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1. Introduction
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(—A) " = Q(g2m)u%. (1.1)

Thus, the lower order Q-curvature Qg%) of the metric g with & (1 <k <m — 1) can be
calculated through the equation

n—2k

(—A)F (=) = Q@YU 3r (1.2)
In particular, the scalar curvature R4 of g is equal to QéQ).

For a given real number s € R, we say the 2m—order Q-curvature Qme) has slow
decay barrier with rate s at infinity if there exists a constant ¢y > 0 such that for |z|
sufficiently large, the inequality Qf]zm) > ¢o|z|® holds true.

Our main purpose of the current article is to show the following statement.

Theorem 1.1. Given a smooth conformal metric g = w T |dz|? on R™ with2 <m < %.
If the positive 2m—order Q-curvature ngm) has slow decay barrier with rate —2m < s <

0 at infinity, then the scalar curvature Ry, and 4—order Q-curvature Q_S;l) of the metric
g are both positive.

Due to our technical limitation, we are unable to derive more. However, many evi-
dences make us to believe that all other lower order Q-curvatures are positive and we
state it as a conjecture.

Conjecture 1. Given a smooth conformal metric g = wn=m |dz|? on R™ with2 < m < 5

If positive 2m—order Q-curvature Qfm) has slow decay barrier with the rate —2m < s <
0 at infinity, then, as long as 1 < k < m — 1, there holds

QP > 0.

Remark 1.2. Our main Theorem 1.1 stated above just confirms the conjecture for m =
2,3.

Now it is right place to recall some reasons to study such a problem. First of all, for
m = 1, the equation (1.1) is known as the prescribing scalar curvature equation and
many research works have been done, just list a few, [4], [9], [10], [11]. For m > 2, from
the point view of differential equations, this is just the higher order semi-linear elliptic
type equations which has many applications in physic such as membrane etc.. However,
its geometric prescription is relatively new, initiated by Paneitz who derived a fourth
order conformal covariant operator. And Q-curvature also appears in the log determinant
for Laplace operator under conformal deformation. Due to those geometric or physical
properties, it stimulates its active study in recent years. A lot of works made the subject
very promising including [13], [15], [20], [21] etc.

From analytic perspective, the equation (1.1) is known as Lane-Emden equation if

§2m) = 1. By now, Lane-Emden equation has been well studied and many properties of
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the solution have been derived, the interesting readers are referred to [7], [15], [17], [19],
[20] and the references therein. The key breakthrough of the subject is to show that the
Lane-Emden equation itself implies that (—A)ku >0foralll <k<m-—1ifu>0.The
argument for this is based on the spherical average growth estimate by the contradiction
argument which cannot extend to the non-constant Q-curvature. Thus it is natural to
extend it to other cases so that the maximum principle works for the general higher
order equations.

Along this direction, if (M™, g) is compact of dimension n > 5, Gursky and Malchiodi
[12] showed that the strong maximum principle holds for Paneitz-Branson operator if
Q-curvature and scalar curvature are both positive for m = 2. Based on such a strong
maximum principle, the existence of conformal metric with constant Q-curvature follows.
Similar result is also obtained by Hang and Yang [8]. More details about Q-curvature
and Paneitz-Branson operator can be found in [3], [5], [6], [12], [8] and the references
therein.

We try to understand the non-compact case with much simpler topology, namely, work
on R™ with general conformal metric. When m = 2 and fourth Q-curvature le) = |x|%,
it has been discussed in recent article [7] by using a very technical iteration argument
and it is very hard to see if it can be generalized to bigger m case. In some sense, our
main result above is the first step to reach the desired estimate.

Before we explain our method, let us briefly recall what we already had in existing
literatures. As just mentioned, in [7], Fazly, Wei and the second author provide a desired
estimate for m = 2 case with some special Q-curvature by development of a Moser type
iteration technique. For higher order cases (m > 3), Ngd and Ye [17] treated the equation
(1.1) for special Q-curvature Q_E,Zm) = |x|” with o > —2m by observing that the potential
theory can be applied. With this observation, they showed that the analytical property
of solution indeed still valid, i.e. (—A)ku > 0 where 1 < kK < m — 1. A similar result is
also obtained in [1]. However the geometric information is still missing.

Now we would like to explain the slow decay barrier condition briefly. From analytic
perspective, for ng) = |2|~2?™, non-existence of the positive solutions to equation (1.1)
is established in [7], [17] and [19]. Of course, if Qng) = 0, the solution space is too large
and it is hard to get useful geometric information except trivial statement that they are
all mth-polyharmonic functions. The slow decay barrier condition is used to get rid of
this trivial case and try to get the geometric information of the conformal metric to some
degree.

The main idea is to show that, under the slow decay barrier assumption, the potential
theory for the equation is still true so that we can transfer the differential equation to
integral equation with standard fundamental solution for (—A)™ with non-linear measure

§2m) w2 dz. This measure is good enough for us to take derivatives under the integral

sign. Thus the work is to show that suitable integrals can be used to express the scalar
curvature as well as the 4—order Q-curvature Q§4) with coefficients in terms of n and m
and then we can check those coefficients are non-negative in different cases in terms of
relations between m and n.
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This paper is organized as follows. In Section 2, we give some necessary growth es-
timate for a non-negative solution u and obtain an integral representation. With help
of such integral estimate, some useful identities are established in Section 3. Finally, in
Section 4, we provide the detailed computations and complete the proof of our claim.

Acknowledgements. The first author would like to thank Professor Juncheng Wei
and Professor Dong Ye for helpful discussions. Both authors are supported by NSFC
(No.12171231). We deeply appreciate the valuable comments and suggestions provided
by the anonymous referees.

2. Integral representation

We consider a slightly more general case. Suppose that a positive function u satisfies
the equation

(=A)™u=QuP, in R" (2.1)

where m is an integer satisfying 2 < m < %, p > 1, Q(x) is a given positive function
satisfying the slow decay barrier condition at infinity with the rate

—2m < s <0.

We assume that both @ and w belong to L{® (R™) and

loc

n-+s
n—2m’

p> (2.2)

In particular, p = ngn”z satisfies the condition (2.2).

The following lemmas in this section state and prove some useful properties for non-
negative solutions of above equation (2.1). For simplicity, we refer Br(z) as a Euclidean
ball in R™ with radius R and center at point x € R™. A ball with radius R centered at
origin is simply denoted by Bpg. Let C' be a constant which may be different from line

to line. The first property can be stated as follows.

Lemma 2.1. For R > 1, there holds

2m+s

/ QuPdz < CR"™ 2™ -1 .

Br

Proof. Choose a smooth cut-off function v satisfying ¢» = 1 in B; and vanishes outside
Bg. Set

2mp

ST A direct computation yields that

where ¢ =
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AT ()] < R 9@ canim,oplb (72" < CR™>M0h(x). (23)

Making use of the equation (2.1), the estimate (2.3) and integration by parts, one has

[ Qunds = [ u(-ay"onds
)

R~

< / ul(~A)" ¢ |da

Bar\Br

<CR™m / u¢gdx.

B2r\Br

On the other hand, by the slow decay barrier assumption Q(x) > C|z|* near infinity, for
R > 1, there holds

/ ugldz <CR™» / Qrugldr

Bar\Br B2r\Br

=

<CRMO-D-3 / QuP g pda

B2r\Br
<CR"=%)% / QuP ppda

Combining these two estimates, one has

2m+s

/ QuPprde < CR™ M~ =1 |
Rn

Finally, using the facts g = 1 on Bpg as well as both @ and u are positive, we obtain
the estimate

2m+s

/ QuPdz < / QuPppde < CRV™2m~ -t
Br R~

which is the desired one we claimed. 0O

Based on the growth of QuP over Bg as stated in Lemma 2.1, we are able to show
that QuP convoluted with a suitable power of |z — y| belongs to L! which play a crucial
role throughout this paper. In fact, this property ensures the exchange of differentiation
and integration. Nevertheless, we have the following lemma.
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Lemma 2.2. For any integer 0 < k < 2m and x € R" fized,

1. there holds
/ iz — |n 2m+kdy < oo,

2. for R > 2|x| + 1, there holds

[ Q0w <o
=

|n 2m-+k

Rn\BR

Proof. Making use of Lemma 2.1, there exists R; > 0 such that for any R > Ry, one has

/'Q@wwwsc (2.4)

Bar\Br

Making use of such estimate and choosing R > max{R1,2|z|}, one obtains the following

estimate

/ _QWIY) gkt (2.5)

|1. _ y|n 2m+k
B2r\Br

As a consequence, one has

/ Qyurly)
|$ _ y|n—2m+k
R"\BR

Q(y)u?
< Z / %dy

B21+1 r\Baig

<OZ (21R) k=55

§0R7k7 Z;n«iis
Since n — 2m + k < n as well as both ) and u belonging to L;S,, it is not hard to
verify that

/ Qy)v”(y) dy < +oo.

|.T _ y|n—2m+k

Br

Combining these two estimates, one has
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/ ks —yl” 2m+’“dy =

Thus the proof of this lemma is complete. O

Now we are in position to state and prove one important property for the solution u,
namely we have the following lemma.

Lemma 2.3. For R > 1, there holds
/ u(x)dz = o(R™)
Br

Proof. By slow decay barrier condition, there exist constants Ry > 0 and C > 0 such
that, for any |z| > Ra, one has

Q@) > Clal*. (2.6)
Making use of Lemma 2.1, for R > 1, together with this assumption (2.6), one has
/udx = / u(z)dx + / udx
Br Br, Br\Br,
<C+CR» / Qv udz
Br\Br,

<C+CR™» /Q%udx

Br

§0+CR—%(/Qupdx)%R"<l—%)

2!7L+b

<C+CR" '»
=o(R").

This completes the proof. 0O

It is well-known that the fundamental solution for the polyharmonic operator (—A)™
on R™ satisfies the following equation

(=2)™ a7 = C(n,m)o(x) (2.7)

where do(z) is the delta function and C(n,m) is some positive constant depending on
m, n. For more details, the interested readers are referred to [2]. With help of Lemma 2.2,
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in order to get integral representation for the solution w, let us consider the following
function v:

1 Qy)uly)”
v= c<n,m>R[ oy

The following lemma studies the same properties of the function v, which can be
derived using Theorem 6.21 in [14]. For simplicity, the proof is omitted.

Lemma 2.4. For 1 <i < 2m — 1, there holds

Viv(z) = C(%m) / Vile — g™ Qy)uly)dy
Rn

as well as

The function v and the solution u have many common properties. In particular, the
following lemma states one which will be used later.

Lemma 2.5. For R> 1 and 0 < k < 2m — 1, there holds

2m+s

/ |VEo(x)|dz = O(R™F%=1).

Br

Proof. With help of Lemma 2.4 and Lemma 2.2, there holds

/ |VEu(z)|dz

R
Qy)u(y)?
Br R™

<C / / Mdydx

|_,1j _ y|n—2m+k

Br R"\Bsgr
Qy)uly)?
e / / a—ypr2mrE Y
Br Bsr

2m+s

_— 1
<CR"* %% 4 C / Q(y)uly)” (B/ =g | dy
Bsr R
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m+

2mts 1
#ic [ Quuty [ sy

Bsr 4R

SCRTL*]C*

2m+s

<CR""%-T. O

The following result has been established as Proposition 1.3 in [17]. Here, we give
another proof based on the work of [16].

Theorem 2.6. Considering the equation (2.1) satisfying the condition stated as before,
there holds

u() =

1 / Quw)r
Cn,m) J |z —y[r—2m

R~
Proof. Set P := u — v. Lemma 2.4 and the equation (2.1) imply P is a polyharmonic
function, that is,

(—A)"P = 0.

With help of Lemma 2.3, Lemma 2.5 and the facts u, v are positive, one has

/\P|dx§ /udx—I—/de:o(R”). (2.8)
Br Br Br

We now claim that the estimate (2.8) guarantees that P = 0. The argument follows
a standard approach by applying Proposition 4 in [16] and proceeding similarly to the
proof of Theorem 5 in [16]. For the readers’ convenience, we provide a brief outline of
the proof below.

Let us recall a formula for a polyharmonic function (See [18] or Lemma 3 in [16]): for
any x € R™ and R > 0, one has

m—1
1 / 20 i
—_— P(y)dy = ¢iRTA'P(x) (2.9)
|Br(z)| ;
Br(=)
where ¢; are some positive dimensional constants. Suppose there exists a 0 < k <m —1
which is largest such that A*P # 0. Since A¥P # 0, there must be at least one point
zo € R™ such that A¥P(xq) # 0. Apply above formula with x = z to get

1

k
—_ _ G REATP(20). .

—
Br(zo) ‘

Now we divide the both sides by R?* and then take the limit as R — oo in the formula
(2.10), we see that the coefficient of the leading term must be zero i.e.
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Akp(l‘o) =0.

This will contradict with the assumption that A¥P(xq) # 0. Therefore our claim holds
true. O

3. Preparations

For simplicity, we use the notation [, to denote the k—th multiple integral [ --- [.
The various measures should mean

1

du(y) = m@(y)U(y)”dy in R"

and

dp(yr,y2, -+, u) o= du(yn)dp(y2) - - dp(y)  in R™.

Throughout this section, without special notification, we should consider the equation
(2.1) under slow decay barrier condition as mentioned before. For later references, we
define three non-negative functions as follows:

_ [ =Pz —yP ]z - 2P

Ay(z) = |z — y|n—2m+a|g — z|n—2m+d du(y)dp(z). (3.1)

_ [y =P (e — 2Py — s+ e —yPlz - s]?)

Ag () := |z — y[n—2mFi[g _ p[n—2mH[y _ gn—2m+2 duly, z, ), (3-2)

as well as

, ly — 2[*
Ag(z) = / e ) (3.3)
RQn

In fact, Lemma 2.2 and Fubini’s theorem ensure that Aq, As, A3 are well-defined for
each x € R".

Now, we set up a short notation A(u) to indicate the right hand side in the following
equation, that is,

A(u) ==

1 ( 2m — 2

2 _ulu ). .
(m—1)(n—2m) [Vl A ) (34)

n—2m

In fact, A(u) arises from the representation of the scalar curvature R, using (4.2),
which implies that the positivity of R, is equivalent to A(w) > 0. Utilizing Fubini’s the-
orem, A(u) can be expressed through a positive integral representation. Using a similar
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approach, we denote B(u) for Qf]4) multiplied by w up to a positive constant. Sub-
sequently, B(u) is represented in terms of A(u) and A;, which were defined earlier. By
leveraging the key observations A(u) > 0, u? A3+ A(u)? —uAs > 0 and u? Az — A(u)? > 0,
we establish that le) is positive.

Now we do some calculations in terms of those functions we just defined. Firstly, we
have a lemma.

Lemma 3.1. For each real number t € R, there holds

Aut =t (1 + —(t — 1)(2m2— n)) W TAu — Lt 2_ D) (n —2m)%ut =2 A(u).

2m —

Proof. This is a direct computation. In fact, it is not hard to check the following com-
putation:

Aut =tu' " Au + t(t — D)ut 2|Vl
i(—92m —mn
2m —2

=t (1 + W) Wt TAu — £t 2_ 1) (n— Qm)zut_QA(u). O

=tu' " Au+t(t — 1)u ((m—=1)(n —2m)A(u) + uAu)

A similar computation gives the following formula.

Lemma 3.2. For 3 <m < %, there holds

2m —n
Vu- -VAu =——— " yA2?
Y Y 4(m—2)u Y

2m _n 2 2 2 Ay
A=) AW F (= 2m)im = 1)(n+2 = 2m)

Proof. Making use of Lemma 2.4 and Theorem 2.6, the following calculation is straight-
forward. Since

Vu(x) / ), (3.5)

naturally one has:

Vu(o)l? = / ()

= 1

2
=(2m —n) Z/ |x_y‘n 2m+2 /|x_z|n 22 d1(2)
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y) - (z—2)
=(2m —n)? /|x_y|n 2mA2y — Z‘n—2m+2d‘u(y’z)'

Due to the fact that the order of differentiation and integration can be exchanged, one
easily obtains

Auz) = (2m — n)(2m — 2) / Mﬁdu(y) (3.6)

as well as

A2u(z) = (2m — n)(2m — 2)(2m — 2 — n)(2m — 4) / Wdu@).

By writing the iterated integration as the double integral, (Au)? can be rephrased as
follows:

(Au(:p))Q = (2m — n)2(2m - 2)2 / T y|"—2m+21|3: — e du(y, 2).

Now first denote by [ the number 2m — n — 2. Then combine Lemma 2.4, (3.5) and
(3.6) together to see that Vu - VAw has the following integral representation:

Vu-VAu

:(2m_n)2(2m_2)l / ‘x_ (l’*y)(Ifz) dﬂ(yvz)

y|n72m+2 ‘.’E _ Z|n72m+4

[z =yl o =2 =y — 2
:(Qm—n m—1) l/ [T = Z‘n72m+4d,u(y,z)

1
=2m —n)}(m—1
m = m = 1)1 [ e d(0.)
R2n

1
2
+ (2m —n)*(m — 1)l / 7 = g2y — ppzme? du(y, 2)
RQTL

2 ly — 2|
—(2m —n) (m—l)l/ |x—y|”*2m+2\x—z|”*2m+4d'u(y’z)
R2n
=I+I1I+1II.

Now, we should deal with terms on the right-hand side one by one. First term first,
one has
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1 1
R™ Rn

_ 2m —n

_mu(x)A?‘u(x).

Second term 11, by using the same trick, can be rewritten as

1 1
_ 2
1T =(2m —n) (m—l)l/mdﬂ(y)/mdﬂ@

R~ Rn

2m —n —2
== — " (Au)?.
Km—1) AW

Finally, by doing variable changes for y, z, one has

_ 2 ly — 2|
ITT = —(2m —n)*(m — 1)l / PR T T TP y|n_2m+4d,u(y7 z).
R2n

By symmetry of the integration, clearly there holds

ly —2?
Ay(z) =2 / [z — y[n—2m+2[g _ p[n—2m+a duly, z).
R2n

Combining these identities, we obtain the desired identity:

_2m-n 9 2m—n—2 9
Vu VAu—4(m_2)uA u+ 2= 1) (Au)
A

+(n—2m)*(m —1)(n +2 — 2m) 5

O

We also need the integral representation for function A(u) which can be easily seen.

For convenience, we record it as a lemma.

Lemma 3.3. There holds

ly — 2|
Alu) = / |z — y[r—2m+2g — pn—2m+2 duly, z) > 0.

R2n

Proof. As we have shown in (3.5), we have

Val? = m—np? [ T i),

|l‘ _ y‘n—2m+2|x _ Zln—2m+2
R27

By using Fubini’s theorem and the symmetry of y and z, one has
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1
whu=@m =) =2) [ e du(y.2)
]RQ'H,

|z —y|> + |v — 2?
=2m —n)(m—1) / P T PR TR dp(y, 2).
R2n

Since both terms |Vu|? and uAu have the integral representations, it is easy to see

we have

(m—1)(n—2m)A(u)

2m — 2
—— |Vul? — uAu
n—2m

_ [z =yl +lz =2 —2(x —y) - (z - 2)
=(m=1)(n = 2m) / |z — y|n—2m+2|gp — z|n—2m+2 duly, 2)
RQn

_ ly — 2P
_(m - 1)(” - Qm) / ‘.’E — y|n,2m+2|x — Z|”72m+2 d,UJ(ya Z)
R2n

which is the desired result. O

In the following calculation, we need the formulas for the Laplace of A(u) as well as
Vu - VA(u) in terms of A; as well as A(u). The following lemma serves this purpose.

Lemma 3.4. For 3 <m < %, there holds

1. AA(u) = (2m —n —2)(4m —n — 6)A; — (2m — n — 2)% 43,
2. Vu- VA(u) = — 52282 A(u) Ay + =2m02mt2) (4,4, — 45),

Proof. By the same reason as in Lemma 2.4, we can freely exchange the Laplacian
operator and integration. With the elementary identity

2w —z2)- (w—y)=lz -2+ |z —y> |y — 2,

and a direct computation, we can arrive at:

AA(u)
_ / Az (|5L‘ _ y|2m—n—2 . |$ _ Z|2m—n—2) |y _ z|2du(y,z)
R2n

- / (2m —n — 2)@m — 4z — P 2Py Py, 2)

R2n
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+ / (2m —n —2)(2m —4)|x —y|*" "2 |z — z|2m_"_4|y — z2du(y, 2)

R2n

y) - (x—2)
2(277?,—71—2 / ‘.’E— |n 2m+4|$ |n72m+4|y—z|2du(y,z)

:(2m —n — 2)(2m — 4)A1

lz—ylP+ o — 2> — |y —2?

|
Z‘n72m+4

y‘n72m+4|x7 |y_ z|2du(y,z)

+(2m —n —2)? P

=2m —n —2)(2m —4)A; + (2m —n — 2)2A; — (2m —n — 2)% A3

=2m —n —2)(dm —n —6)A; — (2m —n — 2)*A3.

To continue, we denote the number (n—2m)(n+2—2m) by «(n, m). Another straight-

forward calculation provides the information we need:

Vu - VA(u)
— / vz|x _ s|2m—n . Vz(\x _ y|2m—n—2 . |1, _ Z‘Zm—n—2)|y _ Z\Qdu(y7z,s)
R3n

) (@ — )|z — 2’|y — 2
n m — qln— 2m+4 _ sn—2m+4|,p _ o|n—2m+2 dp’(y7 2, S)

(=2 @@=z —ylly—2
n m |x—y|” 2m+4|x_z|n 2m+4|x_8|n 2m+2 M(y,z,s)

a(n,m) Ow—m2+w—sP—w—ﬂ%u—wlw—de( »
2 [z — y[n—2m+i[g _ pn—2mrd|gy _ gn—2mtz

R3n
7 2 Z 82— (2 — sz — ul2ly — 22
+a@nw e OV YT TEELIWAp
2 |n 2m+4|$72|n 2m+4|$7$|n 2m-+2
$—Z|2|(I} y‘ |y_2’/|2 d ( Py 8)
a(n,m) R e e P P, 2,
an,m) [ ly =2 (jo - 2’|z — s> + \x—y|2lx—8|2)d
+ 2 |£L‘ _ y|n72m+4|x _ Z‘n72m+4|x _ s|n72m+2 M(y,Z,S)
afn,m) [ |y =2 (Jv — 2Py = s|* + |z — y[|z — 5]?)
|7L 2m+2 dlu(y7z S)

9 |z — y[n—2mFd | — Zn—2m+d |y —



16 M. Li, X. Xu / Journal of Functional Analysis 289 (2025) 111011

The first term of the right side can be simplified to obtain:

o = =Pl — yly — 2 s
|z — y[n—2mFd | — z[n—2mFd |y — g[n—2m+2 ny, 2z, s
R3n

_ ly — 27 g,z )
o |z — y[n—2m P2 — Z[n—2mA2 |y — g[n—2m+2 Yy, z, s
R3n

- L IRONE ——
=] o gy — peme2 MW lz — sn—2m+z
R2n Rn

1
= T w2 WA

Similarly, the second term will take the short form:

ly— 2 (j — 22z — 2 + |z — yf2la — 5]
‘SU _ y|n72m+4‘x _ Z|n72m+4|x _ 8|n72m+2

du(y, z, 8)

du(y, z, 8)

R3
_ ly — 2P(Ja — 2> + [z — y/*)
- |x7y|n72m+4|x72‘n72m+4|x7s|n72m
R37

ly —2*(Jz — 2> + ]z — y*) 1
= _ ln—2m+4 _ ~|lmn—2m+4 dM(y’ Z) _ oln—2m d/J(S)
|z —yl |z — 2| |z — 5|
]R2n R™

:’LLAl.

Based on the definition of the function As(z) (see the formula (3.2)), the third term

a(n2,m) As.

Combining these identities, one finally obtains:

is exactly —

7n—2m+2
2(m—1)

(n—2m)(n—2m + 2)
2

Vu-VA(u) = A(u)Au + (uA; — A2). O

Before we end this section, we do two technical integrations which are needed in the
proof of our main result. The next lemma is to deal with the first integral.

Lemma 3.5. For 3 <m < %, there holds

Pl((ﬂ,y,Z,S,U)) 2 2
——=d = 4u“As; +4A —4uA
/pz(x,%z,S,w) w(y, z, 8, w) u“As + 4A(u) uAo
Rin

where
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Pi(x,y, 2, 5,0) =(Jo = y*lo — 2P’[s — w]* — |z — y*lo — w]?|z — s

+lo = sPPle —wPly — 2 — |z — 2P|z — sP’ly — w]*)?

and
Pg(x,y, 2,8, w) —_ |$ _ y|n72m+4|x _ Z|n72m+4|x _ 8|7172m+4|3j _ w|n72m+4.
Proof. By elementary multiplication, we have the following identity:

Pri(z,y, 2, 5,0) =(Jz — yP*le — 2P’s —w]* — |z — y[*|]z — w[*|2 - s|?
+ |z — 8|z — w|?ly — 2|? — |z — 2|z — 52|y — w|*)?

o — gl — #l]s — wl?

+ |z = yl*fe —wl*]z - s|*

+ |z — sl'e —wl|ty —2[*
+ |z = 2| = s|*y — w|*
+ 2|z — ylz — 2z — s’|z — w|?|s — w|*|y — 2|?
+ 2|z — ylz — 2|z — s’|z — w|?|z — sy — w|?
— 2|z — y|z — 22|z — w|*|s — w|?|z — s|?
=2z — 2|z — yPle - s*|s — 0’|y —w|?
— 2|z — w|t|z — y2|lz — 5|z — s}y — 2|2

= 2o = sl*|z — 2Plo — wlly — 2Ply - w/?

With help of this identity, the integral will decompose into the ten terms, namely,

Pl(xay7zas?w)

d IR
P2($7y7275,w) M(y 57 w)

R4n

10
Z Dy,
= —d
/ PQ(ZL’,y,Z,S,'U}) M(y’Z7S7W)
k=1R4n

Now we treat term by term on the right. By definition of P», the first integral can be
evaluated into:
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|z —y|*z — 2[*]s —w|!
I du(y,
e / Py(x,y, 2, 8,w) Hiy, 2, 8,w)
R4n

|S _ w|4|:c _ y‘2m7n|x _ Z‘men

= |z — s|n—2mtd|y — gp|n—2m+a du(y, z, s,w)

1 1
- [ =) [ )
Rn Rn

|s —w|*
' / |33 _ 8|n—2m+4‘x _ w|n_2m+4 du(s,w)
2n

=u?(z) Az (z).

By the symmetry of variables vy, z, s, w, similar to Iy, it is easy to see that Iy = I3 =
I4 = ’U,2A3.
The fifth integral I5 can be treated as follows:

2 / v = yPle = 2Ple — sl —wlls —wPly =2

PQ(SC,y,Z7S,U))

s —w|?|ly — z?|x — y[*" "2

|Z‘ _ Z|n—2m+2|x _ SI”_2m+2|$ _ w|n—2m+2

R4
s —wl?
=2 (‘R/ |z — s[n—2mi2[g — gp|n—2m2 du(s, w)
2n

ly — 2|
(R/ |$ _ ‘n72m+2|x _ Z|n72m+2 d/’('(y7 Z)
=2A(u

z) = I.

=2

d/’L(y’ Z? 87 w)

Again by the symmetry of variables y, z, s, w, the sixth integral Is also equals to
2A(u)?.

Before dealing with the last four integrals, we first recall the definition As(x) as given
in the formula (3.2) and rewrite it as

ly = 2 (Jo = =2y — 52 + 2 — yP?[z — sf2)
|£E _ y|n72m+4|x _ Z‘n72m+4|x _ S|n72m+2

Az (z) = dp(y, z, ).

Using the symmetry of variables, A(x) can be expressed as

|2m—n—4

o [y Ply—sPlz—y
Az(z) =2 |z — z|n—2mF2|g _ g|n—2m+2
R3n

du(y, z,s). (3.7)
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Finally, with help of Fubini’s theorem and (3.7), the seventh integral I7 can be reduced

to:
|z — yl*lz — 2|z — w]?|s — w[?[z — 5|
_9 d
R4/ PZ(xayvzasvw) ‘u(y’2737w)
s —wl?|z = sl —y[* "
=-2 / |z — 2| 2mA2|g — g|n—2mtd|y — n—2m+2 duly, z, 5, w)
R4n
s —wl*|z — s
= — QU(I) |x _ z|"_2m+2|x _ S|n—2m+4‘$ _ w|n—2m+2 du(z, o w)
= —u(z)As(z) = I.
By similar argument, we can get Iy = Iy = 119 = —u(z)A2(x).

Combining these identities, we finally conclude that

Pl(x7yazv8aw) 2 2
——=d = [du“As +4A —4uA .
R4n
The second integral we need to handle is the following one. The proof is straightfor-
ward and we omit it.

Lemma 3.6. For 3 <m < %, there holds

1 Ps(z,y, z,s,w) ) ,
2 / Py(z,y,2,8,w) 1y, 2,5, w) = [u"As (w)*](@),
R4n

where
2
Ps(z,y,2,5,w) = (lz — s]*le —wl’|ly — 2> — |z — y* |z — w|?[s —w[?)".
4. Proof of main result

We will divide the proof into two steps.

Step 1. In this place, our aim is to show that the scalar curvature of the metric g is
strictly positive.

In fact, this is rather easy. Notice that for a given conformal metric g = w=Tm |dz|?,
the scalar curvature can be calculated as

4 — 1 n n—
R, = _7& : ) = Ay (4.1)

4(n—1) am—d_2n <2m—2
= _711/ n—am

n—2m

|Vu|? + uAu) .
n —2m
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With help of Lemma 3.3, it is not hard to see that the formula (4.1) yields that

4m—4—2n

Ry=4(n—1)(m—1)u —2» A(u) > 0. (4.2)

Step 2. We are now in the position to show that Q_g;l) is also strictly positive. Notice
that when m = 2, we have nothing to do since the conclusion is just the assumption. In
the next, we will always assume m > 3.

Since we try to deal with Qy), we write t = n”_’;n throughout this step.
By Lemma 3.1, we have
t
Aut = 1 (u' ' Au— (m —2)(n — 2m)(m — 1)u'">A(u)) . (4.3)
m—

With help of the equations (1.2) and (4.3), the fourth Q-curvature Qf]4) can be calculated
as:

n+4

Q) = u™# A (Au') = (m ~2)(n — 4ju” 77 B(u) (4.4)

where

A(ut~tAu)
(m—2)(n—2m)(m—1)

B(u) == — A(u' "2 Au))

To show that Q§4) is positive, we just need to show that B(u) is strictly positive.

First of all, Lemma 3.1 implies that, recall our t is equal to %,

(m—=2)(n—2m+2)

W t=—(m-— m—4—n)u3Au
A (m = 2)(4m — 4 — ' Aw) + =5 s

u' "% Au. (4.5)

Now this identity, together with Lemma 3.2, provides the formula:

A(u " Au) =(Au"M)Au + o' T A%+ 2(t — 1)u' V- VAu
=—(m—2)(4m — 4 — n)u' > A(u)Au

(m—2)(n—2m+2)ut_2 )2
(n—2m)(m—1) (Au)

(m—2)2m —n —2)
(m —1)(n —2m)

+2(m —2)(m — 1)(n — 2m)(n + 2 — 2m)u’ 2 A,
=—(m—2)(4m — 4 —n)u"3A(u)Au

+ ’U/t_lAQ’U, _ ut—lAZu +

ut—Z(Au)2

+2(m —2)(m —1)(n —2m)(n +2 — 2m)u’"2A4;.
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Once again Lemma 3.1 provides the formula:

(n—2m+1)
(n—2m)(m—1)

Au'™? = (4m — 4 —n)[~(3m — 2 — n)u' " A(u) +
Therefore Lemma 3.4 can be used to do the following calculation:

Alu'?Au))
=(Au"H A(u) + u' T2AA(u) + 2(t — 2)u'3Vu - VA(u)

(4m 4—n)(n—2m+1)
(n—2m)(m—1)

— (4m —4—n)(B3m —2 —n)u' " A(u)?
+u'7? ((2m —n—2)(4m —n —6)A; — (2m — n — 2)?43)

—2m+ 2
2t — 2 t—3M —2m T 2
R U LT ey

u' 3 A(u) Au

_ n—4m+4
~(n—2m)(m—1)

+2(n +2 —2m)u %A,
—(4m —4—n)(n+2—2m)u' 24,
—(2m —n — 2)%u' "2 A3.

u' T3 A(u)Au — (4m — 4 —n)(3m — 2 — n)u' " A(u)?

Finally, put them together to conclude that

0 = A(u'=tAu) INTEY
B == —zmym =) ~ A AW
~(n ﬁ;"i)zninj 1) u B A(u)Au+2(n + 2 — 2m)ut 24,
n—4m+4

u' P A(u)Au — 2(n + 2 — 2m)ut T2 A,

"~ (n—2m)(m—1)
(4m —4 —n)(3m — 2 — n)u' " A(u)?
(4m — 4 —n)(n+2 — 2m)u' "3 A,
(2m —n — 2)%u'"2 A3
=(4m —4—n)(3m —2—n)u'"*A(u)?
+(dm —4 —n)(n+2—2m)u' 34,
+ (n+2—2m)%u'"24;

Now denote n — 2m + 2 by [ and rewrite B(u) as

B(u) = (2m —2 = 1)(m — u'"* A(u)* + 1(2m — 2 = Du' P Ay + *u' > A3,

u' 73 Al

(—A(w)Au+ (m —1)(n —2m) (uld; — A2))

21

(4.6)

(4.7)
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Based on the assumptions n > 2m and m > 3, it is rather easy to see that [ > 2 as
well as m < 2m — 2.

The positivity of B(u) can be seen according to the range of [ in three different cases:

Casel: 2 <[ <m.

In this case, it is easy to check that the first two terms of (4.7) are non-negative and
the last term is strictly positive. Hence B(u) is strictly positive.

Case 2: m <1< 2m — 2.

In this case, to see B(u) positive, we have to rewrite it as

B(u) =l(2m — 2 — Du' "3 A,
+ (I —m)@2m —2—Du'* (u®A5 — A(u)?)
+ (217 — (3m — 2)L + 2m* — 2m) u' 2 As.

With help of Lemma 3.6, we find that the first and second terms of the right side are
non-negative. It is not hard to check that

212 — (3m — 2)l +2m?* —2m > 0

for m < I < 2m — 2. Making use of this fact, the third term of the right side is strictly
positive. Thus we show that B(u) is strictly positive.

Case 3: [ > 2m — 2.

We rewrite B(u) as follows

B(u) =l(1 — 2m +2)u'~* (uv® A3 + A(u)® — uA,)
+m(l — 2m +2)u'~* (v’ A5 — A(u)?)
+ ((m —2)l + 2m? — 2m) u' "2 As.
Since the coefficient of each term is positive, Lemmas 3.5 and 3.6 imply that the first
two terms are strictly positive, clearly so is the third term. That is enough to see that

B(u) is strictly positive.
The proof is complete.

Data availability
No data was used for the research described in the article.
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