). Choose a
cut-off function 0 < n < 1 with n = 1 in By,,(x¢) and 7 vanishes outside B3, (xo).
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For @ > 0, take the strategy used in [5] and make use of Jensen’s inequality to get

/ I g
Bro (x0)

C / exp ( / aG(x, y)h;:(y)dug(y)) dpig(x)
By (x0) Bor (x0)

C/ exp (/ aG(x, y)h,f(y)n(y)du«g(y)> dpeg (x)
Bro(x()) M

IA

IA

h+n
SC/ /eXp(allh,fnllLuM)G(x,y))+k—
Byy(xo) I M Ay

dpg(y)dpg(x)
izt

2l 1y,

< c/ hin / ( 1 )(nl)!s'wd .
B Mo (x)dpg (y).
Il i any i \dg (x, y) g g

With help of (3.3), there exists ag > n such that the last integral is finite i.e.

/ eI gy, < C. (3.4)
BrO (x0)

If any x € M, the estimate (3.3) holds. Since M is compact, there exist finite balls
covering M and then there exists go > n such that

/ eQO(“k*ﬁk)d'ug <C.
M

Otherwise, due to f M h,':du ¢ < C, there are finitely many points such (3.1) holds.
Now, if the condition h,'f < Ce"k gatisfies in addition, for each xq as before such
(3.3) holds. Then for any x € By,,2(x0), with help of (3.4), one has

)~ =C+C [ Gl )
Bro(xO)

n/ag X 1—n/ag
<C+C / e " d . / |G| 1=/*0dpug
By, (x0) By (x0)
<C
which concludes that

1k = @) Lo B,y ooy < C- (3.5)

If for any x € M, the estimate (3.3) holds. With help of a finite covering, one has
llGux = i) Tl ooy < C. (3.6)
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Finally, we finish our proof.
]

From now on, we assume fj has a /-type maximum point with / > n. Based on the

definition, it is not hard to see that such /-type maximum point is flat up to n — 1 order.
Meanwhile, we have

Al <A—fo=20—fi, fif <A

and then the estimate (2.12) yields that

liminf/ ol fale™dpg < 2(n — DS, (3.7)
A0 M
liminf/ a, fife" dpg < (n — DIS"|. (3.9)
A0 M

Based on (2.12), we choose a subsequence Ay — 0 such that

lim Ay, < (n— DS (3.9)
k— o0

For simplicity, set ux = uy,, g = ezukg and Qi = a;, fi, < ay Ak Recalling the
Eq. (1.7), there holds
Poup = Qpe"™*.

Lemma 3.2 Consider the sequence {uy} as above satisfying (3.9).

(i) As k — o0, there holds

1
ny = —— du, —» —o0o, — 0.
CT vol(M. g) /M”" He o

(ii) There exist ig points p; with 1 < i < iy, where ig € {1, 2}, such that fo(p;) =0
forall i, and for any s > 0 fixed,

1
lim inf/ Q,j'e””"d,ug > —(n—DSY (3.10)
k— 00 B (p; 2
s (i)
as well as
. 1 . 1
lim inf " dpg > =, lim inf Agay, > —(n — D![S"].
k—00 By (pi) 2 k—oo 2
Proof Firstly, we claim that
uy — —oo, as k — oo. (3.11)
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Based on u; € M*( ), there holds

/ (_fO)enudeg = )\k/ enukdﬂg = A
M M

and apply Jensen’s inequality to get

— - A
exp / nuy &dug < / enuk #d,u/g — —k
M ||f0||L1(M) M ||f0||L1(M) ||f0||L1(M)

Hence we have

(= fo)urdpg — —oo0, as k — oo.
M

Set the notations ¢ := max{0, ¢} and ¢~ := max{0, —¢} for any function ¢. Notice
that

| / (= fodu dpug + / (= foyurdyag| = / (— fou dug
M M M

- maXM(—fO)/ Midp, < C,
n M

and
/(—fo)uk_d,ug §max(—fo)/ up dig
M M M
which yields
/ up dpg — +o0, as k — oo.
M

Then with help of the fact x < e*,

/ukdung uljdug—/ u, dpg
M M M

1

—/ e"“kd,ug—/ up dug
nJm M

1

= ——/ u, dpg — —oo.
n M

IA

Thus we prove our claim (3.11).
With help of (3.9), one has

/ Q,j'e"”kdug < )»koqk/ e"kdpg, < C, Q,j'e"”k < Ce"k,
M M

We will apply Lemma 3.1 and rule out Case (a) in Lemma 3.1. We argue by contra-
diction. Supposing that Case (a) in Lemma 3.1 holds, there holds

Ik — i) T ooy < C

@ Springer



145  Page 20 of 31 M. Li

and then
1 :/ e"rdpg :/ e"(”kf’z")d,uge”ﬁk < CeMitk, (3.12)
M M

which contradicts to (3.11). Thus there are only finite points p; € M with 1 < i < iy,
ip € N such (3.10) holds. With help of the estimate

/ O "k dpy < azhk / " dpg = oty ks
By (pi) M

there holds 1
lim inf o), A > E(n — DYS".

k— 00

Immediately, one has a), — o0 as Ay — 0. Meanwhile, Due to Q,‘: < ay, Ak, the
estimates (3.9) and (3.10) yield that

(3.13)

SN

lim inf/ e"rtdpg >
k=00 Bs(pi)
Based on the unit volume property || w€""*dpug =1, ig is either 1 or 2.

The remaining task is to demonstrate f(p;) = 0 for each 1 < i < iy. We can
establish this argument by means of a contradiction. Suppose that fy(p;) < O for
some i. Then, we arrive at a contradiction because there exists s > 0 such that for any
x € Bs(p;) and sufficiently large k

Ok = oy, (A + fo(x)) <0,

and then
/ O™k dpy <0
B.Y(Pi)

which contradicts to (3.10).
In conclusion, we have successfully demonstrated all desired results. Thus, the
proof is complete. O

Remark 3.3 Justas Remark 3.2 in [23], using the same proof, we can extend Lemma 3.2
to the case in which also the metric on M depends on &, and converges to some smooth
g in C"™ (M) for any integer m. We will use this variant later.

Following the argument of Lemma 2.3 in [23], it is not hard to get the following
lemma with help of (3.7) and the representation of Green’s function.

Lemma 3.4 There is a constant depending only on M, fo, j and p such that for any
1 <j <n—1andp > Osatisfying jp < n, smallr > 0and any x € M, there holds

/ |V ug|Pdpg < Crir.
By (x)
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Proof The proof is the same as Lemma 2.3 of [23]. We omit the details here. O

With help of Lemma 3.2, there exists a small constant § > 0 such that Bys(p;) are
disjoint. For any blow-up point p; (we denote it as P for simplicity) and 0 < r < 4,
there exists x, x € Bs(P) such that

/ e dpu, = sup / e"kdu,.
Br(xr,k) XEB&(P) B, (x)

Then for each fixed radius r, using Lemma 3.2, there holds

S

k— 00 k— 00

lim inf/ e"*dpg > lim inf/ e"tdmug >
Br(xr,k) B.(P)

Thus, if k is large enough, there exists r; such that f By () eMidp, = % For
simplicity, we denote x,, x as xx and there holds

1
/ e"kdu, = sup / e"kdp, = —. (3.14)
By, () xeBy(P) By (¥) 8

Lemma 3.5 There holds
rr > 0, xp — P.

Moreover, if P is a l-type maximum point of fo, one has
rl < Chg, dg(xx, P)' < Chy.

Proof Firstly, based on the choices of x; and r;, we have

1
3 :/ "k dpg 2/ e"kdpg.
By, (x1) By (P)

Then the estimate (3.13) yields that ry — 0. With help of ry — 0, if there is a
subsequence x; — xo € Bs(P)\{P}, for sufficiently large k, one has

By (xi) CC M\{pi; 1 =i < io}.
Then part (b) of Lemma 3.1 yields that

e = )™ 2o By, (uy < C-

Making use of this estimate, there holds
/ enukd/,Lg < / en(uk_ﬁk)dﬂgenﬁk < Cenﬁk -0
By (xx) By (xi)
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as k — oo which contradicts to our choice (3.14).
Based on the Definition 1.1, there exists a constant C; > 0 such that

supp(Q) N Bs(P) C B 1(P).
Cl)tk

We claim that r,l()»lzl < C and argue by contradiction. Suppose that there exist a

!
subsequence such that ;—’]‘( — o00. Then, for sufficiently large k, there holds

B | (P)C B, (P).
Clkk[

Then, with help of (3.9) and (3.14), for sufficiently large k, there holds

1
o= D z e [ e
By, (1)

> oy Ak / @nukd,uvg
By (P)
> / Ql—:enuk dl'Lg
By (P)

> / Q/jenukdl/«g
BCML/I (P)

[ ggeman
Bs(P)

which contradicts to Lemma 3.2. Thus we prove the claim
rh < Chy. (3.15)

Due to P is a [-type maximum point of fo, there exists ¢; > 0 such that for small
6>0
—fo(x) = cidg(x, P)',  x € B5(P).

Using the estimate (3.9) and Lemma 3.2, there holds, for large k

™' < may, < C.
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With help of this fact and the estimate | | < A — fo = 21 — fj, then there holds

C= [ @hnae i,
M
- /M iy 0k — fi)e™ dptg
> / | il ditg
M
> / |Qxle™ dg
Brk (xk)
> / sy (—fo — M) € djig
Brk (Xk)
>y / oy dg(x, P)lez""d,ug -C
By (xk)
> c/ A g (x, PY e dp, — C
By, (x¢)
which deduces that

/ A dg(x, P) M rdp, < C. (3.16)
Brk(xk)

For any x € B,, (x), with help of (3.15), one has
1
-7

_1 _1 _1
h g, P) > A Tdg(xp, P) — Ay Tr > A dg(xp, P)—C. (3.17)

Combing these estimates (3.14), (3.16) and (3.17), we must have

_1
hy Tdg(xi, P) < C.

Finally, we complete our proof. O

4 Proof of Main Theorem

During doing blow-up analysis, we need to study the following conformally invariant
equation:

(—=A)Zu(x) = Q(x)e"™™ on R" 4.1

where n > 2 is an even integer and Q(x) is a smooth function. Supposing that
Qe™ e L' (R™), we say u(x) is a normal solution to (4.1) if u(x) satisfies the integral
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equation

mOdy + C (4.2)

uto = 1>'|S"| /

for some constant C. More details about normal solutions can be found in Sect. 2 of
[19]. Here, we assume that u(x) and Q(x) are both smooth functions on R". Although
similar results can also be obtained under weaker regularity assumptions, for the sake
of brevity, we will focus on the smooth case throughout this paper.

With help of higher order Bol’s inequality established in [20], we are going to give
the proof of Theorem 1.4. For the reader’s convenience, we rewrite Theorems 5.2 and
5.3 as the following lemma.

Lemma 4.1 (Theorems 5.2, 5.3 in [20]) Given a homogeneous polynomial py. satisfy-
ing pr(x) < 0and x - Vpr(x) = kpr(x) on R" where n > 4 is an even integer and
the integer k satisfies 2 < k < n — 2. Suppose that u(x) is the normal solution to the
following equation .

(=A)2u(x) = ((n — D!+ pr(x)) ™.

/ e™dx > |S").

For k > n, a Liouville type theorem is established in [16, 18, 30], and [20]. For later
use, we write the following lemma which is a special case of Theorem 4.5 in [20].

Then there holds

Lemma 4.2 (Theorem 4.5 in [20]) Given a homogeneous polynomial py satisfying
pr(x) < 0and x - Vpi(x) = kpr(x) on R" where n > 4 is an even integer and the
integer k satisfies k > n. Then there is no normal solution to the following equation

(—A)2u(x) = ((n — D!+ pr(x)) €™,

Proof of Theorem 1.4 Following the strategy taken in [23], given small § > 0, consider
the exponential map

expp : I§’5(O) — M, expp(0) =

where Bs(0) := {z € R"||z] < 8}. We define the metric on Bs(0) by gk := (expp)*g
and set
U =ugoexpp, 2k = exp;l(xk)
where xj and r;, come from (3.14). Consider the linear transformation Ty, : z — rrz—+2zk
and set
ur(z) = ug(Trz) + logrg

for z € Dy := {z € R"||zx + rrz| < 8}. Sin(ie rr = 0and z; — 0 (see Lemma 3.5),
we find that Dy exhaust R” as k — oo and B h (0) C Dy for sufficiently large k. Set
Tk

@ Springer



Asymptotic Behavior of Conformal Metrics... Page250f31 145

o = rk—sz*gk and fk(z) = Ak + fo(expp (rkz + zx)). Due to the conformal property
of P, there holds

Py i (z) = oy fre™*, z € Dg.

Notice that g; converges in C}? (R") to the flat metric (dz)? for any integer m.
Based on (3.14), using a change of variables, we have

1 A
g — / enukd'ug — / enukdﬂgk.
By (xk) B1(0)

Moreover, for any y € B 2 (0), there holds
Tk

/ e”ﬁ"dugk 5/ e”ﬁ"dug,k =
B%(y) B1(0)

Then due to the upper bound (3.9), there exists k; > O such that, for any k > ki,
e < 2(n— DS

Then, for k > ki, we have
N . 1
[ Of " dug, < Olkk)tk/: e"dpg < 7= DIS| - (4.3)
Bi2(y) Bi2(y)

where Q) = oy, fk Given R > 0, define a smooth cut-off function W satisfying

Wr(z) =1 for |z|
Wr(z) = 0 for |z]

We also set

1 / .
ay = — R ukdug
|BR|§k BR :
v = Wik + (1 — WR)ap = ax + Yr (i — ai)

ﬁk =V — dg.

Notice that vy, is identically zero outside Bg. With help of Lemma 3.4, we have

/ Z|V1uk|f’dugk =Cr pe(l—). (4.4)
BZR
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Applying the Poincaré inequality and the estimate (4.4), there holds

/ |0xPdpg, = / Wik — arlPdpg, < / iy — ar|Pdpg,
Bg Bg Bgr
A n
< [ IVirdug < Co ped .
Br n—1
Meanwhile, there holds

Py O = Wr Py il + Li(lig — ax) = Wg Oxe™* + Ly(iix — ax)

where Ly (it — ag) are linear operators which contains derivatives of order 0 < j <
n — 1 with uniformly bounded and smooth coefficients. Then

A n
[ Ikt - aoldug < ce pea. o,
Bor n—1
Hence using (4.3) and Remark 3.3, there exists ¢ > 1 such that

/ Skdpg, < C (45)
B

due to (4.3). Actually, since 0y vanish identically outside éR, we can embed a fixed
neighborhood of (1§2R, gr) into a compact manifold, a torus for example, such its
metric converges to a flat one.

On the other hand,

1 R 1 IS
ar = — / Upfrg, < A—/ e g < C.
|BR|§k Br n|BR|gk Bgr

Since v; = fix in Bg, there holds

% Z[ " g < € / " dpg, < Ce'.
B1(0) Br

Thus
lax] < C.

Combing with (4.5), one has

/ "Mdu, < C
Bg

for some g > 1. Thus standard elliptic theory yields that iz is bounded in w4 (é R/2)-
By the arbitrary choice of R, up to a subsequence, Sobolev embedding theorem shows
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that (iix) converge strongly in C

7o (R™) for some o € (0, 1) and also strongly in
H/2 . (R") to a function i, € CF (R") N H2_(R").
Firstly, by the Definition 1.1, we have

@, ke + fo) = (1 + 2 pr(zi 4 me2) + 27 O (lze + ezl 1))
_1 _1
=a, (1 + prh Tz + A Trez) + Az + ezl O zi + rez)))

where p;(z) is a homogeneous function of degree / satisfying p;(z) < 0. With help of
Lemma 3.5 and the fact z; = exp;l (xx), there holds

awirh <, ol = A dy(u, PY < C.

Hence, for z € B r(0), we have

?»;:1 2t + ezl  O(zx + 1izl) = 0, as Ap — 0.
Due to Lemma 3.2 and (3.9), one may suppose that, up to a subsequence,

)LkOt)Lk — U

where 1 satisfies

%(n— DUS" < < (n = DYS". (4.6)

With help of Lemma 3.5, up to a subsequence, there holds

l

. T
Iim — — rg

k—o00 Ag

where r is a constant and satisfies 9 > 0. In addition, up to a subsequence, we have

_1
lim &, 'zx — z0 € R".
k—o00

There are two possible cases including ro > 0 and r9p = 0. We will discuss them
one by one.

Case 1: rg > 0.

Then one has

klir{:o @, vk + fo) = (1 + pi(zo +r02))

uniformly on B r(0). Then @iy, € H;:)/Cz (R™) weakly solve the equation

(—A) 3o = (1 + pi(z0 + roz))e™> (4.7)
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satisfying
/n enﬁoodz <1, /R” (1 + pi(zo +roz))|e”f‘°°dz < 4o0.
Meanwhile, with help of Lemma 3.4, for any R > 0, there holds
/ [Afioo|dz < CR" 2
Br(0)

which concludes that

1
[BR(O)| J Br(0)

|[Alino|dz — 0, as R — oo.

By a simple translation w(z) = fieo(z — %10) + %log W, it is not hard to check
(—A)2w(2) = (1 + pi(roz))e™
satisfying
/ Sz < g, / (1 + pr(roe))le™dz < +o00 “8)
R” R”

and

|Aw|dz — 0, as R — oo.
IBR(O)| JBg(0)

With help of Theorem 2.2 in [19], we show that w(z) is a normal solution. Then
applying higher order Bol’s inequality Lemma 4.1, there holds

/ e"dz > (n — DS"

which contradicts to (4.6) and (4.8). Thus we rule out this ’slow bubble’ case which
means that rg > 0 is impossible.

Case 2: rg = 0.

On Bz (0), up to a subsequence, there holds

_1 _1
POy "k 4 Ay Trrz) = po < 0. 4.9)
Thus i1, weakly solves the following equation
(=A)Ziigo = u(1 + po)e™> on R”
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with the volume
/ ) eMicedz < 1. (4.10)
Same as before, Lemma 3.4 shows that
/ |Aliso|dz = 0(R™).
Bg(0)

Theorem 2.2 in [19] shows that ii is a normal solution. With help of Lemma 2.18 in
[19], one has g > —1. Due to the classification theorem in [22, 31], and [24], one
has

(o +1) [ "edz = (n — DS
Rn

With help of (4.6), (4.10) and (4.9), we have
po=0. w=-DiE" [ ez =1,

In addition,

R ) 1 1 2s
loo — —log— =log +———
T S T 2 i — 2P

for some s > 0 and zg € R". Moreover, there holds
lim Aray, = (n — DIS"|.
k—00

Due to (2.12) and Lemma 2.4, up to a subsequence, there holds

B(Ar)

% lim =@ -S|
2 k—oo log 1 /Ak

Using the unit volume constraint, there must be one blow up point denoted as pyg.
For any x € M\{po}, there exist r > 0 such that B,(x) CC M\{po}. Applying
Lemma 3.1, there holds
up(x) < C + ug(x).

Combing with Lemma 3.2, we obtain that
up(x) > —oo, ask — oo.

Finally, we finish our proof. O
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