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ABSTRACT. On flat torus with standard metric g, two metrics g1 and g2 with
unit volume in the conformal class of g; are said to be equivalent if they have the
same Gaussian curvature, denoted by g1 -g2. The main purpose of this article
was to study the boundary of the moduli space [gp]/ -. Our main conclusion
was that as the energy minimizing metrics of the equivalent classes along a
certain direction approach the boundary point, the corresponding metrics must
be blown up at exactly one point, which sharpens Struwe’s estimate (JEMS
2020).

1. Introduction. Let M be a torus with the standard flat metric g of unit volume.
It is natural to consider the set of Gaussian curvature functions of all conformal
metrics. This is the so-called prescribed Gaussian curvature problem on M, which
is equivalent to solving the semi-linear equation on M

— Agu= fe. (1)

A classical remarkable work of Kazdan and Warner [17] shows that the equation (1)
is solvable if, and only if, either f = 0 or f changes sign and f := Joy fdug, < 0.
Thus, for such a given nonzero function f, this result indicates that there exists at
least one solution u to the equation (1). However, it might have multiple solutions
that one does not know. Nevertheless, any solution to (1) induces a conformal
metric ¢ = e?%g,, which has the given Gaussian curvature f. In order to settle
non-uniqueness, we introduce the new concept. We say two conformal metrics g;
and g5 in the conformal class [gp] are equivalent, denoted by g;-gs, if their Gaussian
curvature is the same. Let M be the set of equivalent classes, i.,e., M = [gp]/ -
The natural question is how to describe the boundary of this moduli space.

Notice that by the aforementioned Kazdan-Warner theorem, a non-constant
smooth function fy that satisfies sup,,; fo = 0 as a Gaussian curvature must lie
on the boundary of above moduli space in some sense. Precisely, for each real num-
ber A, the function fy + A can be realized as a Gaussian curvature in the conformal
class [gp] if A € (0,—fp) . As X tends to the endpoints of the interval, clearly the
equivalent class of conformal metrics tends to the boundary of the moduli space M.
This is a description from geometrical point of view. Actually, from an analytical
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point of view, the following classical equation called the Emden-Fowler equation or
Gelfand’s problem has been well studied
—Au =2Xe* inQ
u =0 on 0,

where Q is a bounded domain in R? with smooth boundary and X is a positive
constant. The above equation also has physical background, which arises in the
theory of thermonic emission, isothermal gas sphere, gas combustion and many
others (see [13]). We refer to the introduction in [23] for a nice survey. In particular,
when A tends to zero from above, the minimal solutions tends to zero (see [24] for
more details). On a closed Riemann surface, the situation becomes very different,
just as Theorem 1.1 in the current paper. For non-minimal solutions of the above
equation, Weston [25] and Moseley [20] have constructed a branch of non-minimal
solutions on the simply connected domain, and their solutions make one-point blow-
up as A J 0. Moreover, the asymptotic behavior of the solutions as A | 0 has been
well studied and classified in [21] where the quantitative phenomenon occurs. Let
us mention some well-known results such as [6] and [19] under general assumptions
without Dirichlet condition, works [8] and [18] related to mean field equations on
closed Riemann manifolds and many others. In the current paper, we will show
that the minimal solutions share the similar bubble phenomenon on closed Riemann
surface.

Gamlimberti [12], refined by Struwe [22], already provides a nice description for
this limit. In fact, the construction of the equivalent class in their work can be
interpolated as the radial directional limit. Therefore, from this point of view in
the current paper, we consider a more general case, namely, we consider

f)\ = fO + )‘777
where 7 is a positive smooth function with | a Mg, = 1 over M. It is not hard to
see for each A € (0, —fy), we have

sup fx >0 and / Frdpg, <O0.
M M

The equivalent class can be re-parameterized by the set of functions on M as follows:

M= {f€C®(M)|sup f > o,/ fdug, < O}.
M M

In some sense, we can view fy as the boundary point for the set M. Meanwhile,
we can take 1 as an inward derivative of the moduli space M at the point fy. Our
main focus of this work is to study the boundary behavior of the equivalent metrics
with prescribed Gaussian curvature fy. We hope that we can give a description of
the boundary of the set M.

First, for convenience, we set some notations; mainly the same as those in [22].
Set the Dirichlet energy

1
B =5 [ Vel
Consider it as a functional on the hypersurface Cy in H*(M, g;), where
Cy = {U (S Hl(M,gb)|/ f)\ezudugb = 0}
M

Since the energy is invariant up to constant addition, we can consider the further
normalized set
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G5 = {uc sl [ e dpy, =1,
We define the infimum energy by

P weCy (u) ulenc; ()

Observe that, for each A\ € (0,—fp), the minimizer of E(u) in C} exists and is
denoted by uy. It is well known that u) satisfies

— Ag,ux = anfre®™, (2)
with some positive constant a, defined by

_ Ju 2Vu e dpg,

ax > 0.
- fM f/\dlugb
Note that by the Kazdan-Warner theorem, we must have
By — o0 asAlO0. (3)

With n = 1, Galimberti [12] showed that 35 — oo and the metric blows up
at finitely many points, and they provided some possible characterizations of the
bubbles when A — 0 (see Theorem 1.2 in [12]). Meanwhile, a complete description
of the boundary point at —f; has been given. It was shown that 8y — 0 and the
collapse phenomenon of the corresponding metrics occurs. Furthermore, the other
end as A — 0 is very delicate. Later, a more precise characterization in this case
has been done by Struwe [22] . He mainly ruled out the “slow blow-up”, which
was allowed in Galimberti’s theorem (See Theorem 1.1 in [12]). It is achieved by
a Liouville-type result (Theorem 1.3 in [22]) plus an the observation that if fy has
non-degenerate maximum points, the family metrics could only shape at most two
spherical bubbles. In the process of estimating the upper bound of the number of
the blow up points, it is controlled by the upper bound of the function 8y /log(1/A).
In [12], the author does not have a precise upper bound, while in [22] the author
shows that this is bounded by 47, which can be used to conclude that the metrics
blow up at two points at most. In the current paper, we will improve estimate
Lemma 4.2 in [22] and give a sharper upper bound of S)/log(1/)\) in the more
general case. With the help of this sharp estimate, we can show that the metrics
will shape only one spherical bubble even in this general case. Instead of making use
of the Liouville-type result as in [22] to rule out slow bubble, we take a new strategy
based on a global version of Alexandrov-Bol’s inequality (see Lemma 2.6), as well
as our sharp energy estimate (see Theorem 2.4) under more general assumptions on
fo. The natural and interesting question is to study the same issue for higher genus
surfaces, which has been done in [5],[11],[10] etc., and the asymptotic behavior on
R? has been tackled in [9],[8] etc.

Due to the limitation of our method, we need assume the zero set of f; has good
behavior in certain sense. For readers’ convenience, we first introduce a condition
to describe the meaning of “in certain sense.” We say fy is non-degenerate of order
2] at maximum points if at each maximum points of fy it has the expansion

fo(x) = pau() + O(|z 1),

where py; is the homogeneous polynomial of degree 2! and py;(x) < 0 for all = # 0
and [ > 1.
Now, we are ready to state our first result.
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Theorem 1.1. Let fo < 0 be the smooth, non-constant function with non-degenerate
of order 21 with | > 1 at mazimum points. Then, for suitable A, | 0, denote uy, by

21
ug and suitable 11, satisfying % — 0 and points pr, — P € M with fo(pso) =0
as k — oo, and the following holds:

(i) ur — —oo is locally uniformly on compact subdomains of Mso := M\{poo}-
(ii) We have in local Euclidean coordinates x around py = 0,

) 3 4
uk(x) — uk(rkw) +logry — uoo(l') = log (ZJWM'U(]?)W)

in H?

loc

(R2),

In the course of proof, our method works for more general situations. Before we
state it, we introduce the uniform cone condition (denoted as (UCC) for simplicity)
as follows: For given 0 < 0y < 7/4, dg > 0, the cone, denoted by Cy, is defined by

Co = {x = (z1,72) € R?|0 < 2 < tan(f)x1, |z| < do}.

We say fo has the UCC if, for any p € M with dist(p, My) < do where My =
{p € M|fo(p) = 0}, there is a rotated copy C,, C R? of Cy and a constant Ag > 0
independent of p such that, in the Euclidean coordinates x around p = 0,

A wienép |fo(x)| > |fo(p)]- (4)

This is a natural generalization of the Condition A in section six of [22]. Actually,
the UCC requires that the neighborhood of the zero set of fy should not be too
bad. There are many functions satisfying UCC. For example, near each zero, fj
has the expansion
fo(z) = pau() + O(|z 1),

where py; is the homogeneous polynomial of degree 2! and pyi(x) < 0 for all z # 0
and [ > 1. In particular, for pgy;(2) < 0 and pg;(x) # 0, the remain term fy — py
with certain good behavior implies that UCC holds.

Based on our sharp estimate (Theorem 2.4 below), we can improve Struwe’s
results (Theorem 1.2 and Theorem 6.1 in [22]) as follows:

Theorem 1.2. Let fo < 0 be a smooth, non-constant function satisfying UCC,
then for suitable A\, | 0, for ur = uy, as above and suitable vy, L 0, py — Poo € M
with fo(pso) = 0 as k — oo, the following holds:

(i) ux — —oc is locally uniformly on compact domains of Moo, := M\{pso}-

(i) We have in local Euclidean coordinates x around py, =0,

} 4
Uk(l') = uk(rkx) + IOg'f'k — uOO(x) = log (ZJWM"’](]))W)

in H?

loc

(R2).

Remark 1.3. Our final goal is to remove the condition UCC and we tend to
believe that there exists only one bubble for all cases.

Conjecture 1.4. Let fy <0 be a smooth, non-constant function, then for suitable
Ak 4 0, suitable ri, | 0 and pr, — poo € M with fo(ps) = 0 as k — oo, the sequence
up = uy, has the following properties:

(i) up = —o0 is locally uniformly on compact domains of Mo := M\{poo}-
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(ii) We have in local Euclidean coordinates x around px = 0,

) } 4
k() = ug(rre) +1og i — lioo (r) = log <‘W47T77(p)|$|2)

in H?

loc

(R?).

The paper is organized as follows. In section 2, we provide some tools stated as
some lemmas for later reference. In particular, Theorem 2.4 and Lemma 2.6 should
play some crucial roles in our proofs of main theorems. Section 3 will contribute
the proofs of our main results.

2. “Bubble” analysis.
Lemma 2.1. 3 is strictly decreasing in (0, —fo).

Proof. Suppose 0 < A\; < Ay < —fo. Due to the well-known result of Kazdan
and Warner [17], we know that ) is achieved by some uy € C%. Set &(t) =
Jas Hroe?=9%ady, . Notice that

£(0) = /M(fM + (A2 = A)n)e* idpg, = Ao — A; >0

< 0. Making use of the continuity of £(t), there exists t; € (0,1) such that

and £(1)
= 0. Hence,

£(t1)
1 2 2
B <5 [ 10 =00 Py, = (1= 0By, < By,
M

O
Remark 2.2. This property is first discovered by Galimberti in [12], but his proof
is very technical. Later, Struwe [22] gives a simple proof. Our new proof will play
an important role in the argument for Theorem 2.4.

Making use of Lebesgue’s Theorem, we observe that () is almost everywhere
differentiable. Lemma 4.1 in [22] provides an estimate of the derivative via a nice

perturbation. Here, we use a different perturbation to improve the estimate.
Lemma 2.3. 3, is Lipschitz continuous on (0, —fo) and 8 = -5 a.e.

Proof. Multiply fy to both sides of the equation (2) and integrate it over M to get

_ fM <VU)\, vf/\>dﬁ’gb _ fM(vu}u Vf0>drugb + fM )‘<Vu/\7 vn>d/’(‘gb
fM f;ezuAdUgb fM f;ezmdlugb

Using Holder’s inequality, one has

0 < ||f)\||%1 S (/ fieQU)\dM!h) / e—QuAdugb_
M M

< Tl UV Al ATl [ g,
A2 "

With help of Moser-Trudinger’s inequality and the fact that uy € Cf, we have

1 2
/ e—qudugb :/ 6_2%(1/‘517/ nezukdﬂgb < Cezw Ju [Vl W,
M M M

Thus,
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where C is a positive constant just depending on (M, g,). Combine these estimates
to get

A
a < oV follz= + 4 Vnll2)
[
Now, for A € [a,b] C (0, — fo), we construct a function u such that [, fae**dsg, >0
to control the upper bound ), with help from the trick in Lemma 2.1 as

/M fAGQUdMgb Z /M faezudugb.

Suppose that fy achieves a maximum value at z, then there exist d, > 0 such
that for 2 € Bjs,(20), one has fo(x) = fo +a > §. Choose a cut-off function
uq(x) = s > 0 to choose later in Bs, /2(wo) and vanish outside Bs, (z0). By letting
s be big enough, one has [, fo€*“dpg, > 0. Thus, ay and Sy are both uniformly
bounded on the compact subset of (0, — fo).

Note that, for § close to 0 and p close to A with p, A € [a, b], one has the following
good estimate:

/M a0 dpg, = /M(f A (= )2t dp,,

25}3’3%@\.

= [ pe e - 1,
M
(=) [ 0t (@ = 1)y, + - X
M

:25/ e uy 4+ 0(6%) + (11— N)O(8) + pp — A
M

:%5 +O0?) + (1 —NO(8) + p— A,

where we have used equation (2) and the fact uy € C¥. Hence, if we choose

=~ 15 = N+ O((r =)
such that
/M Jue? T dprg, = 0,
then

B (14683 = B = (=N + O((n = N)?).
In the same manner, we may get
Br < B = (=) O((u = 1)),
These two inequalities imply that
— =)+ O = V) £ B Br < =D (u =N+ 0= V). (5)

The estimate (5) can be used to show that () is Lipschitz continuous. In fact, more
can be done:

dgx ay

D (Ap) <= o>
and

R
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Since £, is almost everywhere differentiable, one has
B =

Q)

D) a.e.

Now, we turn to the crucial estimate in this paper.

Theorem 2.4.

. B
| — < 2.
Mo P10y =T

Proof. Let pg € M be the maximum point for fo(pg) = 0 and n(po) > 0. Let a > 0
be fixed. We assume that we have local normal coordinates near py = 0. There
exists C'; > 0 depending on fy such that, for a suitable constant L > 0 to be chosen
later, on the disk Bya,1,(0), fo has the form

1
fo(x) = SHesspolpo (@) + O(|2’) = =Ca?

and the function 7 satisfies the estimate
1
n(x) 2 51(po) > 0.
Consider the function zy(Lxz/\*) defined by zx(x) = log(1/|z|) for AV/2 < |z| < 1
and z)(z) = Slog(1/A) for |z] < A2 Set wy(z) = 2\(Lz/A?). Since z) €
H}(B1(0)), we conclude that

IVwallZ: = IV2rllZ> = mlog(1/A). (6)

Extending wy(z) to be zero outside By /1,(0) for sufficiently small A > 0, one has

fAe2(2+2a)wAdﬂgb :/ frdug, +/ f)\(e2(2-~_2a)wA — 1)dug,
M M Bxo/1,(0)

= / fodpg, + A+ / Ane?CH2eady,,
M Bia/1,(0)

+/ f062(2+2a)mdﬂgb_/ g,
Bya,1,(0) Bxa,(0)

1
> / fodpig, + A+ A5n(po) / BTNy,
M 2 Bxa /. (0)

)\2a
- / |z[2e2(F29vn gy, — \(max n)m .
Bxa,(0) . M L?

Now, we will deal with the terms of the right side one by one. First of all, let
y = Lx /A to get
)\1+2a

)\/ 62(2+2a)w>\dﬂgb _ 3 / e(4+4a)z>\dy
Bya,1,(0) B1(0)

Alt2a 1-2 ! 3—4
=73 <7r)\ +2W[\1/2r dr)

T T Tl T2

T2 T4 20)  IE(1+2a)

Second, one also has
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4o

/ |x|262(2+20¢)w>\dugb — )‘7 / |y‘2e(4+4a)zkdy
Bsa/10) L% Jpio)

)\4(1 Al/2 1
- /\*2*20‘27r/ r3dr + 27r/ rimdeqy
L 0 A1l/2

™ ™
=—(1+4+1 PR pEmp—
TTARRA 20t
_ mn(po)
Now, choose L =/ —; T, Todiin, to get

/M Fr2CHA gy > /M fodgig, — C(fo, a) (A2 4 A1+20),

where C(fo,«) > 0 is a constant depending on fy and «. Hence, there exists small
Ao > 0 such that, for A < Ay, one has

/ f}\€2(2+2o¢)w)\ d,LLgb > 0.
M

Now, let us consider the real valued function ¢(t) = fM fAez(QJFQQ)(l*t)Wd,ugb on
the interval € [0,1]. Notice that ¢(0) > 0 and ¢(1) < 0. By the intermediate
value theorem for continuous functions, there exists tg € (0,1) such that ¢(ty) = 0.
Hence, with the help of (6), one has

Bx < %H(l —10)(2+20)Vwy |22 = 2(14 a)?(1 — to)?wlog 1/X < 2(1+a)wlog 1 /.

Since « is arbitrary, one has

. B
limsup ——— < 2.
Ao P log(1/A) — 4
O
Combine Theorem 2.4 and Lemma 2.3 to make the following claim:
o o dfa
< —| < A4m.
1/\1£1011nf)\a)\721)}£%1nf)\| Y | <4 (7)

Indeed, suppose the claim is not true, and there exists Ay > 0 and some constant
co > 2m such that for almost 0 < A < Ay, |} > S, then for any sufficiently small
A, we have

A1 A1
Bx — B, 2/}\ |ﬂg|d3200/)\ % > colog(1/A) + C > (74 ¢o/2) log(1/N)

which contradicts Theorem 2.4. Now, we consider the conformal metric g, =
eXuat1/2logen) g, and denote K, as Gaussian curvature. From equation (2), we
have K3, = fr. Moreover, since 7 is positive and fo < 0, it is not hard to prove
that

[Kgy | = A2l < Al + [fol = An — fo = 22 — fa.
Thus,
lxifolinf /M | K5, |dpg, < 21/\i£r&inf Aay < 8w (8)
and

1)58 inf /M Kg;dum < l)}f& inf Aay < 4. (9)
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Now, we choose a subsequence A\, — 0 such that
klirrgo Apay, < 4w (10)
For simplicity, set uy = uy, and g = e*“*g;,. Thus, equation (2) takes the form
—Ag,up = ay, fre? k.

Lemma 2.5. For this sequence {uy}, we have the following properties.

(i) There holds ay, — o0 as k — oo.
(i) There exists finitely many points p; with 1 <i <y and fo(p;) =0, such that
for any s > 0,

lim inf/ K;;ezu’“d,ugb > . (11)
B (pi)

k—o0

(#ii) There holds
lim up = —c0
k—o0
and for any Br(x) CC M\{p;;1 < i <ip},
1k = ) Tl (B, (2) < C-

Proof. Based on the fact that u, € C§_, there holds

/ (—fo)e* " dug, = )\k/ ne***dpg, = .
M M

Apply Jensen’s inequality to get

(—fo) ) / —fo Ak
ex 2u 7d < Gnuk 7(1 =
p</M Wollron ) = Ju® Thlloan = ol

Thus, one has
/ (—fo)urdpg, — —o0, as k — oc.
M

Notice the facts that

|/ (= fo)uy dug, +/ (—fo)urdpg, | :/ (ffo)u;dpgb

M M M
< w/ e
2 M

and

/M(*fo)uzdugb < H}gX(ffo)/M uy dptg, -

These facts easily yield the conclusion
/ uy dpg — 400, as k— oo.
M

By making use of the simple fact that x < e”, one conclude that

/ urdpg, :/ uyl dpsg, _/ uy dug,
M M M
1 ., _
éi/ e? kdp’gb _/ Up dlu'gb
M M

! / L dpg, —
— [ u —00.
“2minyn Sy F Hav
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In other words, one has
U, — —00. (12)
Let us recall a well known fact. On Riemann surface (12, gy), there exists a
positive Green’s function satisfying
=g, G(z,y) =0y — 1
with the estimate

IG(w,y)—i10g| |<C

1
27 x — Y|

near the diagonal of M x M. Details can be found in Chapter 4 of the reference [1].
From now on, we should adopt the convention that a constant C' may be different
from line to line. Suppose for a point o € M, there exists rg > 0 and small ag > 0
such that

/ K} e*rdu, < m—ag (13)
Bsrg (z0)

for sufficiently large k. Thus, for any x € B,,(xo), by Green’s representation, we
have

uk(x) — Ug
N / G(z,y)Kg, 62uk(y)dﬂgb
M

< /M G(z, y)K;; eQuk(y)dugb

/BZTO(IO)

< / Gz, y) K, e Wdpg, (y) + C,
: .

2rg(zg)

Gz, y) K (y)e* W dpg, (y) + /M\B ( )G(x,y)Kgi(y)eQ“’“(y)dugb(y)
2rg (Zo

where we have used the fact |G(z,y)| < C on By, (x0) x (M\Bay,(z0)) and ||K ],
e®"* |1 < C (see the equation (9)). Set hy, = K e*** for brevity. Choose a cut-off
function 0 < ¢ < 1 with £ = 1 in Bag,,(x0) and £ vanishes outside Bs,,(zg). For
a > 0, take the same strategy as that in [6] and use Jensen’s inequality to get

/ Ok (@) =) g
BTO (10)

gC/ exp (/ aG(z,y)hi(y)dpug, (y)) dpg, ()
By (20) Barg (z0)

<c exp ( | alG@l- In)ew)d, <y>) Qjtgy ()

BT(J (EO)
|hi€]
<C exp (al|hréll L ()| G (@, y)|) —m——d g, (y)dpug, ()
Byy (o) /M hrgllr (ar)

ol hk€l L1 ary

<C L /M< ! ) - dpg, (2)dpg, (y)-

M ||hkf||L1(M) |I - yI

With the help of (13), there exists g > 2 such that the last integral converges.
Therefore, for any z € B, /2(x¢), with the help of (10), one has

Uk (.CE) — Uk
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<C + C/ G(x,y)ezu’“dugb (y)
37'0 (IU)

2/(!0 1—2/()(0
1
<C+C (/ e“““’“dugb> (/ G127 dugb>
Brq (w0) Brg (wo)

<C,
which implies that
[(ur, — @) Tl oo (B, (o)) < C- (14)

If for all x € M the estimate (13) holds, since M is compact, there exists finitely
many balls covering M and one can conclude that one has

| (wr — k) ¥l oo ary < C. (15)

However, this is not possible. Supposing that (15) holds true, we first claim that
{ux} is bounded. Observe that

/ ne***dpg, = 1.
M

This implies the upper bound of @ by Jensen’s inequality

log

_ 1 u 1
Uy, < 510g/M e’ Fdpg, < 5

mings 7
On the other hand, the estimate (14) yields
- S/ 62u’“d;¢gb :/ 62(uk_ﬂk)dugb62ﬂk < O,
maxpys n M M

which implies 4y > —C' for some constant C. Combine those two estimates to get
a desired contradiction with (12).

With help of (9), there are only finitely many points p; € M with 1 < i < J,
J € N such that (13) does not hold. Since

1
/ K;;@%kdﬂgb < Qg )‘k/ eZudegb <
BS(Pi) M

——ax, Ak,
minys n

we must have oy, — 0o as k — oo.
Next, we claim that f(p;) =0 for each 1 < p; < J. Suppose for some 1 < iy < J
fo(piy) <0, there exists s > 0 such that for any x € B,(p;,) and sufficient large k,

Kg, = ax,(Ae + fo(x)) <0,
then

/ K;cezu’“dugb <0,
BS(pio)

which contradicts (11).
From the above argument, for any € M\{p;;1 < ¢ < J}, there exists r > 0
such that

B, (z) cC M\{p;1<i<J}
and
[(ur = @) Lo (B, (2)) < O

This completes the proof of our lemma. O
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In particular, by Lemma 2.5 and the estimate (10), we obtain the estimate
m—o0(1) < ay Ap <47+ o(1) (16)

for sufficiently large k.
Now, we establish a modified Ding’s lemma (See Lemma 1.1, [7]), which will be
used later. It has also been established in [15](Proposition 8.5).

Lemma 2.6. If u is a weak solution to the equation
—Au=(1+ f)e* inR?
where f <0, f € Ly (R?) with [5, |1+ fle"dz < 400, then

loc
/ e“dx > 8,
RZ

with “ =" 4ff f =0 a.e..

Proof. First, if fR2 e"dx = 400, nothing needs to be done. Now, we consider the
conformal metric with finite volume i.e.

/ e"dr < 4o0. (17)
R2

Define upper level set Q; = {x|u(x) > t} for any t. Hence, with the measure e*dz,
|2:] < 400 due to (17). Based on the results of [6] and our assumptions, it is not
hard to see that for any p > 2, we have u € Wfo’f (R?). Following the argument of
Lemma 1.1 in [7] and with help of the co-area formula as well as Sard’s lemma, we
have

/ e'dr > / (1+ fle¥de = — Audz = / |Vu|ds (18)
Q4 Q Q 00

and
d ds

— oyl = iy
dt| d /m [Vl

By the Schwarz inequality and the isoperimetric inequality,
ds
/ — |Vu|ds > |0S2]? > 47|
aa, |Vul Jaq,

Hence,

d
—— || [ e“dx > 47|y
dt Q4

d 2 d
— “ =2e'—|Q Ude < —8met|Qyl.
” (/Qte dx) e dt| t/Qte dz < —8me’ ||

Integrate from —oo to 400 to get

2
— </ e“dx) < —87r/ edx,
R2 R2

/ e“dx > 8.
Rz

If the equal sign holds, then the equal sign in (18) also holds a.e., which implies
f =0 a.e. Conversely, if f = 0 a.e., by the classification theorem in [7], we have
Jge e“da = 8. O

and so,

which yields
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Remark 2.7. Actually, it is a global version of Alexandrov-Bol’s inequality (see
[2]). Recently, there are a lot of works devoted to its study including [23], [14], [16]
and many others. If we do not care about the rigidity of this estimate, we could
deduce lower bounds of conformal volume from Alexandrov-Bol’s inequality

1
(/ e"/2ds)? > = (87 7/ e"dx)/ e“dz, (19)
9B,(0) B.(0) B.(0)

provided the differential inequality holds: —Awu < e*. Usually, we assume that
u € C?, but for less regularity such as v € WP with p > 2, the inequality still
holds (see [3], [4]), even with some singularities.

To see this, we argue by contradiction. Suppose that f]R2 e*dr < 8w, and
Alexandrov-Bol’s inequality (19) shows that

(/ e"/2ds)? > cl/ e'dex,
9B, (0) B,-(0)

where ¢; = $(87 — [5. e*dx) > 0. Based on Holder’s equality, we have

0
cl/ e'dr < (/ e"/?ds)? < 271'7"/ e'ds = QWT—/ e“dx,
B..(0) 9B,.(0) 8B,.(0) or I,

then

)

C1
(log/ edr) > —,
BT(O) 27'(7"

which will yield [p, e*dz = 400 by integrating it over [1,+o00). Thus, we get the
contradiction.

3. Proof of main theorems. With above preparations, we now return to prove
our main claims.
First of all, as k — oo, we have

K;;eukd”!]b - Ky + Z’Yi(spi
iel

weakly-+ in the sense of the measures, with a measure K > 0 on (M, g,) having
no atoms and with, at most, countably many atoms of weight v; > 0,6 € I C N.
Note that (9) gives the bound },7; < 47. By Lemma 2.5, we have 7; > 7 and
1< <io.

Given any set Q CC My, := M\{p;;1 < i <ip}, there exists finitely many balls
B, (z) CC My that cover €, then Lemma 2.5 implies that

[(ur, — @) [ Lo () < C
and
U — —00
uniformly on 2. Thus, the first part of our theorems 1.1 and 1.2 hold.
Next, we focus on the second part of both theorems. Although Theorem 1.2 is
a more general case, we could get the estimate of the scale rp compared with Ag

when fj satisfies the non-degenerate condition. We take different strategies to do
blow-up analysis.

Proof of Theorem 1.1:
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Proof. Let point py be one of the concentration points p(JO ,1 <1 <ig. There exists
R > 0 and pr — po such that uy, for sufficiently large k& € N, attains its maximum
on Bgr(po) at pr. In local normal coordinates  near pg, pr = xj and Auyg () < 0.
From

—Aug = ay, fr, €2,

it follows that ay, f, (zx) > 0; that is —fo(zr) < A\gn(xk). Note that fo(po) is of
non-degenerate of order 21 and there exists C7 > 0 such that — fo(x) > A\ maxyn
for |z|?' > O\, |z| < R. Tt follows that |x1]? < C1 ). Lemma 2.5 shows that, for
sufficiently large k, there holds

w25 [ K= [ on e, < o A e
Br(0) B 1 (0)
(C1Ag) 2L
(20)
By a Liouville-type theorem, Struwe ruled out the case a, )\,1;1/[62“’“(‘”’“) < C with
[ = 1; see Theorem 4.5 in [22]. However, we have to use a different method, mainly

with help from Lemma 2.6. Suppose
Cfl S Oé)\k>\]1€+1/l62uk(xk’) S C

for all k € N. In view of (16), we have [2uy(z)) + }log A\g| < C. Set rj, = )\é and
ay(z) = ug(rrx) + log rg,
then )
g (z) < g (zp/rr) = up(zk) + z—llog A <C
on Dy, = {z||rgz| < R}. Moreover, iy, satisfies the equation
—Adly, = fre*™
with
fi = ax Me(n(rez) + A0 fo(ri)).
By the assumption on fj, we have up to a subsequence on each compact subset
fr = ax e(n(riz) + pau(@) + reO (|27 1)) = u(n(po) + pa(x))

with 7 < p < 47 due to (16). From Theorem 3 in [6], it follows that, up to a
subsequence, U — U N leoc(R2), where 7, satisfies the equation

— Adios = p(n(po) + par(z))e®™=. (21)
On the other hand, Fatou’s lemma yields that, for any L € N,

/ n(po)e*t=dz < lim inf/ n(rrz)e*®dr < lim inf/ ne**tdu,, = 1.
BL(0) B (0) M

k—o0 k— o0

Thus, letting L — oo, we find that e?%~ € L'(R?) with

/ n(po)e*®=dz = lim n(po)e*t=dx < 1. (22)
R2 L—oo B (0)

Similarly, by (8), we also conclude that [o. |1(n(po) + pa(z))|e**dz < C. Finally,
we apply Lemma 2.6 to get

/ pn(po)e?t=dx > 4.
R2

Combining the above estimates, we must have fR2 n(po)e**>=dx = 4n, then Lemma
2.6 shows that po; = 0, which is a desired contradiction.
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1+1
Thus, a)\k>\k:+ Nle2ur(@r) _y 50, Choose r, such that riaAkAke2uk(mk) =1. It
follows that ril/)\k — 0 as k — 0o. Use these 7 to rescale uy
Up = uk(xk + rkx) — uk(xk) < ﬁk(O) =0

on Dy = {z; |z + rrxz| < R}. Note that, by the estimate (16), we have |ug(zx) +
logri| < C and {Dy} exhausts R2. Thus, @y, satisfies

—A’Etk = kaQak7 on Dk,
where
fk(il?) = T,%Oz,\kak (z + rk:r)e%’c(“) =n(xg +rpz) + A;lfo(xk + 7T)

satisfies fix(0) > 0. Since |z|? < CiAg and 7371 /A, — 0, for a subsequence we have
)\Izlfo(xk +rgx) — ¢o for some constant —1 < ¢y < 0 and fr — n(po)+co=13 >0
locally uniformly on R2.

In view of the volume bound

/ €2ﬁkd(E = O‘)\k)\k/ €2ukd$ S C, (23)
Dy, Br(0)
apply Theorem 3 in [6] to conclude that for a subsequence, iy — @ locally uni-
formly, where @io < 0 = 1, (0) solves the equation

— Al = prie*™= on R? (24)

with [p, e?"~dz < oo. This implies that ro > 0. By the classification theorem in
[7], we have

4
oo (z) = log | ————— | .
foelr) =g <4+m3x|2>

By definition of ry, at each blow up point pgo) with 0 < g < 1, we have

4 = prg lim e*eedx < pum(py) lim e?lee g
L—oo Br, (O) L—oo By, (0)
< lim inf Agay, / ne*"* du,,
k—oc0 M
< p<Am.

Thus, in each step, the equal sign must hold. In particular,

(a)

T(Q) = T](po)a
(b)
lim Apay, = 4, (25)
k—o0
(c)
A fo(og + ) — 0, (26)
locally uniformly on R2.
Thus, our claim follows. O

Now, we treat the general case. For brevity, we still use the same notations as
that in the proof of Theorem 1.1.

Proof of Theorem 1.2:
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Proof. Given a point pg = p;,1 < ¢ < ip, in normal coordinates x near py = 0,
consider a small ball Br(0) with R > 0 sufficiently small. By Lemma 2.5, we can
find radii r, — 0 as k — oo such that

™
/ K} dpg, = sup / K} dpg, = 3 (27)
Bry (k) x€Bgr(0) J By, (z)

Blow it up at z to have
Uy, = ug(xp + rex) + log Ty

on Dy = {z||z + rrx| < R}. The domains {D;} exhausts R2. Thus, the new
function @y satisfies the equation

— Aiiy = fre*™, on Dy, (28)
with
Fe(@) = ar o (@ + mw) = ax, e (e + rix) + A folzn + rez)).
Decompose 1y, into three parts as up = ﬂ,(j) + ﬁ;o) + ﬁfc_) on any unit ball
B := By(z), where 7y € Dy such that A@\” = 0 in B with @\’ = @ on OB
and ﬁ,(f) € H}(B) solves the equation fAﬂ,(ci) = (fx)*e?™ then iu,gi) > 0 by

the maximum principle. Moreover, in view of the uniform L!-bound (8), Sobolev
embedding theorem yields that

||{LI(€:|:)HW1.17(B) <C foranyl1<p<2,
then a subsequence ﬁéi) converges weakly in W13/ 2(B) and pointwise almost ev-
erywhere. Therefore, from (27) and Theorem 1 in [6], we obtain the uniform bound

Heﬁgj)HLp(B) <C forany1l<p<d4. (29)
If we choose v = 1/10 > 0, then

3 [ ldng, < 475
M
for any sufficiently large k € N. Theorem 1 in [6] can be applied to conclude that

|\e‘7a§c_) llLr(py < C forany 1 <p<4. (30)
Thus, by Jensen’s inequality and 11560) < up — &l(;)

of 'yug)) can be bounded from above by using Holder’s inequality

exp <][711,(€0)d:1:> < ][ewl(co)dz
D D
<C (/ eQWﬁkdm/ e‘27ﬁl§>dm)
B B
v/2
<C (/ eQukdugb> =C.
M

By the mean value property of harmonic functions, we obtain the uniform upper
bound of 1],(60) < C1 on Bys(xo) for all k. Harnack’s inequality applied to Cy —11560) >

, on any disc D C B, the average

1/2

0 shows that either |11,(€O)| < C on Byjs(xo) for all k or ﬁéo) — —oo uniformly on
Bi/a(x0) as k — co. In any event, for any ball B upon covering B with finitely
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many balls By /5(z;),1 < j < J, and estimating i < ﬂgj) —+ ﬂ,io) < ﬂ,(:r) + Cy on
each ball, we have

_ ()
e || Lo(s) < C Z [|e% ||Lp(Bl/2(zj)) <C forany 1<p<4.
1<5<J

Choosing p = 3, as before we conclude that ﬂ,(cﬂ < C||u,(€+)||wz,a/z < C uniformly
on any ball B if k € N is sufficiently large. In particular, letting B = B;(0) and
bounding i < ﬂgj) + ﬂ;co) <C+ 12,(60) on each Bjs(r;) in the cover of B, if we

suppose that 11,(60) — —oo uniformly on some By /5(z;,), we have also @, — —o0

uniformly on By /5(xj,) and, hence, also on every By s(z;). However, then @y —
—oo uniformly also on B, and in view of (10) as k — oo,

/ K} dpg, < / ax, ez + rpx)e?idz < ¢ e*irdzr — 0, (31)
By, (ax) B1(0) B1(0)

which contradicts to (27). Therefore, |11§€0)\ < C on Bj/3(0) and on every ball
B 2(x0) for sufficiently large k£ € N. By harmonicity, we may assume that a subse-

quence ﬂfco) converges smoothly on every ball B /5(xz). Since ||ﬂ§€i) lwis2m) < C

on every B = Bj(xg), we conclude that a subsequence i converges to i, weakly
in Wh3/2
!

oc

for any L,

and almost everywhere on R?, where @i, < C. Fatou’s lemma yields that,

k—o0

/ 77(]?0)627100(13; < lim inf/ 77(3% + Tkx)e%”“dx
B (0) BL(0)

< lim inf/ ne**tdug, = 1.
M

k—o0

Letting L — oo, we find that e?%~ € L}(R?) with

/ i dy — lim eXleodx < 1/n(po). (32)
R2 L—roo BL(O)

By (16), we may assume ax, Ay — p as k — oo with 7 < p < 4m. Recall (28)
and set for(z) := A;lfo(a:k + rpz). By Fatou’s lemma, we have

N/ lim inf | for|e**=dz < lim inf/ ax, Akl for €™ dx
Br(0) k—o0 BL(0)

k—o0

= lim inf/ (an, A\em — fe)e?@da
Br(0)

k—o0

< lim inf [ (A en — g fag)e? ™ dpg,
k—o0 M

= lim inf/ a)\k)\kneQ"’“d,ugb = u < 4m.
k—o0 M

We now use the condition UCC to show that fgk is locally bounded. Indeed,
suppose that for some sequence i, — yo € R? we have | for (v )| = | fo(qr)|/ e — 00
as k — oo, where g, = x, + rpy, then g — 0; hence, dist(gx, My) — 0 as k — oo.
We assume dist(qi, My) < dp for all k. By the condition UCC, there exists cones
Cy, with vertex g; such that

Ao ylenc,gk | for ()] = Aot glf |fo(@)] = At folaw) = [fow(yw)] = 00 (33)
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as k — oo, where the cones (up to a rotation)
Qi = {ylzr + ey € Cy, }
={y =" y)I0 <y —yi <tan(®o)(y" — yy). |y — yxl < do/ri}

as k — oo suitably exhausts the cone Qo = {y = (y',4%)|0 < y? —y¢ < tan(6p)(y* —

y$)}. Now, combining
u/ el dr > 0
BL(0)NQo

with

uAal/ < lim |f0k(yk)|> el dy < u/ lim inf | for|e*%>dz < C
BL(0)NQy B(0) koo

k— o0

and (33), we obtain the contradiction.

Hence, we may assume that fke%‘k dz — p(1 +J?0<>o)€2'~‘°° dx weakly-* in the sense
of measure, where f()oo < 0 is locally bounded from below, then u., weakly solves
the equation

— Aldiog = p(n(po) + fooe)e*™ (34)

with [o, [u(n(po) + foso)|€2™=dz < 87 due to (8). We apply the modified Ding’s
lemma 2.6 to get

W](po)/ el dy > 4.
R2
Due to p < 47 and (32), we have
n(po)/ eXloedy =1,
RQ

as well as
W= 4m.

Hence, fOOO = 0, and we apply the classification theorem in [7] to obtain

Uoo(z) = lo 1
oolT) =108 4+ 4 (po)|r — Tool? )

We can find 2z — xo such that g (zx) = suppe @, then we may choose p

(@ _
Y=

T + 7Lz, and a new Euclidean coordinates x around pg) = 0 such that

4
ap s log [ ———
g 5 <4+47ﬂ7(po)lx2>
in H?

2 (R?). Since the weighted volumes of all bubbles obtained by rescaling the
normalized metrics can add up to at most one, i.e.

S [ e < [ e =1,
1<i<io Y R? M

ip = 1, and we complete our proof. O

Acknowledgments. The authors would like to thank the referees for their very
valuable suggestions.



[1]
2]
3]
[4]
[5]
[6]
7]
[8]
[9]
[10]
(11]

(12]

(13]
14]
[15]
[16]
(17]
18]
(19]
20]
21]
22]

23]

ASYMPTOTIC BEHAVIOR OF CONFORMAL METRICS ON TORUS 19

REFERENCES

T. Aubin, Some Nonlinear Problems in Riemannian Geometry, Springer Monographs in
Mathematics, Springer-Verlag, Berlin, 1998. xviii+395 pp.

C. Bandle, On a differential inequality and its applications to geometry, Math. Z., 147 (1976),
253-261.

D. Bartolucci and D. Castorina, Self-gravitating cosmic strings and the Alexandrov’s inequal-
ity for Liouville-type equations, Commun. Contemp. Math., 18 (2016), 1550068, 26 pp.

D. Bartolucci and D. Castorina, On a singular Liouville-type equation and the Alexandrov
isoperimetric inequality, Ann. Sc. Norm. Super. Pisa Cl. Sci., 19 (2019), 35-64.

F. Borer, L. Galimberti and M. Struwe, “Large” conformal metrics of prescribed Gauss cur-
vature on surfaces of higher genus, Comment. Math. Helv., 90 (2015), 407-428.

H. Brezis and F. Merle, Uniform estimates and blow-up behavior for solutions of —Au =
V(z)e" in two dimensions, Commun. Partial Differ. Equ., 16 (1991), 1223-1253.

W. X. Chen and C. Li, Classification of solutions of some nonlinear elliptic equations, Duke
Math. J., 63 (1991),615-622.

K.-S. Cheng and C.-S. Lin, On the asymptotic behavior of solutions of the conformal Gaussian
curvature equations in R?, Math. Ann., 308 (1997), 119-139.

K.-S. Cheng and W.-M. Ni, On the structure of the conformal Gaussian curvature equation
on R?, Duke Math. J., 62 (1991), 721-737.

M. del Pino and C. Romaén, Large conformal metrics with prescribed sign-changing Gauss
curvature, Calc. Var. Partial Differential Equations, 54 (2015), 763-789.

W. Y. Ding and J. Q. Liu, A note on the prescribing Gaussian curvature on surfaces, Trans.
Amer. Math. Soc., 347 (1995), 1059-1066.

L. Galimberti, Compactness issues and bubbling phenomena for the prescribed Gaussian
curvature equation on the torus, Calc. Var. Partial Differential Equations, 54 (2015), 2483-
2501.

I. M. Gel'fand, Some problems in the theory of quasilinear equations, Amer. Math.Soc.
Transl., 29 (1963), 295-381.

C. Guij, F. Hang and A. Moradifam, The sphere covering inequality and its dual, Comm. Pure
Appl. Math., 73 (2020), 2685-2707.

C. Gui and Q. Li, Some geometric inequalities related to Liouville equation, Math. Z., 305
(2023), Paper No. 40, 30 pp.

C. Gui and A. Moradifam, The sphere covering inequality and its applications, Invent. Math.,
214 (2018), 1169-1204.

J. L. Kazdan and F. W. Warner, Curvature functions for compact 2-manifolds, Ann. Math.,
99 (1974), 14-47.

Y. Y. Li, Harnack type inequality: The method of moving planes, Commun. Math. Phys.,
200 (1999), 421-444.

Y. Y. Li, and I. Shafrir, Blow-up analysis for solutions of —Au = Ve" in dimension two,
Indiana Univ. Math. J., 43 (1994), 1255-1270.

J. L. Moseley, A two-dimensional Dirichlet problem with an exponential nonlinearity, SIAM
J. Math. Anal., 14 (1983), 934-946.

K. Nagasaki and T. Suzuki, Asymptotic analysis for two-dimensional elliptic eigenvalue prob-
lems with exponentially dominated nonlinearities, Asymptotic Anal., 3 (1990), 173-188.

M. Struwe, “Bubbling” of the prescribed curvature flow on the torus, J. Eur. Math. Soc., 22
(2020), 3223-3262.

T. Suzuki, Global analysis for a two-dimensional elliptic eigenvalue problem with the expo-
nential nonlinearity, Ann. Inst. H. Poincaré C Anal. Non Linéaire, 9 (1992), 367-397.

[24] T. Suzuki and K. Nagasaki, On the nonlinear eigenvalue problem Au+Xe* = 0, Trans. Amer.

Math. Soc., 309 (1988), 591-608.

[25] V. H. Weston, On the asymptotic solution of a partial differential equation with an exponential

nonlinearity, SIAM J. Math. Anal., 9 (1978), 1030-1053.

Received for publication July 2023;; early access December 2023.


http:/mathscinet.ams.org/mathscinet-getitem?mr=MR1636569&return=pdf
http://dx.doi.org/10.1007/978-3-662-13006-3
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR425773&return=pdf
http://dx.doi.org/10.1007/BF01214083
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR3493220&return=pdf
http://dx.doi.org/10.1142/S0219199715500686
http://dx.doi.org/10.1142/S0219199715500686
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR3923839&return=pdf
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR3351750&return=pdf
http://dx.doi.org/10.4171/CMH/358
http://dx.doi.org/10.4171/CMH/358
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR1132783&return=pdf
http://dx.doi.org/10.1080/03605309108820797
http://dx.doi.org/10.1080/03605309108820797
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR1121147&return=pdf
http://dx.doi.org/10.1215/S0012-7094-91-06325-8
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR1446203&return=pdf
http://dx.doi.org/10.1007/s002080050068
http://dx.doi.org/10.1007/s002080050068
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR1104815&return=pdf
http://dx.doi.org/10.1215/S0012-7094-91-06231-9
http://dx.doi.org/10.1215/S0012-7094-91-06231-9
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR3385180&return=pdf
http://dx.doi.org/10.1007/s00526-014-0805-y
http://dx.doi.org/10.1007/s00526-014-0805-y
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR1257102&return=pdf
http://dx.doi.org/10.1090/S0002-9947-1995-1257102-2
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR3412381&return=pdf
http://dx.doi.org/10.1007/s00526-015-0872-8
http://dx.doi.org/10.1007/s00526-015-0872-8
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR153960&return=pdf
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR4164270&return=pdf
http://dx.doi.org/10.1002/cpa.21903
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR4650048&return=pdf
http://dx.doi.org/10.1007/s00209-023-03369-5
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR3878729&return=pdf
http://dx.doi.org/10.1007/s00222-018-0820-2
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR343205&return=pdf
http://dx.doi.org/10.2307/1971012
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR1673972&return=pdf
http://dx.doi.org/10.1007/s002200050536
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR1322618&return=pdf
http://dx.doi.org/10.1512/iumj.1994.43.43054
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR711174&return=pdf
http://dx.doi.org/10.1137/0514073
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR1061665&return=pdf
http://dx.doi.org/10.3233/ASY-1990-3205
http://dx.doi.org/10.3233/ASY-1990-3205
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR4153107&return=pdf
http://dx.doi.org/10.4171/jems/985
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR1186683&return=pdf
http://dx.doi.org/10.1016/s0294-1449(16)30232-3
http://dx.doi.org/10.1016/s0294-1449(16)30232-3
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR961602&return=pdf
http://dx.doi.org/10.1090/S0002-9947-1988-0961602-6
http:/mathscinet.ams.org/mathscinet-getitem?mr=MR512508&return=pdf
http://dx.doi.org/10.1137/0509083
http://dx.doi.org/10.1137/0509083

	1. Introduction
	2. ``Bubble" analysis
	3. Proof of main theorems 
	Acknowledgments
	REFERENCES

